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Preface

The purpose of this book is to study

1. Traffic networks as information systems advising velocities to vehicles at each
time and position through celerity regulators we have to construct;

2. By using a viability approach.

Although the abstract nature of the mathematical approach of this book is
common to several types of networks, synaptic networks, biological networks,
economic networks, etc., this book focuses mainly on road networks to anchor the
main concepts, enunciate some traffic problems and solve them. Road networks are
indeed familiar to everyone, whereas other applications require some knowledge of
cognitive, biological, and financial sciences, economics, etc.

For road systems, vehicles are driven by human brains that learned how to pilot
the vehicles to link a departure position to an arrival one while staying on the road
and/or undertaking other chores. Although no computer can do as well, at least, for
the time, we may dream to replace them by automats, or, provide the drivers useful
information for piloting their vehicles from one position to another.1

This information already exists such as traffic laws and regulations, traffic
information, including speed limit signals, traffic lights, etc. It is provided by “in-
stitutions” such as road and traffic authorities or agencies, which we refer to as a
“traffic regulator.”2 It designs general driving regulations, equips physical network
with advices and/or even limits velocities used by the vehicles circulating on the
network, imposing traffic lights, etc., enforcing them to control whether that they
are respected, etc.

1To the best of our knowledge, this suggestion to regard mathematically a network as an infor-
mation system has not been made yet.
2For example, air control for aerial traffic.
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[Celerity Regulator] Let us consider any mobile ggoverned by its own
second-order differential equation p00ðtÞ ¼ gðt; pðtÞ; p0ðtÞÞ feeding on time,
position, and velocity. Therefore, to drive this vehicle, the pilot must know
the time t, the position pðtÞ and the velocity p0ðtÞ.

The drivers have access to time and position at a first glance, but have to
learn or guess from experience the velocity p0ðtÞ. For that purpose, they must
also have a view of the network, its topography, slopes and turns, congestion,
fuel, etc., for having a safe evaluation of the velocity.

This missing information, velocity, should be provided by the traffic reg-
ulator to indicate the velocities p0ðtÞ ¼ rðt; pðtÞÞ advised to the vehicles which
must be used by any vehicle g passing at time t and position pðtÞ ¼ p.

This advised velocity rðt; pÞ is called the celerity. It is provided by a
celerity regulator r : ðt; pÞ 7! rðt; pÞ computed by the traffic regulator, inde-
pendently of individual vehicles, but taking into account viability constraints
and macroscopic traffic constraints.

Therefore, abiding by the advised velocities rðt; pðtÞÞprovided by the
celerity regulator, the only knowledge of time and position becomes sufficient
to satisfy the traffic requirements by coupling the individual dynamics of the
vehicle g with the collective information furnished by the traffic regulator as
follows: p00ðtÞ ¼ gðt; pðtÞ; rðt; pðtÞÞÞ.

In a near future, the recommended velocities provided by the celerity regulator
could be posted on VMS (variable message signs), broadcast on mobile phones
equipped with GPS, displayed on twinned speedometers measuring both the
effective velocity and the recommended celerity (their difference triggering alarms),
the latter being regulated by cruise control systems adjusting automatically the
velocity to be equal to the broadcast celerity.3Such information could be provided
to the vehicles, which have to abide by this information for moving on the road.
Whether human beings comply with these advised celerities is outside the mathe-
matical scope of this book, which does not address law and order issues.

For example, a network is described as a subset K of a vector space R
jpj on

which vehicles circulate. An evolution pð�Þ : t 7! pðtÞ of the position of any vehicle
is said to be viable if, at each instant t, its position pðtÞ 2 K stays on the network or,
later, obeys other specific requirements.

3For the time, cruise control systems adjust the velocity to a constant value entered by the driver
provided by signed posted and valid for a road segment.
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At this introductory stage, we mention only that the evolutions of positions are
driven by evolutionary systems describing the set of viable evolutions of traffic
positions which will be defined later.

Besides remaining in the road, the typical and central question is to find a viable
evolution linking one departure position s 2 K to one arrival position p 2 K on the
network, at a prescribed date T and for during a travel durationX� 0. This means that
we have to single out the subset G of quadruplets ðT ;X; s; pÞ such that an evolution
arrives at date T at position p departing from position s at departure time T � X.

The geodesic relation provides also other equivalent information, for instance:

1. If the arrival date T , the arrival position p and the departure position are pre-
scribed, the travel durations X� 0 are the ones such that ðT ;X; s; pÞ 2 G;

2. If the arrival time T and the duration X� 0 are fixed, the “geodesic pairs” ðs; pÞ
of departure and arrival positions are the ones such that ðT ;X; s; pÞ 2 G,

[Geodesic Relation] Fixing the arrival
date T , the travel duration X and the
arrival position p, we wish to find a
departure position s at departure timeT �
X from which starts an evolution viable
on the road until it reaches p. The geo-
desic relation is the (possibly empty)
subset G of ðT;X; s; pÞ solving this
problem. In this example, the vehicle
starts from a departure position at
departure time for reaching an arrival
position signaled at arrival time.

[Network] This example of a net-
work K � R

2 is a set of roads of a 2-
dimensional network (in white). The
first question studied in this book is
to construct a celerity regulator
indicating at each instant and at each
position the velocity advised to any
vehicle to remain on the road. We
add other specifications (travel
duration, acceleration, congestion,
collision avoidance, etc.).
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as well as all allocations of these variables into two groups, the first one playing the
role of inputs, the second one of outputs. Studying the relation between these four
variables is the point of view we adopt: knowing a relation, its properties are shared
by all the set-valued maps it generates.

We may and shall add later in the book other “traffic specifications” than staying
on the road. For any traffic problem, the typical tasks assigned to us are to

1. Define the relation between the variables involved under which the evolutions
satisfy the prescribed requirements;

2. Provide intrinsic characterizations of this relation and study their properties;
3. Construct (set-valued) algorithms4 to compute them and to program their

software;
4. And, above all, construct the “celerity regulators,” the very purpose of this

study.

These are the main reasons why the construction of celerity regulators, advising
viable evolutions, satisfying the requirements, defining a relation is the objective of
all chapters of this book. The tools of viability theory allow us to design the celerity
regulators advised to the vehicles. Although it is far to be familiar, the “viability
theorem” provides in a very simple5and economic way the celerity regulators
without using the intricacies of first-order partial differential equations or inclusions.
Those can always be derived from the viability theorem, but we do not use them to
derive the results we propose.

Paris Jean-Pierre Aubin
September 2015 Anya Désilles

4Handling subsets, they belong to the field of “set-valued numerical analysis” which is building up.
5The price to pay is to become familiar with the basic results of set-valued analysis and to forget
for a while differential calculus, before linking the two approaches. Unlearning is often more
difficult than learning, since it requires a “waste” of acquired expertise and some dissidence, which
is punished by the law of perfect heresies (see Box 173, Sect. 4.3, p. 271 of La mort du devin,
l’émergence du démiurge, [20, Aubin]). Set-valued analysis goes back to Pierre de Fermat who
invented tangents to sets, differential calculus to Gottfried Leibniz who introduced limits of dif-
ferential quotients of functions, as we shall see. Set-valued analysis was first developed by the
founding fathers of set theory before being banished in 1939 in favor of (single-valued) maps by
Bourbaki.
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Chapter 1
Introduction

We survey and summarize the main points raised in this book before describing its
organization.

1.1 A Viability Approach

Taking into account the viability constraints for a vehicle to remain at least on the
road justifies the use of concepts and results of viability theory (when the dimension
of the space of positions is larger than 1). Viability theory (in the sense of a sequence
[theôria, procession] of mathematical tools sharing a common background, and not
necessarily an attempt to explain something [theôrein, to observe]), designs and
develops mathematical and algorithmic methods for investigating the adaptation to
viability constraints of evolutions governed by evolutionary systems under uncer-
tainty.

When time ranges over the real numbers, evolutions are time-dependent functions
x(·) : t �→ x(t) and evolutionary systems associate with any position p a subset of
evolutions passing through p at time t .

In a nutshell, a traffic evolutionary system is generated by a differential inclusion
p′(t) ∈ M(t, p(t)) associating with every position p(t) at time t a subset M(t, p(t))
of celerities p′(t) and the evolutions must satisfy traffic constraints p(t) ∈ K , i.e.,
be viable in the network K . Roughly speaking, we carve in K an incoming map
G(t) ⊂ K and in M(t, p) a celerity regulator1 R(t, p) ⊂ M(t, p) such that the
evolutions governed by p′(t) ∈ R(t, p(t)) satisfy p(t) ∈ G(t) ⊂ K are viable. The
construction of these twomapsG and R constitutes the viability solution to the traffic
problem.

1The traffic problem is described in Definition3.2.2, p. 63, and its solution is given in Quotation 4,
p. 64. When the set-valued map R : (t, p) � R(t, p) is single-valued, we recover a differential
equation, describing a deterministic system. Differential inclusions offer an alternative to stochastic
differential equations for representing contingent and/or tychastic uncertainty.
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2 1 Introduction

The viable capture basin of a target viable in an environmentunder an evolutionary
system is the subset of initial sates from which starts at least one evolution viable in
the environment until it reaches the target in finite time. It is one of the main concepts
extensively studied in this theory.

The answers depend upon these three types of data: controlled dynamics (differ-
ential inclusion), constraints and target. They constitute the three constitutive data
of the problem to solve. Changing one of them changes problem.

Among the problems to be solved, some are “direct” in the sense that these three
components are directly available. Others are “indirect”, such as the commonly used
first order partial differential equations (conservation laws, Hamilton Jacobi partial
differential equation): they are camouflaged viability issues, for which the underlying
dynamic is “the characteristic system” mentioned whenever the method of charac-
teristics is invoked. It is the underlying mathematical engine common to all such
problems.

It happens that the traffic relations we shall study are viable capture basins of
adequate targets2 viable in adequate environments under adequate “characteristic
systems”. In this case, the relation defined by the viable capture basin is regarded as
a viability solution to the traffic problem.

The proof of such characterization of a traffic problem under investigation in
terms of viable capture basins is the topic of “viability characterization theorems”.
Once a viability characterization is proved, the viability solution inherits all the
mathematical and algorithmic properties of viable capture basins.

Viability theory thus provides tools for deriving conclusions by simpler proofs
than the ones using classical partial differential equations. This is a tribute to this
theory, if one considers that mathematics should offer universal abstract structures as
simple as possible for obtaining the maximum of conclusions. The fact remains that
mathematics aims at providing frameworks abstract enough to be useful in several
fields of knowledge.Wemade purposely some digressions in the hope to broaden the
views of the reader and tempt him to be drifted away into other domains of knowledge.
This is what science is also about. Even though it is no longer fashionable, we have
tried to enrich this study by putting it into perspective some comments to trigger the
curiosity to clear and explore other trails and decipher mysterious tracks.

We deal with traffic evolutions p(·) viable in a subset K , i.e., satisfying

∀ t ∈ [T − Ω, T ], p(t) ∈ K (1.1)

Since we operate with velocities p′(t) of traffic evolutions, the question arises to
differentiate the above viability requirement. For that purpose, we need to define an

2Taken in an abstract sense. For instance, targets describe the boundary conditions (Cauchy,
Dirichlet), or internal conditions (Eulerian conditions provided by probe vehicles). See for instance
[215, Work, Tossavainen, Jacobson and Bayen].
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adequate concept of tangent cone TK (x) to the subset K at x ∈ K in such a way that
we derive the tangential property

∀ t ∈ [T − Ω, T ], p′(t) ∈ TK (x(t)) (1.2)

The “Viability Theorem”, the most important of this theory, characterizes the
viable capture basins in terms of “tangential conditions”: roughly speaking, it states
that the velocities of the evolutions “are tangent” to the viable capture basin. Hence,
the Viability Theorem provides the celerity regulators we are looking for.

May tangents to any set at any of its element be defined? Yet, we can. Pierre de
Fermat was the first to introduce tangents to a set: actually, the set was the graph of
a function and the tangent was used to define derivatives as the slopes of the tangent.

We do not need to assume anymore that the set is a differentiable manifold, as
in differentiable geometry. Fortunately, Giuseppe Peano proposed a definition of a
tangent to any set around 1885. It was rediscovered independently in the 1930s by
Francesco Severi and Georges Bouligand who introduced the “contingent cone” to
any subset, which we shall simply call tangent cone.

Therefore, in a nutshell, tangent cones to viable capture domains provide the
celerity regulators we are looking for. Furthermore, the viability algorithms compute
their graphs which can be stored to be activated on-line.

1.2 Introducing Other Specifications

Actually, in many examples, the largest celerity regulator is a set-valued map
(t, p) � R(t, p), the “mother of all celerity regulators”, so to speak. The celer-
ity regulator R derived only from the data of the celerity map and the network may
have empty values, be reduced to a single celerity or be a subset of more than one
celerity. In the later case, the multivocity is a guarantee of robustness.

However, in order to build automats and feedbacks, the question arises to select
single-valued celerity regulators r(t, p) ∈ R(t, p). Or, for other problems, choose
smaller celerity regulators ˜R, not necessarily single-valued, that we have to carve in
the largest celerity regulator R.

There are at least two strategies to select subsets ˜R(t, p) ⊂ R(t, p) of celerities
in the largest celerity regulator:

1. for any t and p, use general set-selection mechanisms of the largest regulator
R(t, p), such as, for instance, the subset of celerities u ∈ R(t, p) with minimal
norm (minimal speed): we refer to Chap.6, p. 199, of Viability Theory, [13,
Aubin], for a manifold of examples, since we shall not present here this well-
known strategy;

2. add in the system other variables z, called specifications, co-evolving with their
own velocities z′. These specifications can be acceleration, accumulation of vehi-
cles between evolving positions, positions of vehicles of a fleet which have to
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be avoided, etc. The last two examples are “traffic” celerity regulators in the
strict sense of the word, since they deal with the circulation of a fleet of more
than one vehicle.3 Consequently, they appear in a new smaller celerity regula-
tor ˜R(t, p, z, z′) ⊂ R(t, p), shrinking the celerity regulator to take into account
the dynamics and the constraints of these added specifications. In this case, the
celerity regulators are (set-valued) maps

∀ t, p′(t) ∈ ˜R(t, p(t), z(t), z′(t)) ⊂ R(t, p(t)) (1.3)

advising the drivers velocities taking into account the specifications z(t) and their
velocities z′(t).
Thus, the addition of each specification z reduces the size of the celerity regulator,

which provides the celerities not only in terms of time and position, but also on the
specifications and their velocities. This is the approach we follow in this book.

1.3 Variational Approaches

For isolated vehicles, the very first example of specifications should involve not only
the derivatives of the traffic evolution, the celerities, as we mentioned before, but
also their accelerations. In other words, Newtonian mechanics.

Variational analysis is the mathematical tour de force of several thousands mathe-
maticians since Maupertuis, Lagrange, Hamilton, etc. They enriched the revolution-
ary Newton law of mechanics by showing that physics picks up optimal evolutions
of a criterion known as a Lagrangian or by solving Hamiltonian first-order partial
differential equations. Legendre invented a transform named after him to pass from
one of the dual representations of mechanical systems to the other. More recently, the
contributions ofFenchel, Lax,Oleinik,Moreau andRockafellar, amongmany others,
allow us to obtain another formulation of the Legendre duality when convexity is
involved instead of differentiability of the functions involved.

We describe this example when the network is an interval representing a one-
dimensional straight single-lane road section. For one-dimensional networks, there is
no positional constraint on intervals ofR contrary to networks in higher dimensional
spaces. This simplifies the analysis.

Let us take for granted that the drivers know or perceive the relation between
speed and acceleration, called the acceleration function. We assume for instance
that it is a convex4 function l(·) : u �→ l(u) mapping celerities to accelerations,
regarded as a “Lagrangian”. It can be used for instance as an indicator or criterion

3For individual vehicles, the celerity regulator can be computed off line and embarked on the vehicle
as a built-in cruise controller and not by a traffic regulator, which provides the same advised velocity
to any vehicle circulating on the network.
4It is assumed to decrease from a zero velocity (for starting the motion) down to a minimum before
increasing, up to a maximal velocity speed limit. See Fig. 7.3, p. 180.
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function underlying an intertemporal optimization problem forminimizing celerities,
for instance. The optimal celerities are proved to be obtained by a celerity regulator5

depending on q.

q �→ u = (l′)−1(q)

Hence, we have to invert the map l′(·).
For that purpose, Legendre invented a transform l�(·) : q �→ l�(q) ∈ R bearing his

name, regarded as the “Hamiltonian” associated with the Lagrangian, which enjoys
the following property

(l′)−1(q) = l�
′
(q)

Hence, knowing the Legendre transform l�(·), regarded as a Hamiltonian, the con-
struction of a celerity regulator becomes

q �→ l�
′
(q)

Two centuries later, for convex Lagrangians, Fenchel invented the “Fenchel trans-
form” l� of l. It coincides with the Legendre transformwhen the Lagrangian is convex
and continuously differentiable. Later, Jean Jacques Moreau and Terry Rockafellar
introduced independently the concept of subdifferential ∂l generalizing the concept
of gradient for non-differentiable convex functions. Replacing the Legendre trans-
form by the Fenchel transform and differentials by subdifferentials, the Legendre
property remains true:

(∂l)−1(q) = ∂l�(q)

Furthermore, the Hamiltonian is the right-hand side of a Hamilton-Jacobi-Bellman
partial differential equation, the solution V (t, p) of which provides the arguments
of the celerity regulator

R(t, p) := ∂l�
(

∂V (t, p)

∂ p

)

This is this property needed to construct celerity regulators that we owe to Peter
Lax and Olga Oleinik.6 Therefore, in this context, we shall operate the “Lax-Oleinik
factory” for constructing celerity regulators derived from this acceleration function
using a “Lagrangian” l(·) : u �→ l(u) and/or a “Hamiltonian” l�(·) : q �→ l�(q) as
machinery.

5At this point, we assume for a while that l(·) is differentiable. Its inverse can be set-valued if l′(·)
is not injective. This not a problem since we accept set-valued celerity regulators.
6See [192, Oleinik].
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This laconic reminder7 sends us back to the years 1930 when Greenshields intro-
duced as an input not a Lagrangian, as we did, but a Hamiltonian q �→ h(q) defined
on (spatial) densities q. Its graph is called the fundamental diagram, the corner stone
on which many traffic studies were based ever since.

celerity

acceleration

−q0
critical density

γ0

u‖

maximum celerity
density

u‖
maximum celerity

(q0, γ0)

critical density

(q0, γ0)

q0

Figure 1.3.1 [Fundamental Diagrams]
[Left]. This figure displays the graph of the decreasing convex acceleration function
l : u ∈ [0, u‖] �→ l(u) associating with (positive) celerities an acceleration l(u).
We assume that it decreases from acceleration γ0 at celerity 0 to null acceleration
at maximal celerity u‖ with a derivative equal to 0. The acceleration function plays
the role of a Lagrangian.
[Center]. This figure displays the graph of increasing concave density function
h : q ∈ [0, q0] �→ h(q) mapping positive densities to real numbers interpreted
as a “traffic flows”, associating positive accelerations with celerities, playing the
role of a Hamiltonian. It increases from 0 at density 0 with a derivative equal
to the maximum celerity u‖ up to the maximal acceleration γ0 at critical density
q0 := −l′(γ0) with derivative equal to 0. Its graph is called the fundamental dia-
gram.
[Right]. This figure provides an experimental example of a nonnegative concave
fundamental (set-valued) diagram. It increases from zero density to critical density,
but, next decreases until jam density. Since the derivatives p′(t) may become neg-
ative, they cannot be interpreted as celerities (or speeds). Jean-Patrick Lebacque
calls the increasing part of the fundamental diagram its demand function, the
derivatives of which are positive and regarded as speeds (here, celerities) and its
decreasing part the supply function, the derivatives of which are negative and
regarded as flow speeds, equal to the mean spatial velocity of vehicles (see for
instance Sect.7.5, p. 199). The figure provides an actual example of fundamental
diagram, displayed in red on the figure among experimental data which depend

7See Chap.7, p. 163, for more details, Figs. 7.1.7, p. 169, and 7.1.9, p. 173, summarizing these
issues.

http://dx.doi.org/10.1007/978-3-642-54771-3_7
http://dx.doi.org/10.1007/978-3-642-54771-3_7
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upon time and position (see [4, Fan & Seibold]). It displays in red an interpolation-
extrapolation of this experimental set valued map as an example of the classical
fundamental diagram.

Hence, the fundamental diagram is the maximum of the demand and supply
functions, and its nature is still the object of intense debates. Its associatedLagrangian
is defined on positive values associated with the derivatives of the demand part and
on negative values given by the decreasing supply part of the Hamiltonian between
critical and jamdensities (see Fig. 7.4.3, p. 189, for an illustration, and other examples
of fundamental diagrams in Figs. 7.4.2, p. 187, and, 7.4.7, p. 196).

Summarizing, the variational approach assumes that the drivers derive their accel-
erations from the velocity, either perceived or automated by a cruise control system,
and use the derivative h′ : q �→ u = h′(q) as a celerity regulator defined on
densities. This is the central assumption of the Greenshields’ legacy (see Sect. 7.4,
p. 185): this celerity regulator u = h′(q) is involved in the characteristic system
through its Lagrangian underlying both the Lighthill, Whitham and Richards (LWR)
conservation law and the Hamilton-Jacobi-Moskowitz partial differential equation.
However, whenever the Hamiltonian is decreasing after the critical density, the asso-
ciated Lagrangian is defined also on negative numbers. This is no longer consistent
with the interpretation of the evolution p(·) as describing the evolution of traffic
positions.

Fortunately, viability techniques allow us to study variational problems for any
concave Hamiltonians: traffic evolutions are regarded as optimal evolutions of
intertemporal problems involving Lagrangians. We do not need to use the classi-
cal first-order partial differential equations to generate solutions providing in fine
celerity regulators, and we are not using them except for the sake of completeness.
Indeed, the graphs of these solutions are “viable capture basins” of adequate targets
viable in adequate environments under dynamical systems involving theLagrangians,
the “characteristic systems”. We thus use the “tangential characterization” pro-
vided by the viability theorem to circumvent the production of the Lax-Oleinik
factory.

We could stop here before mentioning these first-order partial differential equa-
tions. We plead not guilty and appeal to Pierre de Fermat as our counsel: he invented
the concept of tangent (to the graph of a function to define the derivative in 1637).
Since then, the graphical approach of set-valued analysis followed this very defini-
tion: whenever the viable capture basin of graphs of (set-valued) maps or epigraphs
of functions are involved, we infer that they are graphs of maps or epigraphs of
functions which are “solutions” to partial differential equations: they become trans-
lations of the tangential conditions in the language of set-valued and non-smooth
differential calculus, without requiring regularity assumptions of these maps and
functions.

Consequently, variational methods to construct celerity regulators require the
uncovering of the characteristic systems. Using them as the dynamics of the traffic

http://dx.doi.org/10.1007/978-3-642-54771-3_7
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evolutionary system, the tangential conditions of viable capture basin provide the
celerity regulators. If one wishes to do so, he may use the partial differential equa-
tions as kinds of (techno)logical spin-offs. The mathematical technical difficulties
are actually due to the translation of tangential conditions in terms of derivatives
which have been invented for this purpose. The use of tangent cones is sufficient for
answering traffic issues.

In conclusion, the “last universal common ancestor” of both partial differential
equation and viability approaches is the “characteristic system” underlying first-
order partial differential equations. We thus describe our traffic problems starting
with a characteristic system of differential inclusions, regarded as traffic evolutionary
systems.We provide celerity regulators advising viable evolutions in the network and
possibly satisfying other requirements, and targets related to departure and/or arrival
conditions.

1.4 Organization of the Book

This book proceeds crescendo from the case when only time, travel durations and
positions on the network are involved to formulate the main concepts in Chap. 3,
p. 39. We prove the viability characterizations and construct the celerity regula-
tors in Chap.4, p. 91. Next, in Chap.5, p. 123, we add to the time, duration posi-
tion other variables, called specifications (or attributes), and, in Chap.6, p. 145,
numerical variables (indicators), which “summarize” all the traffic variables. Being
real numbers, indicator functions can also be optimized and thus, offer selection
procedures of traffic evolutions. Chapter 7, p. 163, bridges the previous results
derived from the viability techniques to the ones obtained in solving first-order
partial differential equations for the common objective of constructing celerity reg-
ulators for one-dimensional networks. This bridge is the Fenchel transform link-
ing the variational approach for minimizing “Lagrangians” involving the indicators
to the “Hamiltonians” which are entangled in those first-order partial differential
equations.

More precisely,

• Chapter 2, p. 13, Celerity Regulators on Networks, describes the first requirements
(time and travel durations in Sect. 2.1, p. 13, Traveling Takes Time, positions in
Sect. 2.2, p. 18, Traveling Needs Space). Next, we define the first problem, to link
a departure state to an arrival state, in Sect. 2.3, p. 20, Celerity Regulators for
Informing Viable Velocities.
Before tackling the mathematical investigations, we present in Sect. 2.4, p. 27,
Reaching Unexpected Position in Two-Dimensional Networks, simulations of
examples in a two-dimensional network.

• Chapter 3, p. 39, Traveling on the Network, defines the basic concepts and the
results when only time, duration and positions are the traffic variables. Section3.1,
p. 39, One-Dimensional Traffic Illustrations, regroups illustrations of most of the

http://dx.doi.org/10.1007/978-3-642-54771-3_3
http://dx.doi.org/10.1007/978-3-642-54771-3_4
http://dx.doi.org/10.1007/978-3-642-54771-3_5
http://dx.doi.org/10.1007/978-3-642-54771-3_6
http://dx.doi.org/10.1007/978-3-642-54771-3_7
http://dx.doi.org/10.1007/978-3-642-54771-3_2
http://dx.doi.org/10.1007/978-3-642-54771-3_2
http://dx.doi.org/10.1007/978-3-642-54771-3_2
http://dx.doi.org/10.1007/978-3-642-54771-3_2
http://dx.doi.org/10.1007/978-3-642-54771-3_2
http://dx.doi.org/10.1007/978-3-642-54771-3_3
http://dx.doi.org/10.1007/978-3-642-54771-3_3
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concepts on one-dimensional roads. This allows us to explicit analytical formulas
of the concepts. In Sect. 3.2, p. 61, Basic Traffic Viability Concepts, we define the
concepts of averager: it is the map associating with arrival time T , durationΩ and
position the subset of average velocities on the temporal window [T −Ω, T ]. The
Cournot map selects the departure positions fromwhich arrive traffic evolutions at
prescribed
position.
Section3.3, p. 73, Concatenation of Cournot Maps, studies the concatenation of
the Cournot maps, and reachable maps on each segment of a “timed route” of net-
work whereas Sect. 3.4, p. 75, Intermodal Eupalinian Maps, studies “intermodal
systems” connecting departure and arrival states traversing “black box” junctions,
multijunctions (such as traffic circles) and circuits. The too short Sect. 3.5, p. 84,
Synaptic Networks of Ionic Networks, describes another motivation of intermodal
systems when the network is made of neurons propagating nervous influxes punc-
tuated by synapses (junctions) crossed by neurotransmitters.

• Chapter 4, p. 91, Viability Characterizations and Construction of Celerity Reg-
ulators, presents the viability characterizations of the concepts presented in the
preceding chapter. They inherit their properties, and, among them, the construction
of the celerity regulators. For that purpose, Sect. 4.1, p. 91,A Viability Survival Kit,
states themain results of viability theorywhich are used in Sect. 4.2, p. 97,Viability
Characterizations of Averagers, Cournot and Eupalinian Maps, for characterizing
these maps, and, in Sect. 4.3, p. 108, Construction of Celerity Regulators, for con-
structing the celerity regulators. Section4.4, p. 112, Approximations of Cournot
Maps and Viability Algorithms, defines “piecewise constant” set-valued maps for
approximating Cournot maps, and, next, provides the shortest possible description
of “viability algorithms”.

• Chapter 5, p. 123, Traffic Specifications, extends the results of the preceding
section. In Sect. 5.1, p. 124, Micro-Meso-Macro Cascade of Traffic Evolution-
ary Systems, we add to the time-duration-position triples, from now on called
“micro” variables, some other specifications, regarded as “meso” variables (accel-
erations, positions and celerities of vehicles of a fleet for avoiding collisions, etc.)
We may also introduce numerical indicators interpreted as the “macro” variables.
They follow this rule: at each level, the dynamics do not depend on the variables
of the next level(s). This is what is meant by “cascade”. These added specifica-
tions and indicators allow us to carve in the (micro) celerity regulator depending
only on time, duration and position a sub celerity regulator depending also on the
specifications and their derivatives. We call “mesosystems” the ones involving the
specification variables. We reserve the term “macrosystems” to systems where the
last added variable is a scalar variable, regarded as an indicator. Section5.2, p.
126, Micro-Meso Specific Traffic Systems, specifies the case of micro-meso sys-
tems. Section5.3, p. 130, Duration-Chaperoned Evolutions, uses as specification
the travel duration functions with variable velocities (called fluidities) when the
velocity of the duration is no longer equal to 1, but evolves for describing a “time
flying more or less quickly” since the celerity regulator depends also on those
fluidities. In Sect. 5.4, p. 134, Acceleration and Dynamic Celerity Regulators, we

http://dx.doi.org/10.1007/978-3-642-54771-3_3
http://dx.doi.org/10.1007/978-3-642-54771-3_3
http://dx.doi.org/10.1007/978-3-642-54771-3_3
http://dx.doi.org/10.1007/978-3-642-54771-3_3
http://dx.doi.org/10.1007/978-3-642-54771-3_4
http://dx.doi.org/10.1007/978-3-642-54771-3_4
http://dx.doi.org/10.1007/978-3-642-54771-3_4
http://dx.doi.org/10.1007/978-3-642-54771-3_4
http://dx.doi.org/10.1007/978-3-642-54771-3_4
http://dx.doi.org/10.1007/978-3-642-54771-3_5
http://dx.doi.org/10.1007/978-3-642-54771-3_5
http://dx.doi.org/10.1007/978-3-642-54771-3_5
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choose the acceleration as specification, on which depends the celerities. Finally,
Sect. 5.5, p. 139, Collision Avoidance of a Fleet of Vehicles, studies the case when
the added variables are the positions and the velocities of the other vehicles of a
fleet. When the fleet involves more than two vehicles, a traffic regulator or con-
troller is needed to advise the celerities to each vehicle on the fleet for avoiding
collisions.

• Chapter 6, p. 145, Valuation of Intertemporal Micro-Meso-Macro Systems, inves-
tigates the specific features when the last added specification is an indicator.
Section6.1, p. 145, Intertemporal Selection Through Indicators, exploits the fact
that the traffic relations are numerical relations, with which we can associate a
numerical set-valued map mapping the micro-meso variables in a subset of R.
The bounds of this set define the lower and upper valuation maps, which enjoy
specific additional properties. Section6.2, p. 156, Selection of Departure States
in the Cournot Map, uses these results to investigate the selection procedures of
departure positions in the Cournot map and the measure of its width (a measure
of Cournot uncertainty).

• Chapter 7, p. 163, Variational Analysis of Traffic Evolutions, continues the inves-
tigation of micro-meso-macro systems by analyzing traffic systems with the two
equivalent Lagrangian and Hamiltonian formulations of the same problem linked
by the Fenchel transform. This is the topic of Sect. 7.1, p. 164, Lax-Oleinik Factory
for Constructing Celerity Regulators. The first example is provided in Sect. 7.2,
p. 173, Accumulation of Vehicles in Cohorts, when the indicator is the accumula-
tion of the cohort of vehicles between two evolving positions in the case of one-
dimensional systems. Section7.3, p. 179,Dynamic Valuation Function, focuses on
the case of one-dimensional networks, where we choose for indicator the accelera-
tion. Choosing for indicator the density, Sect. 7.4, p. 185,The Greenshields Legacy,
summarizes the familiar topics of the Lighthill, Whitham and Richards (LWR) and
Moskowitz models. An overview on the interpretations of the fundamental dia-
gram is provided in Sect. 7.5, p. 199, A Panorama on Macroscopic Hamiltonian
Models by Guillaume Costesèque. He summarizes the recent results obtained for
the Hamiltonians of Generic Second Order Models (GSOM) taking into account
specifications: they are the data of first-order partial differential equation in traffic
studies.

• Chapter 8, p. 211, Mathematical Appendixes, summarizes some definitions and
concepts used in set-valued map and viability theory to ease the reading of this
book.
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Chapter 2
Celerity Regulators on Networks

Knowing where and when one vehicle should arrive, wewant to compute fromwhere
and when one should depart to reach timely their desired position. For traveling takes
time, duration and uses positions on the network: we take these observations as our
data before deriving geodesics starting from a departure position at a departure time
for reaching an arrival position at an arrival time. Beforehand, we shall illustrate our
results on a road system in the plane.

2.1 Traveling Takes Time

Time involves departure time, arrival time, waiting time, travel time, etc. Observe
that time was used with two meanings in this sentence: dates in the two first cases,
duration in the two next ones. Time is indeed particularly polysemous, and thus,
dangerous, encapsulating many meanings,1 among which the notions of

1. instants, which evolve. This connotation of the word has many synonyms, among
which dates, such as departure and arrival time, chronological time, calendar
time, final time, deadlines, etc.;

2. durations2, such as in travel time, minimal time, waiting time, age in population
dynamics, investment period in economics, etc.;

1In Chinese, the sinogram for time (shi2jian1) , involves also the concept of duration. The

first sinogram (shi2) , denotes the concept of time itself, since it involves the ideogram of “sun”

in the left and the ideogram of unit of measure in the right. The second ideogram , conveys the
concept of duration, since it means interval.
2Phylogenesis has “taken all its time” to synchronize the “perceptions” of “durations” by living
beings in the sense that they adjust their biological clocks to those of celestial mechanics that made
cyclical facetious ellipses turning around the earth. Chronological time requires memory to order
these cycles, and may not be perceived in an operational way by most species.
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12 2 Celerity Regulators on Networks

3. evolutions (of vehicles, for instance), which are functions of time (instants), arriv-
ingat agivenposition,passing through this position, or starting from this position;

4. and many other meanings which are not relevant in this study.

Retrospective and Prospective Temporal Windows

Given a chronological time and a position, we shall study separately and successively
the problems of

1. arriving at this position;
2. starting from this position,

before “compounding” their solutions or “concatenating” their evolutions to link a
departure position to an arrival position by a “geodesic”. This leads us to differentiate
what happened before and what will happen later, and thus, to introduce the concepts
of retrospective and prospective temporal windows associated with a

1. chronological time T ∈ R,
2. “closing” a retrospective temporalwindow [T−Ω in, T ] at departure date T−Ω in

or “opening” a prospective temporal windows3 [T, T + Ωou] at date T + Ωou ;
3. with (prospective) inward duration4 Ω in ≥ 0 or (prospective) outward duration

Ωou ≥ 0,

on which are defined evolutions.
Retrospective temporal windows describe the past or the history, which may be

known, whereas prospective temporal windows represent the future, which is not
known, just forecast.

2.1.1 Time, Duration and Temporal Windows

Temporal windows are thus parameterized by two-dimensional vectors (T,Ω) ∈
R × R+, describing the “dual nature of time”.5 Instants T := [T, T ] ∈ R are
temporal windows of duration Ω = 0, and thus, parameterized by one-dimensional
scalars, easier to deal with. Instants or dates t := [t, t] ∈ [T − Ω, T ] are usual
called “current times”, or, unfortunately, “times”. The smallest duration measured
so far is the yoctoseconde (10−24 s). Therefore, for the time, instants do not exist
yet physically, and remain the privilege of mathematicians who do not hesitate to let
durations converge to 0 in difference quotients for obtaining derivatives of all kinds
and obediences.

3Most of the time, they are intervals [0, H ] where 0 is regarded as “the” origin of time and H is
interpreted as the horizon, finite or infinite.
4Finite or infinite, in principle, but finite in this book, since there is no infinite travel.
5See [7, Andersen and Grush] and [115, 116, 117, Dobbs] among a myriad of references on time.
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The intersection [T −Ω in, T ]∩[T, T +Ωou] is usually regarded as an (evolving)
present T, separating past from future. It is an instant, which should be called an
“absent”, since instants do not physically exist yet.6

Consequently, mathematically at least, the “cone” R+ of durations has a natural
origin, 0. This is not the case of the set R of instants, which has no physical origin7

O ∈ R other than arbitrary, conventional and consensual for being real. Instants
range over the real lineR, but only its total order structure should be used, by stating
that an instant s is anterior or posterior to another instant t and using the concepts of
infimum and supremum. However, the vector structure of R is underlying its lattice
structure, let only because durations duration s − t ≥ 0 are differences between
two chronological times s posterior to t , where 0 is the origin of duration and not
“the” origin of chronological time,8 whereas addition allows us to translate temporal
windows.

Chronological time plays the role of a “numéraire of evolutions” (see Sect. 8.2, p.
601, of [20, La mort du devin, l’émergence du démiurge]), for comparing evolutions
between them by comparing each of themwith the duration t �→ max(0, t−O), as in
economics, where the numéraire is used for comparing commodities by comparing
the value of each of them with the value of the numéraire.

The chronological time was measured by the ephemerides through gnomons and
sundials, and now, by clocks, whereas the duration was obtained by clepsydra, and,
since the xth century, by hourglasses, or by the difference between two chronological
times.

A (calendar) duration is an evolution9 t �→ R+, the velocity of which is either
equal to 1 on its domain, in which case it is called retrospective or inward, or −1, in
which case it is called prospective or outward:

1. retrospective durations oin : t ∈ [T − Ω in, T ] �→ oin(t) := t − (T − Ω in) ∈
[0,Ω in], increasing from 0 at departure time T − Ω in up to time T , when it is
equal to Ω in;

6See Didier Nordon in his book Scientaisies. Chroniques narquoises d’un mathématicien,
[187, Nordon], p. 87, quoting the novel Deux heures moins dix by Mikhail Shishkin.
7“What was God doing before He created the Heavens and the Earth?” asked Augustine of Hippo
in his confessions. What was the universe behaving before the Big Bang, ask some physicists?
Mathematically, one can introduce helicoidal durations which are concatenations of durations
d(Ti ,Ti−Ti−1) on successive temporalwindows [Ti−1, Ti ] (seeLa valeur n’existe pas. Àmoins que[...],
[28, Aubin]). Introducing the concepts of temporal windows and duration function circumvents the
question of origin of time.
8The max-plus algebra structure on R, in particular, hyperspaces (of subsets of a given space)
an another example, could provide an adequate framework to study evolutionary problems (see [3,
Akian, Quadrat J.-P. and Viot], [4, Akian, Gaubert and Kolokoltsov], [5, Akian, Bapat and Gaubert],
[6, Akian, David and Gaubert], [40, Aubin and Dordan], etc.).
9See Definition5.3.1, p. 131, and Fig. 5.3.2, p. 132, for the definition of durations with variable
velocities, the average velocity of which is equal to ±1, instead of requiring that the instantaneous
velocity are equal to ±1 as for the calendar duration.

http://dx.doi.org/10.1007/978-3-642-54771-3_5
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2. prospective durations oou : t ∈ [T, T + Ωou] �→ oou(t) := (T + Ωou) − t ∈
[0,Ωou], decreasing from Ωou at time T down to arrival time T + Ωou when it
vanishes.

They can be extended to R by setting

{

oin : t ∈ R �→ oin(t) := max(0,min(Ω in, t − (T − Ω in))) ∈ [0,Ω in]
oou : t ∈ R �→ oou(t) := max(0,min(Ωou, (T + Ωou) − t)) ∈ [0,Ωou] (2.1)

2.1.2 Temporal Window Dependent Evolutions

We denote by R
|p|, where |p| ∈ N, the |p|-dimensional vector space of positions

p = (p1; . . . , p|p|) described by |p| components.

Definition 2.1.1 (Inward and Outward Evolutions) An evolution p(·) : t ∈
R �→ R

|p| is a time-dependent function. We associate with each them

1. the retrospective temporal window [T − Ω in, T ], the restriction pin(·) :=
pin

(T,Ω)in
(·) : t ∈ [T − Ω, T ] �→ pin(t) := p(t) ∈ R

|p|, called an incoming
evolution (or inward evolution), depending on chronological time T ∈ R,
inward duration Ω in ≥ 0 and current time t ∈ [T − Ω in, T ];

2. the prospective temporal window [T, T + Ωou], the restriction pou(·) :=
pou(T,Ωou)(·) : t ∈ [T, T +Ωou] �→ pou(t) := p(t) ∈ R

|p|, called an outgoing
evolution (or outward evolution), depending on chronological time T ∈ R,
outward duration Ωou ≥ 0 and current time t ∈ [T, T + Ωou].

In this study, the chronological time T is fixed, the durations Ω in or Ωou and the
current time t evolve. For simplifying notations, we do not mention the reference to
(T,Ω in) or (T,Ωou) when there is no ambiguity.

Remark Forward and Backward Evolutions Inward and outward evolutions we
defined are forward evolutions in time, implicitly, one way trips. If we want to study
round-trips, we need to consider backward inward evolutions ←−p in(·) and outward
evolutions ←−p ou(·) defined respectively by

{∀ t ∈ [T − Ωou, T ] ←−p in(t) = pou(2T − t)
∀ t ∈ [T, T + Ω in] ←−p ou(t) = pin(2T − t)

(2.2)

In other words, if we consider the concatenation p(·) of pin(·) and pou(·) defined
on [T − Ω in, T + Ωou] by

p(t) :=
{

pin(t) if t ∈ [T − Ω in, T ]
pou(t) if t ∈ [T, T + Ωou] (2.3)
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the backward evolution ←−p (·) defined by ←−p (t) := p(2T − t) is the concatenation of←−p in(·) and ←−p ou(·) defined on [T − Ωou, T + Ω in] by

←−p (t) :=
{ ←−p in(t) if t ∈ [T − Ωou, T ]←−p ou(t) if t ∈ [T, T + Ω in] (2.4)

This is how we can study forward and backward evolutions on a temporal window
[T − Ω in, T + Ωou] around T (see Fig. 3.1.12, p. 58). �

The retrospective point of view allows us to govern evolutions not only by differ-
ential inclusions p′(t) ∈ M(t, p(t)) depending on current time t ∈ [T −Ω in, T ] and
position, but also, by duration-chaperoned (or duration-structured) differential inclu-
sions p′(t) ∈ M(t, t − (T − Ω), p(t)) depending on current time t ∈ [T − Ω, T ],
duration oin(t) = t − (T −Ω) and position p(t). It costs nothing mathematically to
add those duration functions. The difficulties would be the same if we restricted our
attention only to differential inclusions p′(t) ∈ M(p(t)). However, we need time and
duration for defining travel. The same is true for outward evolutions in a prospective
framework.

Remark Population Dynamics—In mathematical demography and population
dynamics, McKendrick and Hamilton-Jacobi-McKendrick partial differential equa-
tions provide the state of a population depending on chronological time T and on
age (they are “structured” by age). “Age” is an example of duration10 and the evolu-
tionary systems involving both time and age are examples of “duration-chaperoned”
McKendrick partial differential equations.

Those partial differential equation are closely related to evolutions governed by
differential inclusions of the form

∀ (T,Ω) ∈ R × R+, ∀ t ∈ [T − Ω, T ], p′(t) = F(t, t − (T − Ω), p(t))
(2.5)

The age-structured standard approach started with the establishment of the
McKendrick partial differential equation relating the population and its partial deriv-
atives with respect to time and age. Age-structured partial differential equations have
been extensively studied (see, among an abundant literature, [8, Anita], [22, Aubin],
[153, Iannelli], [160, Keyfitz N. and Keyfitz B.], [211, Von Foerster], [214, Webb],
etc.). �

Remark Prediction and Retroprediction Let us consider an evolutionary system
governing evolutions and single-out a property that evolutions should enjoyon agiven
temporal window. For instance, staying on the road during travel (called viability) is
the minimal requirement. Can we predict that this property would be satisfied by at

10Age is defined on prospective temporal windows since we know only the date of birth.
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least one evolution, some or all evolutions in the future? Can we “retropredict” that
one, some or all of them satisfied this property in the past?

1. Retroprediction of a given “evolutionary property” by an evolutionary system
requires analysis in the past. This means that at given chronological time T , this
property should be satisfied on retrospective temporal windows [T −Ω in, T ] for a
subset of inward durationsΩ in . This subset is a qualitative measure of the validity
of the retroprediction (the larger this set, the more valid the retroprediction).

2. Prediction of a given “evolutionary property” of evolutions governed by an evo-
lutionary system requires experimentation. This means that for a given outward
duration, the property is satisfied on a window [T, T + Ωou] for some subset of
chronological times T at which the experimentation is conducted. This subset is
a qualitative measure of the validity of the prediction.

Predictive systems have been adopted in physics since the founding fathers:
Fermat,Newton,Leibnitz,Maupertuis, etc., shared the belief that the laws ofmechan-
ics are deterministic and, consequently, predictive whenever the sensitivity to initial
conditions is tamed. This is the reason why prospective temporal windows were priv-
ileged in mathematics motivated by physical sciences. This is not the case with the
life sciences: they cannot be predicted, by lack of experimentation. However, they
can be analyzed. �

These new features have been motivated by several problems in various fields:
traffic congestion (where the duration is the travel time), economic dynamics, pop-
ulation dynamics, collision problems (where the duration is time until collision),
dynamical games for intercepting an evader by a pursuer (see [32, Aubin, Chen Luxi
and Désilles] and Sect. 2.4.4, p. 35), and, above all, in life sciences: The past may be
studied and known, the future cannot be known and only predicted.

Since we have chosen to privilege the retrospective temporal windows, evolutions
and systems, and to alleviate the notations, we shall drop the exponent in , setting for
example Ω := Ω in , and use the exponentou when we deal with prospective systems.

2.2 Traveling Needs Space

We begin by distinguishing the network and the mobiles which circulate on a net-
work.11 For instance, vehicles on road networks are mobiles evolving along the roads

11In Chinese,“Wang(3)” , used for instance to designate theWEB, is an evolution of the sinogram

drawn on tortoise shells, meaning net to catch fish or capture of birds.
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through the cross-roads, where they may be required to stop, ions Na+, K+, etc.,
are crossing ionic pumps of the membranes for propagating the nervous influx along
neurons until they release or destroy neurotransmitters in the synapses12 of a neural
network, hormones13 circulate in endocrine systems between endocrinal glands and
receptors, money transfers propagate in economic-financial networks of banks and
their exchanges are settled in the clearing houses, information is propagated in a net-
work of computers devices until bits14 are transferred in their computer nodes, etc.

Although these general networks motivated the mathematical results described
in this book, this study is primarily motivated by road networks15 or transporta-
tion networks,16 and, in a less extent by neural networks17 and economic-financial
networks.18 The following pages concentrate on road systems.

However, we propose in Sect. 3.5, p. 84, Synaptic Networks of Ionic Networks, we
suggest that the links between ionic pumps of a neuron and between synapses can
use the mathematical metaphors of junctions and intermodal traffic systems studied
in Sect. 3.4.2, p. 77.

12Synapses are “junction” in Greek, which join the axon of a “pre-synaptic” neuron and the dendrite
of a “post-synaptic”. They have been discovered in 1897 by Charles Sherrington.
13From the Greek horme, meaning impulse, harmones have been coined in 1905 by Ernest Starling,
who isolated them in 1902 together with William Bayliss.
14A bit (contraction of “binary digit” proposed by John W. Tukey in 1947 and next popularized
by Claude E. Shannon in 1948) is transmitted by serial or parallel transmission one at a time in
computing devices. The encoding of data by discrete bits was used in Bacon’s cipher (1626), in
the punched cards invented by Basile Bouchon and Jean-Baptiste Falcon (1732) and developed by
Joseph Marie Jacquard (1804), the beginning of a long history.
15See [30, Aubin, Bayen and Saint-Pierre], [21, 23, Aubin], [77, Chen Luxi], [32, 33, Aubin and
Chen Luxi]. We also refer to [48, Aubin andMartin] for a “microscopic” analysis of traffic manage-
ment studying the evolution of mobiles on a network in the framework of a direct approach without
using celerities.
16The word “transport” is polysemous, particularly in mathematics: it is used in many different
perspectives, such as the Fokker-Plank partial differential equations, involving drift and diffusion.
This is not the meaning which we use in this study. Neither do we address the optimal network
and transport problems, which have been the topic of an extensive literature. For instance, see
Network flows andmonotropic optimization, [202,Rockafellar], byTerryRockafellar. In theMonge-
Kantorovitch perspective, we refer to the monographs Optimal Transport: Old and New, [209,
Villani] and Optimal Transportation and Applications, [210, Villani], by Cédric Villani. The mean
field approach can also be used (seeMean Field Games andMean Field Type Control Theory Series,
[61, Bensoussan, Frehse and Phillip]). Therefore, we shall use only the word “traffic” in this book
to avoid confusion.
17See for instance, among a myriad of references, The Handbook of Brain Theory and Neural
Networks, [9, Arbib], by Michael Arbib, [68, Burnod], [193, Pakdaman], Neural Networks and
Qualitative Physics: a Viability Approach, [16, Aubin], etc.
18See for instance Rama Cont, [86, Cont R., Moussa A. and Santos], analyzing the potential for
contagion and systemic risk in a network of interlinked financial institutions, [175, Lehalle and
Laruelle] and [17, 19, Aubin], in a connectionist perspective.

http://dx.doi.org/10.1007/978-3-642-54771-3_3
http://dx.doi.org/10.1007/978-3-642-54771-3_3
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Road traffic information exists at least since the “bematists” (from the Greek
bema, single pace) who were specialists in ancient Greece who measured distances
by counting their steps. They were, so to speak, the first “odometers” (from the Greek
hodòs, “path”).

Those who accompanied Alexander the Great on his campaign in Asia measured
the distances with an astonishing degree of precision. With milestones, travel dura-
tion could be estimated from the information on distances, a spatial metaphor of
time,19 actually, duration.20 The first mechanical odometer known may be the Greek
Antikythera mechanism, made around 100 BC, discovered in a shipwreck. However,
their invention as crank mechanism counting pebbles at each turn of the wheel, as
clepsydra for counting time, goes back to Archimedes of Syracuse. The milestones
appeared on the AppianWay and were an important part of the Roman road network.
Spatial origins were invented, such as the lost “golden milestone” at the center of
Rome since all roads lead to Rome! They were used for deducing travel durations
between two positions. At the time, only the position was indicated, the velocity not
being an issue yet!

Nowadays, road traffic regulation, as rudimentary and frustrating as it is, is known
to everyone: they are provided by speed limit signs (an upper bound of the velocity
used by the mobiles passing by), or more coercive information, as traffic lights or
signals, imposing a speed limit equal to 0 during a given time-interval, or other signs
providing qualitative advices, etc.

2.3 Celerity Regulators for Advising Viable Velocities

2.3.1 The Double Nature of Traffic Networks

Definition 2.3.1 (Traffic Networks) A traffic network is defined in this book
by

1. a subset K :=
⋃

i∈I
Ki ⊂ R

|p| of positions p ∈ K , which is the union of

“sections” Ki labeled by i ∈ I;

19In his 1960’s study of the Yamonamö, still stone age tribes at this time,Napoleon Chagnon reports
in [76, Noble Savages] that the distance between two places is measured by durations (number of
“sleeps” during a trip), a time metaphor of space! The Yanomamö had no word for numbers beyond
2 and had to sit down to estimate a long distance using their toes.
20Distance and time where later used together to derive the concept of velocity.
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2. “junctions”∂JK :=
⋂

j∈J
K j separating sections,where j ∈ J ⊂ I are labels of

some roads defining a junctions. Junctions are unions ∂JK := ∂←−
J
K ∪∂−→

J
K

of two disjoint prejunctions and postjunctions (see Sect. 3.4.2, p. 77).

Some junctions ∂JK may be empty, and, for each nonempty junction ∂JK , the
prejunction∂←−

J
K or postjunction∂−→

J
K maybe empty (arrival anddeparture junctions

respectively). More general types of junctions will be studied in Sect. 3.4, p. 75.

Definition 2.3.2 (Viable Evolutions) We regard a subset K ⊂ R
|p| of positions

as a network. An evolution p(·) : R �→ R
|p| is said to be viable in K on a

temporal window if p(t) belongs to K for all instants of this temporal window.

This book addresses two types of questions:

1. When and from where a mobile can depart to arrive at an arrival time T at an
arrival position p ∈ K while duration Ω ≥ 0?
We shall build and compute for this purpose Cournot maps associating with
each arrival time, duration and position the (possibly empty) subset of departing
time and positions from which mobiles can evolve on the network to reach the
prescribed arrival time and position for the prescribed duration.

2. How the evolution of any mobile can be governed to arrive at time T at a position
p ∈ K from an initial position p(T − Ω) ∈ K at initial time T − Ω?
We shall build and compute for this purpose celerity regulators advising celerities
at each time and position to whatever mobile passing at that time and that position
to reach the arrival requirements while staying on the network.

The celerity is a form of “macroscopic velocity” attached to the network at each
time and each position advising the viable velocity that vehicles should follow for
staying on the network and satisfy other traffic requirements, such as congestion, etc.
It is not a “microscopic velocity” attached to an arbitrary vehicle. For instance, for
road networks, only some hints are provided by speed limit signs21 or traffic lights at
junctions, or other signs informing the driver with adequate messages. The objective
of this investigation is to provide this information at each time and each position.

21The first maximum speed limit was the 10mph (16km/h) limit introduced in 1861 in the first
“locomotive act” by Great Britain.

http://dx.doi.org/10.1007/978-3-642-54771-3_3
http://dx.doi.org/10.1007/978-3-642-54771-3_3
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Remark Tracking Nominal Paths Using celerity regulators providing at each time
and position the velocity for at least one evolution viable on the road, there is no
need to plan a nominal trajectory linking the initial position to the arrival position,
because it will be “discovered” by solving its own differential inclusion (2.6), p. 22
(see [177, Liniger and Lygeros]).

It can then be used as another tool of trajectory planning by providing the tra-
jectory of a viable evolution as a byproduct. The designing of nominal trajectory
have been the topic of a vast literature and many operational types of software have
been built to find them, using for instance sampling algorithms requiring collision
detection tests of the network.

Once nominal paths22 have been obtained, the next problem is to track themmore
or less precisely. Many different trajectory tracking devices (or motion planning
solver) have been proposed.

It could then be tempting to use another trajectory tracking device for following
an evolution provided by the regulation map p′(t) ∈ RK (t, p(t)). However, the
velocities provided may, when they are explicitly known, be different than the one
provided by the celerity regulator, even though they track the same nominal trajectory
t �→ {p(t)}, so that the information on velocities provided by the celerity regulator
may be lost and will no longer respond to upstream requirements for which they have
been designed. Indeed, by following the trajectory provided by a different trajectory
tracking device p′(t) ∈ T{p}(t, p(t)), its velocity p′(t) is not necessarily contained in
the regulationmap RK (t, p(t)) ⊂ T{p}(t, p(t)) taking into account other information
than staying on the road (see Theorem 4.3.2, p. 108). �

The next problem is to provide a single-valued celerity feedback rK (t, x) ∈
RK (t, x), so that the evolution of the vehicle is governed by the differential equation

p′′(t) = g(t, p(t), rK (t, p(t))) (2.6)

in such a way that, automatically, p(t) ∈ K . In some sense, the celerity regulator
RK is “the mother of all single-valued celerity feedbacks” rK (t, p) ∈ RK (t, p)
regular enough for solutions to differential equation (2.6), p. 22, to exist (for instance,
continuity or even less demanding regularity requirements).

1 (The Double Nature of a Traffic Network) The question asked at each
chapter of this book is twofold:

1. For whom and for which purposes (viability, congestion, fuel efficiency, envi-
ronment damage control, road traffic safety indicators or many other “traffic
specifications”) are the celerity regulators designed and how are they com-
puted?

22A path, an orbit, whenever they mean a trajectory, is the set of positions {p(t)} visited by
anevolution p(·) : t �→ p(t) (its image p([T −Ω, T ])). The abuse of language identifying evolution
and trajectory is often made, the context allowing to erase the polysemy.

http://dx.doi.org/10.1007/978-3-642-54771-3_4
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2. Howare the celerity regulators used by themobiles circulating in the network
to regulate their evolution?

The approach recommended in this book regards a traffic network both as the
information system providing the celerities p′(t) and as the set of individual
mobiles using the celerities to circulate on the network.

Remark Direct and Inverse Approaches—The way we pose the first questions is
an inverse approach. Once the Cournot map and the celerity regulator are built, the
second question is a direct approach studying how individual mobiles must adapt to
the traffic network.

In a nutshell, the purpose of this study is to investigate both an “inverse approach”
for providing celerities and a“direct approach” for using them.

An abundant literature on traffic networks deals with the direct approach. The
inverse approach constructs regulators (feedbacks, retroaction, etc.) piloting evolu-
tions viable in an environment, here, a network.

2.3.2 The Viability Approach

However, on the mathematical side, one may observe that for a century, all first order
partial differential equations using positions p among their state variables, conser-
vation laws as well Hamilton-Jacobi equations, use in their characteristic system the
differential equation p′(t) = something. At first glance, this does not make sense.
Except if one regards p’(t) as an advised velocity, which is the point of this study.
We thus propose a mathematical framework for describing a traffic network as an
information provider. For that purpose, we suggest a mathematical framework no
longer based on partial differential equations, but on their characteristic systems of
differential equations. Knowing it, one can define “viable capture basins” of tar-
gets viable in environments, some of them being graphs of (set-valued) maps which
are solutions to conservation laws or epigraphs of functions which are solutions to
Hamilton-Jacobi-Bellman equations. These “viability solutions” are taken in a weak
or generalized sense of set-valued analysis.

For each example, the only task which remains to be done is to translate them
in the framework and the language of traffic networks and to design the viability
algorithms for computing them. This is the choice we made in this book: the traffic
problem is set in Definition3.2.2, p. 63, and its solution is described in Quotation 4,
p. 64.

http://dx.doi.org/10.1007/978-3-642-54771-3_3
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Hence, there are two parts in this study:

1. the construction of these capture basins for translating such or such problem and
derive their properties valid for any kind of evolutionary systems23 (see Sect. 4.2,
p. 97);

2. the construction of traffic regulators,which is specific to each class of evolutionary
systems. Here, we consider only evolutionary systems generated by differential
inclusions and we use the tangential conditions provided by viability theorems
and the viability algorithm for computing them (see Sect. 4.3, p. 108).

Intuitively, there is no problem to understand the concepts and the results con-
cerning velocities and celerity by assuming that the evolutions are differentiable,
knowing that we can overcome the lack of classical differentiability: derivatives can
be extended to any set-valued maps (see Sect. 8.1, p. 211) and/or extended functions
or tubes in a variety of ways, if the reader wants to know how this is done.

We do not need partial differential equations for constructing celerity regulators,
although the “viability solutions” provided by the viable capture basins under the
characteristic systems are generalized solutions of their partial differential equations.
This is explained in Viability Theory. New Directions, [31, Aubin, Bayen and Saint-
Pierre], as well as in many books and articles published since the beginning of
the 1980’s on the links between viability theory and first-order partial differential
equations (see [130, Frankowska] for a review.). Adaptations of this study at a high
abstract level providing a unified point of view to potential specific problems (traffic
engineering, neural network, economic and financial networks, etc.) is postponed to
future investigations, since they require the contributions of their specialists. Their
validation to questions in other fields remains to be done in deep collaboration with
the experts. �

Viability algorithms, a topic of Set-Valued Numerical Analysis, provide approx-
imations of celerity regulators24 we are looking for. Numerical results are available
for road traffic-based models.25

23Such as historical differential inclusions, or mutational equations, operational differential inclu-
sions, etc.
24They are defined by their graphs (graphical approach to maps), which are the actual subsets
delivered as “control boards” embedded in the vehicles or read by drivers on a (future) dedicated
velocity regulator. The viability algorithms compute subsets, and thus control boards.
25We refer to [56, 57, Bayen, Claudel, Saint-Pierre], [81, 82, Claudel, Bayen], [112, Désilles],
Chap.14, p. 563, of Viability Theory. New Directions, [31, Aubin, Bayen and Saint-Pierre] for
available numerical results. A software for computing Cournotmaps is presently under investigation
and implementation by Anya Désilles.

http://dx.doi.org/10.1007/978-3-642-54771-3_4
http://dx.doi.org/10.1007/978-3-642-54771-3_4
http://dx.doi.org/10.1007/978-3-642-54771-3_8
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All maps and relations studied in this book are “viable capture basins” of an
auxiliary target viable in an auxiliary environment under an auxiliary evolutionary
system, incoming maps and Cournot maps inherit all properties of viable capture
basins. The only task which remains to be done is to translate them in the frame-
work and the language of traffic networks and to design the viability algorithms for
computing them. This is the choice we made in this book.

2.3.3 New Specifications: Advised Accelerations and Jerks

Even though the velocities are perceived or advised by the celerity regulators, accel-
erations are needed for achieving them. Hence the celerity may or must depend not
only on time, duration and position, but also on other dynamical features, such as
the acceleration, the jerks, etc. For example, if we wish not only that the evolution
of the vehicle remains viable on the network, but also satisfies speed limits, stops at
traffic lights, etc., we need to add to the evolutions of the position p(t) at least its
celerity p′(t), its (advised) acceleration p′′(t) and (advised) jerk p′′′(t).

Evolutions of positions p(t), of their celerities p′(t), their (advised) acceleration
p′′(t) and their (advised) jerk p′′′(t) range over finite dimensional vector spaces of
dimension |p|. They are respectively called (by an ancient abuse of language) spaces
of traffic positions (or displacements) p, velocities p′, accelerations p′′ and jerks
p′′′, although these vectors are no longer depending on time. They are four different
vector spaces isomorphic to R

|p|.
Since we deal with advised velocities, accelerations and jerks, we do not take into

consideration the mass m = 1. Otherwise, in rational mechanics,26 forces are equal
to mp′′ and their derivatives mp′′′ are called yanks.

However, we can identify the space of accelerations (forces) to the dual of the
space of velocities and the space of jerks (yanks) to the dual of the space of positions.
The bilinear forms

〈

p′′, p′〉 and
〈

p′′′, p
〉

are interpreted as mechanical power (for
vehicles of mass one). The bilinear form

〈

p′′, p
〉

has the dimension of a mechanical
work.

26The concepts of velocity and acceleration have been defined through Leibniz differential calculus
in 1698 and 1700 by Pierre Varignon, who coined the word acceleration. In mechanics, the third
derivative p′′′(t) of the evolution p(·) is nicknamed the jerk (or jolt, lurche), the fourth the jouce
or snap, the fifth the crackle and the sixth the pop (as least for one-dimensional systems). The first
four derivatives of a force f (t) := m(t)p′′(t) have been called yanks, tugs, snatches and shakes.
The jerk tames in some sense the speed for comfort or even safety of the driver and its passenger
by avoiding brutal accelerations and decelerations. They need time to adapt to acceleration and
deceleration, but to their variations. Acceleration and jerk thresholds are needed to maintain their
physiological viability of the passengers by protecting them from “jerky motion”.
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Positions, Celerities, Accelerations and Jerks

Position p(t)

Jerk p′′′(t)
(or yank)

Celerity p′(t)

Accelera
tion p′′(t)
(or force)

Pow
er

〈

p′′
′ , p

〉

Work
〈

p′′, p
〉

Pow
er
〈 p

′′ , p
′〉Celerity

Regulator Acceleration
Regulator

Figure 2.3.3 [Positions, Celerities, Accelerations and Jerks] This diagram dis-
plays the four finite dimensional vector spaces isomorphic to R|p| on which evolve
the traffic position, the celerity, the acceleration and the jerk respectively. This is
the reason why we regard them as spaces of positions, celerities, acceleration and
jerks.
Dotted lines symbolize the power between accelerations and celerities and the
power between jerks and positions one hand, and the work between celerities and
positions on the other one

Vectors of R|p| (for p > 1) are more difficult to perceive by human brains than
numbers, so that it may be beneficial to use numerical functions on vector spaces to
summarize and grasp these vectors. They can be any function V : p �→ V (p), and,
and among them, linear forms. For our problems dealing with transport, two of these
indicators are quite useful:

1. the speed u(t) := ‖p′(t)‖, the norm of the velocity;

2. the kinetic energy27 e(t) = 1

2
‖p′(t)‖2.

27Without going back to Aristotle, kinetic energy (from the Greek energeia “force in action”
and kinesis, “movement”), was introduced by Gottfried Leibniz and Johann Bernoulli, under the
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Speed limits u(t) = ‖p′(t)‖ ≤ c� are equivalent to energy limits e(t) = 1
2‖p′(t)‖2

≤ e� := 1
2‖c�‖2 (for unit mass).

We prefer to use kinetic energy since its first derivative e′(t) = π(t) :=
〈

p′(t), p′′(t)
〉

is an instantaneous power (for unit mass) and its second derivative
is e′′(t) = 〈

p′(t), p′′′(t)
〉 + ‖p′′(t)‖2. They are simpler formulas than

1. the first derivative of the speed

u′(t) =
〈

p′(t), p′′(t)
〉

‖p′(t)‖ (2.7)

2. the second derivative of the speed

u′′(t) =
〈

p′(t), p′′′(t)
〉 + ‖p′′(t)‖2

‖p′(t)‖ −
〈

p′(t), p′′(t)
〉2

‖p′(t)‖3 (2.8)

The first derivatives of speed28 and energy involve celerities and accelerations and
their second derivatives the jerks.

2.4 Reaching Unexpected Position in Two-Dimensional
Networks

This section provides examples of Cournot maps displaying the initial positions for
reaching an arrival position signaled by an alarm as well as the celerity provided by
the celerity regulator to unmanned automated guided vehicles.

The real difficulty is to satisfy the first requirement that the evolution of vehicles
is viable in the sense that it remains on the road.

2.4.1 Reaching a Target at Alarm Signals

The inputs are:

(Footnote 27 continued)
name of the living force, “vis viva” or “potentia motrix”. Émilie du Châtelet published in 1741 a
small book entitled Réponse de Madame la Marquise du Chastelet, a la lettre que M. de Mairan
lui a écrite sur la question des forces vives in which she explained Gravesande’s experiment, by
dropping brassmarbles in soft clay from different heights to settle the vis viva dispute. Together with
Christine dePisan andOlympe deGouges,Émilie duChâtelet figures among the exceptional learned
women of pre-revolutionary French History (see La Dame d’Esprit: a Biography of the Marquise
Du Châtelet, [218, Zinsser] and Emilie du Chatelet: Daring Genius of the Enlightenment, [219,
Zinsser], among recent biographies in English.).
28We could use the words haste for the first derivative u′(t) of the speed and surge for its second
derivative.
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1. The network, which is the one described by Fig. 7.3, p. 180;
2. The evolutionary system providing the celerities p′(t) ∈ M(t, p(t)), the velocities

advised to any vehicle circulating on the network, using their own dynamics
depending on time, position and velocity describing celerity constraints

∀ t ∈ R, p′(t) ∈ M(t, p(t)) (2.9)

where

M(t, p) := {(u cos(ϕ), u sin(ϕ))}u ∈ [0,c�(ϕ(t))] and ϕ ∈ [−ϕ�(t),ϕ�(t)] (2.10)

is controlled by

a. the norm u := ‖p′‖ of the celerity (the advised “speed”) satisfying the con-
straints u(t) ∈ [0, c�(ϕ(t))] where c�(ϕ) is an a priori speed limit depending
on the direction (for simplicity of the notation,we do not assume that it depends
on time);

b. the direction ϕ satisfying the constraints ϕ(t) ∈ [−ϕ�(t),ϕ�(t)] where
−π ≤ −ϕ�(t) ≤ 0 ≤ ϕ�(t) ≤ +π.

The Cournot software designed by Anya Désilles (see [112, 113, Désilles]) com-
putes a celerity regulator r(M,K ) : (t,m) � r(M,K )(t,m). Recall that any vehicle
governed by differential equation m ′′(t) = gm(t,m(t),m ′(t)) is regulated by

m ′′(t) = gm(t,m(t), r(M,K )(t,m(t))) (2.11)

3. The departure tube:

Figure 2.4.1 [Departure Tube] The
departure tube D : t �→ D(t) :=
{d(t)} ∈ K is the trajectory of the
monitoring round patrolled by any
security vehicle (in red). The derivative
of the departure map d(·) is denoted by
d ′(t) = (υ(t) cos(δ(t)), υ(t) sin(δ(t)))
where υ(t) := ‖d ′(t)‖ is the “speed”
and δ(t) the direction of the vehicle.
The initial departure position is dis-
played, as well as the direction of
circulation indicated by an arrow
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Once an alarm signal is received, any security vehicle must leave its round at an
appropriate initial time to reach with minimal duration the position from where the
alarm has been emitted (see Fig. 2.4.1).

The first task is to compute for all T ≥ t�, the minimal duration Ω�(T, p�) for
reaching position p� at time T by viable evolutions t �→ p(t) governed by the system
(2.9), p. 28.

The second task is to find the capture time T � maximizing over T the initial date
T −Ω�(T, p�) and check whether the latest initial date T � −Ω�(T �, p�) ≥ t� when
the patrolling vehicle must deviate from its round is posterior to the alarm date t�.

The software of the Cournot algorithm computes, first, the celerity regulator map
(t, p) �→ (u,ϕ) ∈ R(M,K )(t, p) which controls the evolution of the vehicle by
providing the controls (u(t),ϕ(t)) ∈ R(M,K )(t, p(t)) describing the velocity and the
direction allowing the car to remain on the roads of the network until it reaches at time
T � at the arrival position p�, and, second, computes the minimal Cournot duration
Ω�(T �, p�), the departure time T −Ω and the initial position p(T −Ω) = d(T −Ω).

The two figures below illustrate how the Cournot map determines when, the
departure time T � − Ω�(T �, p�) ≥ t� and where, position d(T � − Ω�(T �, p�)), the
patrolling vehicle must leave its monitoring round to reach the position p� signaled
when the alarm was emitted at time t�.

Figure 2.4.2 [Reachability of a Position] The figures from the left describe the
position p� (red bullet) and the time t� at which the alarm is emitted and the
position (green square) of the security vehicle at this time t�. Only the trajectory of
the patrolling vehicle (in red) after alarm time is displayed.
The software can thus simulate when, where and how a security vehicle must
deviate from the monitoring round when at some time t� an alarm signal is received
from a position p� to reach this position with the smallest duration: the figures
from the right display the departure time T − Ω�(T, p�) ≥ t�, and thus, the initial
position d(T − Ω�(T, p�)) on the monitoring path, to follow the trajectory (in
blue) to reach the position signaled by the alarm.
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2.4.2 Reaching a Target and Stopping at Alarm Signals

This first example when the only requirement asked to any vehicle passing by is to
remain on the road may be insufficient. We may also prescribe, for instance, that the
vehicles stop at position p� at capture time T � (for example, at stop signs and traffic
lights). This requires to add to the position a new variable, regarded as a specification,
to enrich the mathematical description of the problem (see Chap. 5, p. 123, devoted
to the study of traffic networks with general specifications). In the second example,
we choose for specification the speed u(t) = ‖p′(t)‖ and demand that it vanishes
at position p� at time T �. This is done by “adding” one part of the control, u, to the
position for transforming it as a new state, (p, u), while keeping the direction ϕ as
the new control.

The new set of constraints is

∀ t ∈ R, (p(t), u(t)) ∈ K × [0, c�(ϕ(t))] (2.12)

and the new control system

∀ t ∈ R, (p′(t), u′(t)) ∈ M1(t, p(t), u(t)) (2.13)

where
{

M1(t, p, u) := M(t, p) × [−γ�(t), γ�(t)]
= {((u cos(ϕ), u sin(ϕ)), γ)}γ ∈ [−γ�(t),γ�(t)] and ϕ ∈ [−ϕ�(t),ϕ�(t)]

(2.14)

is controlled by the derivative of the speed γ ∈ [−γ�(t), γ�(t)] and by the directions
ϕ ∈ [−ϕ�(t),ϕ�(t)].

The Cournot algorithm provides a new celerity regulator r KM1
: (T,Ω, p, u) �→

(γ,ϕ) ∈ RK
M1

(T,Ω, p, u).

http://dx.doi.org/10.1007/978-3-642-54771-3_5
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The new departure map is described by the function t �→ d1(t) = (d(t), υ(t)) ∈
R

2 × [0, c�(δ(t))] where υ(t) := ‖d ′(t)‖.
In order to arrive and stop at p�, the new alarm is described by the pair

(p�, 0). Therefore, the Cournot map associate with any (T,Ω, p, 0) the subset
C1[D](T,Ω, p, 0) of initial position-velocity pair (p(T − Ω), u(T − Ω)) =
(d(T − Ω), υ(T − Ω)) from which an evolution t �→ (p(t), u(t)) starts from
d(T − Ω) with the velocity υ(T − Ω) = ‖d ′(T − Ω)‖ arriving at (p(�), 0) at time
T .

Once such an alarm signal is received, any security vehicle leaves its round at
an appropriate initial time to reach with minimal duration the position and stop. We
next associate with any T the minimal durationΩ�(T, p�, 0) needed for an evolution
t �→ (p(t), u(t)) governed by the system (2.21), p. 34, to arrive at p� at time T with a
velocity 0 andmaximize over the times T ≥ t� the departure dates T −Ω�(T, p�, 0).

Figure 2.4.3 [Reaching and Stopping at a Position] The figures on the left
describe the position p� (red bullet) and indicates the time t� at which the alarm
is emitted and the position of the security vehicle (green square) at this time. Only
the trajectory of the patrolling vehicle (in red) after alarm time is displayed.
The figures on the right display the initial time and thus, the initial position on
the monitoring path, whenever a security vehicle must deviate to reach the target
following the trajectory (in blue) arriving and stopping at a time T � at the alarm
position p� (the green square locating the vehicle coincides with and hides the red
bullet of the position to be reached).
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The Cournot algorithm provides also the evolution of the speed u(t) advised to
the vehicles circulating on the network:

Figure 2.4.4 [Evolution of the Celerity] This figure displays the graph of the
evolution of the advised speed to the vehicle controlled by the derivative of the
speed which vanishes at arrival time at arrival position of Fig.2.4.3, p. 31

We can add as well another specification in a third example, the direction ϕ, to
exchange its role of control to the one of a second specification added to (p, u) for
introducing a third state, (p, u,ϕ), controlled by the derivative of the speed and the
angular velocity, as well as other specifications.

The new set of constraints is

∀ t ∈ R, (p(t), u(t),ϕ(t)) ∈ K × [0, c�(ϕ(t))] × [−ϕ�(t),ϕ�(t)] (2.15)
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and the new control system

∀ t ∈ R, (p′(t), u′(t),ϕ′(t)) ∈ M2(t, p(t), u(t),ϕ(t)) (2.16)

where29

{

M2(t, p, u,ϕ) := M1(t, p, u,ϕ) × [−ω�(t),ω�(t)]
= {((u cos(ϕ), u sin(ϕ)), γ,ω)}γ ∈ [−γ�(t),γ�(t)] and ω ∈ [−ω�(t),ω�(t)]

(2.18)

is controlled by the derivative γ ∈ [−γ�(t), γ�(t)] of the speed and by the angular
velocity ω ∈ [−ω�(t),ω�(t)].

Since d ′(t) = (υ(t) cos(δ(t)); υ(t) sin(δ(t))), the new departure map is defined
by t �→ (p, u,ϕ) = d2(t) := (d(t), υ(t), δ(t)).

In order to arrive and stop at p� at time T with a prescribed direction ϕ�, the new
alarm is described by the tripe (p�, 0,ϕ�). Once such an alarm signal is received,
any security vehicle leaves its round at an appropriate initial time to reach with
minimal duration the position and stop, this time, with the specific direction. We
associate with any T the minimal duration Ω�(T, p�, 0,ϕ�) for a viable evolution
t �→ (p(t), u(t),ϕ(t)) governed by the system (2.18), p. 33, to arrive at p� with
a velocity 0 and prescribed direction ϕ� at time T . Next, we maximize over T the
initial date T − Ω�(T, p�, 0,ϕ�) and check wether it is later than the alarm date t�

(see Fig. 2.4.4).
Naturally, adding specifications30 increases the state space and the dimension of

the grids, requiring more computation time, more memory and dynamic memory
management and thus, more powerful computers. Still, the mathematics and the
algorithms remain the same.

29This dynamical system has one equation more than the one of theDubins’ car introduced in 1957
by Lester Dubins. Its system assumes that the speed u is constant, so that he was not preoccupied
by decelerating or accelerating issues:

∀ t ∈ R, (p′(t),ϕ′(t)) ∈ {((u cos(ϕ), u sin(ϕ)), ω)}ω ∈ [−ω�(t),ω�(t)] (2.17)

In this pioneering work, this probabilist studied the shortest trajectory connecting two positions
with a constraint on the curvature of the path and with prescribed initial and terminal tangents to
the path, but without road constraints. He proved that this trajectory is a concatenation of three
strategies: denoting by S going straight, R, turning right with maximum curvature and L turning
left, and thus, six combinations of them. See Sect. 3.1, p. 105, of Viability Theory. New Directions,
[31, Aubin, Bayen and Saint-Pierre], for examples in the case of road constraints for reaching a
known target.
30See for instance [212, Vandanjon, Coiret and Lorino] for governing viable cornering manoeuvres.
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2.4.3 Starting from Junctions

Wemay assume that each junction p j of the network (cross-road, in this example) is
equipped with traffic lights for regulating the circulation. With each cross road p j ,
we associate h j > 0 and the increasing sequence of times · · · < tnj < tn+1

j < · · ·
where tn+1

j =: tnj + h j .
We denote by α j ∈]0, 1[ the duration of the red light of the traffic light at junction

p j and we associate with any junction p j the set-valued map t �→ Dj (t) ⊂ K ×
[0, c�

j (t)] where

Δ j (t) =
{

{p j } × {0} if t ∈ [tnj , tn+1
j [

{p j } × [0, c�

j (t)] if t ∈ [tnj + α j h j , t
n+1
j [ (2.19)

describing the operating system of the traffic lights, red when tnj ≤ T − Ω <

tnj + α j h j , and green when tnj + α j h j ≤ T − Ω < tn+1
j .

The control system

∀ t ∈ R, (p′(t), u′(t)) ∈ M1(t, p(t), u(t)) (2.20)

where

M1(t, p, u) := {(u cos(ϕ), u sin(ϕ)), γ}γ ∈ [−γ�(t),γ�(t)] and ϕ ∈ [−ϕ�(t),ϕ�(t)]
(2.21)

is controlled by the derivative of the speed γ ∈ [−γ�(t), γ�(t)] and by the directions
ϕ ∈ [−ϕ�(t),ϕ�(t)].

The departure map t � D1(t) ⊂ K × R+ is defined by

D1(t) :=
{

Δ j (t) if ∃ j such that p = p j

∅ otherwise
(2.22)

Then the Cournot map associates with any (T,Ω, p, u) the subset C1[D](T,Ω,

p, u) of initial position-velocity pair (p(T − Ω), u(T − Ω)) ∈ D1(T − Ω) from
which the vehicle starts from p(T − Ω) = p j for some j , stopping at p j if for
some n, tnj ≤ T − Ω < tnj + α j h j , and passing by without stopping if tnj + α j h j ≤
T − Ω < tn+1

j .
This Cournot map generates a time-duration dependent oriented graph on the

network with junctions, where the vertices are the junctions of the network and the
edges are the Cournot maps

N (T,Ω, p j , pk) := C1[Δ j ](T,Ω, pk, υk) (2.23)
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linking positions p j to pk between departure time T − Ω and T when the arrival
velocity is υk (most often taken equal to 0).31

2.4.4 Application: Pursuer-Invader Dynamical Games

These examples of arrival and Cournot maps could be of some use in the context
of pursuer-invader dynamical games32 (see [32, Aubin, Chen Luxi and Désilles] for
more details).

Here, we consider only the behavior of the pursuer, who knows his viability
constraints, the control systemgoverning the evolutions he can pilot and his departure
tube. The pursuer thus computes off-line its Cournot map and the celerity regulator.

The pursuer does know none of these data about the invader. He can only detect
or forecast when and where the invader can arrive at a future time and position. Then,
he computes his Cournot map for finding an initial position from which he can pilot
an evolution capturing the invader and the celerity regulator.

Therefore, the pursuer has to devise a forecast mechanism for predicting when,
where and whether the state x of the invader will be at time T in the domain of the
Cournot map. For instance, this evolution can be extrapolated from the knowledge
of the evolution on an adequate interval. Or, knowing the constraints, departure state
and the dynamics of the invader, computes the evolutions governed by the invader’s
dynamics specifying whether the evolution of the invader will enter the arrival states.

1. This point of view allows the pursuer to overcome some uncertainty, by assum-
ing that the invader may enter several forecast arrival time-position pairs in the
detection set. Therefore, he can trigger as many Cournot evolutions capturing
them;

2. The pursuer may also correct later the evolution whenever the pursuer

a. has already governed an evolution for intercepting the previous forecast;
b. makes a new forecast of the time-position of the invader;
c. uses the trajectory he is following as a new departure map from which he may

deviate to reach the newly forecast time-position state of the invader to correct
it for taking into account this new information for capturing new state of the
invader.

31See Proposition3.3.2, p. 74, for general concatenations of Cournot maps and Sect. 4.4, p. 112, for
other example of departure maps.
32The literature on differential games is so abundant that it is impossible to quote all the contribu-
tions, which figure, for instance, in the recent proceedings, Advances in Dynamic Games: Theory,
Applications, and Numerical Methods for Differential and Stochastic Games, [71, Cardaliaguet and
Cressman], Games and dynamic games, [147, Haurie, Krawczyk and Zaccour]. However, viability
techniques have been introduced in Chap.14 of Viability Theory, [13, Aubin], [72, Cardaliaguet
and Plaskacz], [73, 74, Cardaliaguet, Quincampoix and Saint-Pierre] among many other articles.

http://dx.doi.org/10.1007/978-3-642-54771-3_3
http://dx.doi.org/10.1007/978-3-642-54771-3_4


Chapter 3
Traveling on the Network

This chapter gathers most of the definitions and examples of traffic concepts studied
in this book: averagers of evolutionary systems, Cournot maps and reachable maps,
incoming and outgoing maps, intermodal traffic systems punctuated by junctions
(and synapses in neural networks), etc.

All of them will be characterized by viable capture basins in the next chapters,
so that they inherit their viability properties, and, in each case, the construction of
celerity regulators.

However, before presenting these concepts, we regroup in Sect. 3.1, p. 39, illus-
trations of most on them on one-dimensional roads, easier to deal with since there
is no constraint on positions. This allows us to obtain explicit analytical formulas of
the concepts presented in this study, except for those of Chap.7, p. 163, dealing with
variational analysis of traffic evolutions.

3.1 One-Dimensional Traffic Illustrations

Hence, in this section, we focus our attention to one-dimensional celerity regulators,
next, acceleration regulators and jerk regulators studied in Sect. 5.4, p. 134, and,
finally, the main concepts of Chap.3, p. 39.

Even though there are no positional constraints on one-dimensional systems, there
are no longer that simple when we add to positions some specifications, such as the
speed, defined as the norm d(t) := ‖p′(t)‖ of the celerity, a scalar specification in
higher dimensional networks. As well as the distance d(t) := ‖p(t) − s‖ from a
departure position, or the distance d(t) := ‖p(t) − q(t)‖ to another mobile vehicle
q(t) (which must be larger than a security threshold), or the norm d(t) := ‖p′′(t)‖
of the acceleration, etc.

These are examples of functionals p �→ V (p). When the positions evolve, so

do their associated specifications V (p(t)) and their derivatives
d

dt
V (p(t)). We shall

© Springer-Verlag Berlin Heidelberg 2017
J.-P. Aubin and A. Désilles, Traffic Networks as Information Systems,
Mathematical Engineering, DOI 10.1007/978-3-642-54771-3_3
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them derive the evolutions of the pairs

(

V (p(t)),
d

dt
V (p(t))

)

ranging over the well

studied state phase space R2.

3.1.1 Celerity Regulators

For using properties of such scalar specifications, we use notations d, s, c, e, v, c,
etc., for avoiding confusions with notations used for higher-dimensional systems.

Finding celerity regulators to obey imposed speed limits c�(t, d) on nonnegative
celerities on road segments induces constraints on position-celerity pairs (d, v) ∈ R

2

of the phase space R2.
Weconsider an example of piecewise constant speed limit function c� : d �→ c�(d)

defined by

c�(d) :=
J−1
∑

j=0

v jχ[d j , d j+1[(d) (3.1)

where χ[d j , d j+1[ is the characteristic function of the interval [d j , d j+1[ for all j =
0, . . . , J − 1 (representing a sequence of road segments, for instance):

Celerity Functions

We assume that the second-order differential inclusion1 is described by a subset
of accelerations depending of position and celerity on the phase space R

2: ∀ t ∈
[T − Ω, T ],

{

d ′(t) = v(t)
v′(t) ∈ [−γ�(t, t − (T − Ω), d(t), v(t)), γ�(t, t − (T − Ω)d(t), v(t))]

(3.2)
where γ�(t, t − (T − Ω), d(t), v(t)) ≥ 0 is an acceleration threshold and γ�(t, t −
(T − Ω), d(t), v(t)) ≥ 0 a deceleration threshold.

Remark An example when the acceleration depends on the duration t − (T − Ω)

is provided by the case when the mass m(t) := μ − ν(t − (T − Ω)) of the vehicle
decreases2 linearly from μ at time T − Ω to μ − Ων at time T as onboard fuel is

1Usually, second-order differential inclusions are called dynamical systems since accelerations are
functions of mass and force according toNewton. Ever since, tradition retained the concept of force,
dúnamis in ancient Greek. What matters in mechanics is actually themomentum q(t) := m(t)x ′(t),

from which we deduce that the acceleration is given by x ′′(t) = q ′(t) − m′(t)x ′(t)
m(t)

. By extension,

dynamical systems denoted any evolutionary system governing the evolution of an object called the
state (in which is the system). Actually, time, evolutions, their derivatives and their relations are the
issues, but no longer forces, despite the fact they are known as dynamical systems. Second-order
differential systems should just be called “acceleration” systems.
2The time dependent mass has been taken into account by Jiri Buquoy, who, in 1812, formulated
the equation of motion of a body with variable mass, which retained only the attention of Poisson
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consumed during the journey. If the momentum q(t) := m(t)v(t) = q0 is
kept constant, then the acceleration is equal to γ(t, t − (T − Ω), d(t), v(t)) =

νv(t)

μ − ν(t − (T − Ω))
. The evolution is thus governed by the system

⎧

⎨

⎩

d ′(t) = v(t)

v′(t) = νv(t)

μ − ν(t − (T − Ω))

(3.3)

which can be computed by viable capture basin algorithms. �

The problem is to construct a celerity regulator d :�→ r �(d) ∈ [0, c�(d)] advising
celerities satisfying the speed limit d ′(t) = r �(d(t)) ≤ c�(d(t)) for evolutions
governed by (3.2), p. 40.

The viability algorithm provides solutions to this problem as we can see in these
examples. If we assume that the acceleration and deceleration thresholds are con-
stant on road segments, the example is simple enough to obtain tractable analytical
formulas and to tell mathematical stories in this familiar mathematical language.
This allows us also to test the efficiency and the precision of the viability algo-
rithm.

3.1.2 Celerity Regulators for Piecewise Constant
Speed Limits

We consider to begin with the case without celerity constraints and when the accel-
erations d ′′(t) ∈ [−γ�, γ�] (see Fig. 7.3.2, p. 183, for the case of velocity dependent
acceleration thresholds). Evolutions with constant acceleration crossing position d
at time T

1. t �→ dγ� (t) = d + c(t − T ) + γ�

2
(t − T )2 increasing from 0 to d − v2

2γ�
associ-

ated with acceleration γ� > 0 and velocity c;

2. t �→ dγ� (t) = d + v(t − T ) − γ�

2
(t − T )2 decreasing and vanishes at position

d + v2

2γ�
associated with deceleration γ� > 0 and velocity v.

This “open loop” approach is enough for a gunner to hit a target (d, v) at time T ,
but not for the driver whose brain is not programmed for using this formula by lack of
a precise biological clock, or for a mosquito to bite you when it suits him. However,

(Footnote 2 continued)
before being almost forgotten. See [67, Jiri Buquoy] among the precursors in this area, as well as
the recent studies by Efim Galperin ([132, 133, Galperin]).
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he is more fit to perceive its position d. Instead of using the second-order differential
equation d ′′(t) = γ, it is more appropriate to use a “closed loop” celerity regulator
governing the evolution through thefirst-order differential equationd ′(t) = δγ(d(t)).

Remark By Sect. 7.3, p. 253, of Viability Theory, [13, Aubin], any second-order dif-
ferential inclusion d ′′(t) ∈ F(d(t), d ′(t)) conceals a first-order differential inclusion
d ′(t) ∈ Δ(d(t)), the evolutions of which are governed by a second-order differential
inclusion3 of the form d ′′(t) ∈ DΔ(d(t), d ′(t)) ∩ F(d(t), d ′(t)). �

We shall illustrate this “strategy” in this simplest example without referring to
the general theorems on second-order differential inclusions to explain how we can
construct analytically such afirst-order differential inclusion concealed in the second-
order differential inclusion d ′′(t) ∈ [−γ�, γ�] thanks to the following straightforward
lemma4:

Lemma 3.1.1 Let us consider solutions

δγ(·) : d ≥ α

2γ
�→ δγ(d) := ± √

2γd − α (3.4)

to the differential equation δ′
γ(d)δγ(d) = γ. The solutions d(·) of the first-order

differential equation d ′(t) = δγ(d(t)) are solutions to the second-order differ-
ential equation d ′′(t) = γ satisfying

∀ t, s, 2γd(t) − d ′(t)2 = 2γd(s) − d ′(s)2 = α (3.5)

Indeed, d ′′(t) = d

dt
δγ(d(t)) = δ′

γ(d(t))d ′(t) = δ′
γ(d(t))δγ(d(t)) = γ. �

3Roughly speaking, the first-order differential inclusion d ′(t) ∈ Δ(d(t)) concealed in d ′′(t) ∈
F(d(t), d ′(t)) is obtained by defining the graph of Δ as the viability kernel Viab(Dom(F)) of the
domain of F under the system d ′(t) = u(t) and u′(t) ∈ F(d(t), u(t)) and DΔ(d, v) denotes its
contingent derivative at d in the direction v.
4The generalization when the acceleration γ(d) depends on d instead of being constant is easy: it is

sufficient to replace γ d by Θ(d) :=
∫ d

0
γ(e)de in the formulas below. This is not that important

because viability algorithms replaces the analytical formulas in any case.

http://dx.doi.org/10.1007/978-3-642-54771-3_7
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Definition 3.1.2 (Celerity Function) The solutions to (3.5), p. 42, are called
celerity functions (with constant acceleration). In particular, we associate with
acceleration γ� and deceleration γ� (negative acceleration −γ�) thresholds the

1. retrospective or incoming celerity functions arriving at d with a celerity v

defined by

⎧

⎪

⎪

⎨

⎪

⎪

⎩

∀ e ≥ d − v2

2γ�
, δγ� (e) :=

√

2γ�(e − d) + v2

∀ e ≤ d + v2

2γ�
, δγ� (e) :=

√

2γ�(d − e) + v2

(3.6)

2. prospective or outgoing celerity functions starting at s with a celerity c
defined by

⎧

⎪

⎪

⎨

⎪

⎪

⎩

∀ e ≥ s − c2

2γ�
,

−→
δ γ� (e) :=

√

2γ�(e − s) + c2

∀ e ≤ s + v2

2γ�
,

−→
δ γ� (e) :=

√

2γ�(s − e) + c2
(3.7)

Remark In other fields such as economics and finance, as well as several domains of
biological sciences, the celerity d ′(·) of a scalar evolution is replaced by its growth
rate: the dynamics governing their evolutions involve time derivatives of the growth
rate instead of the acceleration. This is the cause of the “curse of the exponential”,
producing exponential growth for the financial components not subjected to scarcity
constrains whereas the economic growth (when it is a growth) is at most polynomial.

This explains that whenever the use of simple interest, calculated in proportion to
the principal, has been replaced by the use of compounded interest, where the interest
is added to the principal, (“a double charge”, according to Saint Thomas Aquinas,
both the charge of a thing and the charge of its use, the “usury”, from the Latin usura,
profit derived from money lent, meaning nowadays an excessive interest rate).

Exponential financial debts cannot be refunded by economic benefits increasing
with polynomial growth: this is the source of all financial crises that blew up as soon
as numbers have been used in economicswhenmoney (units of numéraire) and prices
have been invented as measuring instruments and hijacked to be used as hoarding
instruments instead of means of payments to an economy which should play the role
of a catalyzer.

In this case, the acceleration is replaced by the derivative of the growth rates
subjected to thresholds c� and c�. We thus observe that the “growth” regulators are
given by the following formulas when c ∈ [−c�, c�]:
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⎧

⎪

⎪

⎪

⎨

⎪

⎪

⎪

⎩

∀ e ≥ se− c2

2c� , −→ρ c� (e) :=
√

c2 + 2c� log
(e

s

)

∀ e ≤ de
v2

2c� , ρc� (e) :=
√

v2 + 2c� log

(

d

e

)

(see Proposition7.2.2, p. 254, ofViability Theory. NewDirections, [31, Aubin, Bayen
and Saint-Pierre]) and Chap.4 of Time andMoney. How Long and HowMuchMoney
is Needed to Regulate a Viable Economy, [25, Aubin]. The results below can be
adapted to this case without any difficulty. �

3.1.3 The Geodesic Evolutions

We investigate the geodesic evolutions starting from s with a celerity c and arriving
at position d with a celerity v while satisfying a mandatory speed limit u ≥ v.

Among all possibilities of building geodesic, we select these two ones:

1. Acceleration threshold γ� for leaving s with a celerity c and deceleration thresh-
old γ� for arriving at d with a celerity v are imposed a priori, as well as a speed
limit u.
In the case of road systems, this strategy is psychologically appropriated: the
driver is tempted to start by accelerating with the acceleration threshold γ� and,
next, to decelerate with the deceleration threshold γ�. Onlywhen a celerity thresh-
oldu is imposedwill he abide by this constant celerityu byusing zero acceleration.

2. Constant acceleration or deceleration γ� are computed a posteriori for linking the
departure and terminal positions and velocities.
In the case of road systems, this strategy needs an automated system to keep
the a posteriori positive or negative acceleration constant by providing at each
position the celerity r �(d). If the piloting is automatically regulated (by a future
device sending a celerity regulator at each position), then this strategy provides
the appropriate celerity regulator for linking these two state phases with a celerity
below max(c, v). Human brains are unable to compute these celerities and are
not wise enough to abide by them.

Celerity and Acceleration Regulator with Acceleration Thresholds

The question is to know at which positions the driver must accelerate, keep a con-
stant celerity and decelerate. This information could be posted on road signals or
transmitted to vehicles and/or their drivers by contemporaneous electronic devices
(contemporaneous because, nowadays, they cannot remain modern…).
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2 (Notations) Let us consider two positions s < d defining the road segment
[s, d], celerities c at s and v at d, an acceleration threshold γ� at s and a
deceleration threshold γ� at d.

We introduce

1. the maximal departure celerity c�(s) := √

2γ�(d − s) + v2 at s;
2. the acceleration shift position signals

d�(u) := s + u2 − c2

2γ�
and d�(u) := d − u2 − v2

2γ�
(3.8)

associated with speed limits u ∈ [v, c�(s)];
3. maximal acceleration shift position

d� := v2 − c2

2(γ� + γ�)
+ γ�s + γ�d

γ� + γ�
(3.9)

4. maximal acceleration shift celerity

u� :=
√

(

2γ�γ�(d − s) + γ�v2 + γ�c2

γ� + γ�

)

(3.10)

Observe that d� is the position
−→
δ γ� (d�) = δγ� (d�) where the prospective celerity

map starting at s meet the retrospective celerity map arriving at d and that u� is
the absolute value of their common celerity, so that the speed limits u ≥ u� are
automatically satisfied.

Definition 3.1.3 (Dynamic Incoming and Extremal Maps) Given arrival posi-
tion d and celerity v, the dynamic incoming map is the set valued map
Δ := Δ[−γ�,γ�][(d, v)] : e ∈ [s, d] � Δ(e) ⊂ R+ associating with positions
e ∈ R the celerity interval Δ(e) defined by

∀ s < d − v2

2γ�
, Δ(e) := [max(0, δγ� (e)),min(u, δγ� (e))] (3.11)

Starting from s with a celerity c for reaching d with celerity v, the maximal
and minimal geodesic evolutions are defined respectively by

∀ s < d − v2

2γ�
,

{

δ(e) := min(u,
−→
δ γ� (e), δγ� (e))

δ(e) := max(0,
−→
δ γ� (e), δγ� (e))

(3.12)
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and the extremal map Θ by

∀ s < d − v2

2γ�
, Θ(e) := [δ(e), δ(e)] ⊂ Δ(e) (3.13)

The maximal evolution uses successively the acceleration threshold γ�, possibly
the acceleration 0 if it reaches the celerity u before reaching the position d, and,
finally, the deceleration threshold γ�.

Namely, if s ≤ d�(u), the maximal evolution uses the departure acceleration γ�

until it meets the graph of e �→ min(c, δγ� (e))

1. either at s�(u) ≥ d�(u) with celerity δγ� (s�(u)) and uses constant deceleration
threshold γ� until it reaches d with the prescribed velocity v;

2. or at s�(u) < d�(u). Then it travels with zero acceleration and constant veloc-
ity u until d�(u) after which it decelerates with deceleration threshold γ� as
above.

The analogue holds true for the minimal evolution. It is easy to check the following
“viability properties”:

Lemma 3.1.4 (Viability Properties) Starting outside the graph of the dynamic
incoming map Δ, all evolutions arrive at position d with a celerity different
from v, either larger for the evolutions above the north-east part or smaller for
the evolution starting below the south-east piece of the boundary.

Otherwise, for any from s with celerity c ∈ Δ(s), there exists at least one
viable geodesic viable evolutiond(·) startingat s with celerity c andacceleration
γ ∈ [−γ�, γ�] satisfying d(t) ∈ [s, d] and d ′(t) ∈ Δ(d(t)).

Conversely, all evolutions d(·) starting at s with celerity c and satisfying
d ′(t) ∈ Θ(d(t)):=

[max(0,
−→
δ γ� (d(t)), δγ� (d(t))),min(u,

−→
δ γ� (d(t)), δγ� (d(t)))] ⊂ Δ(d(t))

(3.14)
are viable geodesics.
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(d, v)

(d, c�(s))

(d�, u)

(s, c)c

s ds�

v

c�(s)

u

d�d�

u

position

celerity
Geodesic Evolutions with Speed Limits

Starting from s with a celerity c
Arriving to d with a celerity v

maximal
evolutions

δ(e) for u > v

and u = v

minimal
evolution δ(e)

Figure 3.1.5 [Graph of the Celerity Regulators]
We consider departure and arrival positions s < d and d defining the interval

[s, d], a speed limit u ∈ [v, c�(s)] (where c�(s) :=√

2γ�(d − s) + v2) and celerities

c ≤ u for u > v and u = v. We set d� := d − v2

2γ�
and d� := d − u2 − v2

2γ�
.

The figure displays the graph Graph(Δ) ⊂ [s, d] × [0, u] of the celerity regulator
Δ : e � [max(0, δγ� (e)),min(u, δγ� (e))]. Its boundary is the union of

1. the southern piece made of the line
[

0, d�
] × {0} of the phase states with zero

celerity, at which the vehicles can either stop or depart with an acceleration
below γ�;

2. the south-east part made of the graph of curve e ∈ [

0, d�
] �→ δγ� (e);

3. the eastern arrival state phase state {(d, v)};
4. the north-east part made of the graph of curve e ∈ [

0, d�
] �→ δγ� (e);

5. the northern piece made of the line
[

0, d�
] × {u} of the phase states with speed

limit celerity, at which the vehicles can either travel with constant celerity u
or depart with a deceleration below γ�;

6. The western departure phase set {s} × [0, u]
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Then

{∀ e ∈ [s, d], [max(0,
−→
δ γ� (e), δγ� (e)),min(u,

−→
δ γ� (e), δγ� (e))]

⊂ [max(0, δγ� (e)),min(u, δγ� (e))] (3.15)

In summary,whenever the departure and arrival celerities are equal to 0,we deduce
that

1. the incoming celerity map is defined by

∀ s < d, Δ(e) :=
[

0,min
(

u,
√

2γ�(d − e)
)]

(3.16)

2. the extremal map Θ is defined by

∀ s < d, Θ(e) :=
[

max
(

0,
√

2γ�(e − s)
)

,min
(

u,
√

2γ�(d − e)
)]

(3.17)

In many problems, vehicles are required to arrive at d with a celerity smaller or
equal to v and not necessarily equal v. This means that the requirement δ ≥ δγ� is
no longer mandatory so that

1. The incoming celerity map is thus equal to

Δ(e) :=
⎧

⎨

⎩

[

0,min

(

u,

√

2γ�(d − e) + v2

2

)]

if u > v

[0, v] if u = v

(3.18)

2. The extremal celerity map is thus defined by

Θ(e) :=
⎧

⎨

⎩

[

0,min
(

u,
−→
δ γ� (e)

)

, δγ� (e)
]

if u > v
[

0,min
(

v,
−→
δ γ� (e)

)]

if u = v
(3.19)

Geodesic Celerity Regulator with Constant Acceleration

We saw how maximal evolutions starting from s with velocity c reach the terminal
position d with velocity v by using successively accelerations equal to γ�, 0 and−γ�.
The question arises whether we can find instead a geodesic linking the departure
and terminal phase states with an adequate constant acceleration or deceleration γ�

computed a posteriori can be used for regulating a geodesic evolution.

Proposition 3.1.6 (Geodesic Celerity Regulator with Constant Acceleration)
The geodesic celerity regulator with constant acceleration is using the acceler-
ation
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γ� := v2 − c2

2(d − s)
(3.20)

Then the geodesic celerity regulator with constant acceleration r � : e �→ r �(e)
is given by

∀ e ∈ [s, d], r �(e) :=
√

(

c2 + v2 − c2

d − s
(e − s)

)

∈ [v, c] (3.21)

It governs the geodesic evolution d�(·) by the differential equation
d

dt
d�(t) = r �(d�(t)) ≤ max(c, v) (3.22)

• Case when c > v. Then the a posteriori threshold γ� < 0, the celerity
regulator ranges over the interval [v, c] and the evolution d� decelerates
from c at s to v at d.

• Case when c < v. Then the a posteriori threshold γ� > 0, the celerity
regulator ranges over the interval [c, v] and the evolution d� accelerates
from c at s to v at d.

It is consistent with a priori thresholds if γ� ∈ [−γ�, γ�].
Viability algorithms for general second-order dynamics and elementary algebra

provide the solution in both cases, which allows to test the viability algorithm.

Travel Durations

Simple algebraic manipulations provide the travel durations for the celerity regula-
tors satisfying a speed limit equal to the departure celerity:

Proposition 3.1.7 (Travel Duration) The travel durations for different celerity
strategies are the following:

1. zero deceleration when the celerity is constant or equal to c on the road
section (which is mandatory when the departure celerity c ≤ v used as a
speed limit is smaller or equal to the arrival velocity v). The travel duration
is equal to

Ω0 = d − s

c
(3.23)

2. a priori deceleration associatedwith a deceleration thresholdγ� when c > v:
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Ωγ� = d − s

c
+ (c − v)2

2cγ�
(3.24)

3. a posteriori deceleration associated with the threshold γ� := c2 − v2

2(d − s)
when

c > v:

Ωγ� = d − s

c
+ d − s

c+v
2

(3.25)

Acceleration Regulator

Definition 3.1.8 (Acceleration Regulator) The acceleration regulator DΔ :
(e, w) ∈ Graph(Δ) � DΔ(e, w) ⊂ R+ × [−γ�, γ�] is the set-valued map
defined by

DΔ(e, w) :=

⎧

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎨

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎩

{0} × [0, γ�] if e ≤ d� := d − v2

2γ�
and w = 0

{(δγ� (e), γ�)} if e ≥ d − v2

2γ�
and w = δγ� (e)

{u} × [−γ�, 0] if e ≤ d� := d − u2 − v2

2γ�
and w = u

{(δγ� (e),−γ�)} if e ≥ d − u2 − v2

2γ�
and w = δγ� (e)

{w} × [−γ�, γ�] otherwise
(3.26)

We then observe the following property which uses future definitions of viable
capture basin and invariant absorption basin defined later:

Proposition 3.1.9 (Viability Characterization of the Celerity and Acceleration
Maps)

1. The interval [s, d] is invariant under the differential inclusions of the form

d ′(t) ∈ Δ(d(t)) := [δγ� (d(t)),min(u, δγ� (d(t)))[ (3.27)

and viable under the second-order differential inclusion d ′′(t) ∈ [−γ�, γ�];
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2. The graph of the celerity map Δ is the capture basin of the target {(d, c)}
viable in the environment [s, d] × [0, u] under the differential inclusion
d ′′(t) ∈ [−γ�, γ�];

3. The graph of the celerity map Δ is invariant under the differential inclusion
(d ′(t), d ′′(t)) ∈ DΔ(d(t), d ′(t)), which can be written in the form of the
second-order differential inclusion

d ′′(t)

⎧

⎪

⎪

⎨

⎪

⎪

⎩

∈ [0, γ�] if d(t) ≤ d� and d ′(t) = 0
= γ� if d(t) ≥ d� and d ′(t) = δγ� (d(t))
∈ [−γ�, 0] if d(t) ≤ d� and d ′(t) = u
= −γ� if d(t) ≥ d� and d ′(t) = δγ� (d(t))

(3.28)

Celerity Regulators Under Piecewise Constant Speed Limit

We piece together these results when we consider a piecewise constant speed limit
by “concatenating” the above results used on each road segment [d j , d j+1[, the speed
limit on each segment being equal to v j :

Theorem 3.1.10 (Celerity Regulators for Piecewise Constant Speed Limits)
Let us consider the piecewise constant limit function c� :�→ c�(d) defined by
(3.1), p. 40:

c�(d) :=
J−1
∑

j=0

v jχ[d j ,d j+1[(d) (3.29)

where χ[d j ,d j+1[ is the characteristic function of the interval [d j , d j+1[ for all
j = 0, . . . , J − 1 (representing a sequence of road segments, for instance):

We set

• ci := min(vi , vi+1)

• [di , di+1] × [0, ai ], the “box” in which must evolve a geodesic evolution
(d(t), d ′(t)) for linking the state phase state (di , ci ) to the phase state
(di+1, ci+1).

Then both the

1. acceleration regulator:

c�(d) :=
J−1
∑

j=0

r �

j (d)χ[d j ,d j+1[(d) ≤ c�(d) (3.30)

where r �

j (d) := c j if c j ≤ c j+1 and r
�

j (d) := min(δ jγ� (e), c j ) if c j > c j+1;
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2. a posteriori celerity regulator

r �(d) :=
J−1
∑

j=0

r �
j (d)χ[d j ,d j+1[(d) ≤ c�(d) (3.31)

where r �
j (d) :=

√

√

√

√

(

c2j + c2j+1 − ac2j
d j+1 − d j

(d − d j )

)

;

govern evolutions satisfying the imposed piecewise constant speed limit.

Both a priori and a posteriori regulators celerity regulators interpolate the sequence
of a j := min(v j , v j+1). Viable capture basin algorithms regulate the celerities
advised to the vehicles.

3.1.4 Dynamic Acceleration Regulators

We consider the following problem at the junction of two road segments:

1. In the pre-junction road segment, the speed limit is given by u > 0: d ′(t) ≤ u;
2. In the post-junction road segment, the speed limit v is required to belong to the

interval d ′(t) ∈ [0, v], so that the vehicles must decelerate before the junction for
abiding by the smaller speed limitwith jerks bounded in the intervalκ ∈ [−κ�,κ�]
described by constant thresholds on the jerks.

So, we can follow the same strategy when positions are replaced by velocities,
velocities by acceleration and accelerations by jerks. Here,

1. velocities are required to range over the interval [v, u];
2. accelerations are required to range over the interval [−γ�, γ�];
3. jerks are required to range over the interval [−κ�,κ�].

The acceleration regulator DΔ : (e, w) ∈ Graph(Δ) � DΔ(e, w) (see Def-
inition3.1.8, p. 50) is replaced by another acceleration regulator Γ : w � Γ (w)

associating accelerations with velocities (independently of positions), which has a
closed graph. It is called a dynamic acceleration regulator.

Its derivative DΓ : (w, γ) ∈ Graph(Γ ) � DΓ (w, γ) associates with velocity-
acceleration “phases” (w, γ) a set (w, γ) of jerks κ ∈ [−κ�,κ�] can be regarded as
a jerk regulator.

The analytical formulas describing the maps Δ and DΔ are the same than the
formulas describing the maps Γ and DΓ . Adding more and more derivatives of
traffic evolutions provide a cascade of regulators.
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(ς�, γ�)

(ς�,−γ�)−γ�

uv0

γ�

σ�σ�
celerity/energy

acceleration/power

Variable Acceleration With Bounded Jerks
For Abiding by Speed Limits

variable
accelerations

variable
decelerations

negative jerk (in green)positive jerk (in red)

Figure 3.1.11 [Closed Acceleration Regulator] Figure 3.1.5, p. 47, describ-
ing the situation when the celerity regulator d � Δ(d) is replaced by the new
acceleration regulator v � Γ (v), with closed graph. It substitutes the acceler-
ation regulator DΔ : (e, w) ∈ Graph(Δ) � DΔ(e, w) with the jerk regulator
DΓ : (v, γ) ∈ Graph(Γ ) � DΓ (v, γ)

This problem will be revisited for higher dimensional traffic spaces in Sect. 5.4,
p. 134, but without analytical formulas. However, the viability algorithms provide
approximations of such dynamic acceleration regulators and of their derivatives reg-
ulating the jerks.

3.1.5 One-Dimensional Traffic Concepts

We place ourselves in the situation of Sect. 3.1, p. 39. Starting from position e with
celerity c to d with celerity v, we obtain the relation v − c = γΩ , where γ = γ > 0
whenever c < v or γ = −γou < 0 whenever c > v.

http://dx.doi.org/10.1007/978-3-642-54771-3_5
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This additional duration constraint implies that the acceleration threshold γ, the
duration Ω , the terminal position d and its celerity v, the departure position s and its
celerity c are related by the two equations

v − c = γΩ and v2 − c2 = 2γ(d − s) (3.32)

This can be rewritten in the form

v := rγ(d) = d − s

Ω
+ γΩ

2
and c := rγ(s) = d − s

Ω
− γΩ

2
(3.33)

Therefore, the celerity regulator is equal to

rγ(e) =
√

2γe + (rγ(d)2 − 2γd) (3.34)

The averager is defined by

(

d − s

Ω
, γ

)

=
(

rγ(d) − γΩ

2
, γ

)

= Γ (T,Ω, (d, rγ(d))) (3.35)

and the Cournot map by

(s, rγ(s)) =
(

d − Ωrγ(d) − γΩ2

2
,
d − s

Ω
+ γΩ

2

)

= C(T,Ω, (d, rγ(d)))

(3.36)

3 [Table of Formulas for One-Dimensional System]
Retrospective Systems S := S(R×[0,γ])

terminal celerity

rγ(d) = d − s

Ω
+ γΩ

2
celerity regulator

rγ(e) =
√

2γq + (rγ(d)2 − 2γd)

averager

Γ (T,Ω, (d, v)) =
(

rγ(d) − γΩ

2
, γ

)

Cournot map

C(T,Ω, (d, v)) =
(

d − Ωrγ(d) − γΩ in2

2 , d−s
Ω

+ γΩ

2

)

Prospective Systems Sou := Sou
(R×[−γou ,0])
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departure celerity

rγou (e) = a − d

Ωou
+ γouΩou

2
celerity regulator

rγou (e) =
√

(rouγ (d)2 + γoud) − 2γouq

averager

Γ ou(T,Ωou, (d, v)) =
(

rγou (d) − γouΩou

2
, γou

)

reachable map

C
ou(T,Ωou, (d, v)) =

(

d − Ωourγou (d) + γouΩou2

2 , a−d
Ωou + γouΩou

2

)

Departure Conditions

We now introduce departure conditions of the form

(d(s), rσ p(s)) ∈ D assumed to be independent of departure time (3.37)

1. Case when the departure celerity vanishes. In this case, D : {s, 0}. Hence d and
rγ(s)0 are given. This implies that v = rγ(d) = γΩ , that

(

d − γΩ2

2
, 0

)

∈ C(T,Ω, (d, γΩ)) (3.38)

and that the celerity regulator is equal to

rγ(e) =
√

2γe + (γ2Ω2 − 2γd) (3.39)

2. Case when the departure position and celerity are imposed. In this case, D :
{s} × R. Hence departure and terminal positions s and d are given, but not their
celerities. We infer that

rγ(d) = d − s

2
+ γΩ

2
and rγ(s) = d − s

2
− γΩ

2
(3.40)

so that
(

s,
d − s

2
− γΩ

2

)

∈ C

(

T,Ω, d,
d − s

2
+ γΩ

2

)

(3.41)
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and that the celerity regulator is equal to

rγ(e) =
√

2γe + (rγ(d)2 − 2γd) (3.42)

3. Case when the departure and terminal positions and celerities are imposed. In
this case, departure position and celerity (s, c) and terminal position and celerity
(d, v) are given, but neither the acceleration γ nor the duration Ω . They are
provided by the formulas

γ = v2 − c2

2(d − s)
and Ω = d − s

v+c
2

(3.43)

For these acceleration threshold γ and durationΩ , the retroaction r((s,c),(d,v))d �→
√

2γe + (v2 − 2γd) links (or interpolate) (s, c) and (d, v) during a temporal window
of duration Ω:

r((s,c),(d,v))(s) = c and r((s,c),c)(d) = v (3.44)

d

(

T − d − s
v+c
2

)

= s, d(T ) = d, d ′
(

T − d − s
v+c
2

)

= c and d ′(T ) = v

(3.45)
and satisfies

∀ t ∈
[

T − d − s
v+c
2

]

, d ′′(t) = v2 − c2

2(d − s)
(3.46)

3.1.6 Eupalinian Evolutions

Given a, we have seen that we can accelerate and next decelerate from s to a by

using the maximal geodesic evolutions δ(e) := min(u,
−→
δ γ� (e), δγ� (e)).

May we do better for decomposing this problem in two independent problems as
the above formula suggests? Yes, Eupalinos did it around 550 BC.

Eupalinos was a Greek engineer who excavated a 1036m. long tunnel 180m.
below Mount Kastro for building an aqueduct supplying Pythagoreion (then the
capital of Samos) with water on orders of tyrant Polycrates, as Herodotus told us
in his Histories. He started to dig simultaneously the tunnel from both sides by
two working teams who met at the center of the channel and they had only 0.6m.
error. The first example of “parallel engineering” which divided by 2 the duration of
the construction (tyrants of all kinds are always in a hurry, or, in the “newspeak” of
today, productivists). This is an“amphistomon” (“roundmouth”) problem for linking
two positions. This “Eupalinian strategy” has been used ever since for building
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famous tunnels5 or bridges by starting the construction at the same time from both
end-points and proceed until they meet (see Sect. 8.5, p. 291, of Viability Theory.
New Directions, [31, Aubin, Bayen and Saint-Pierre] for more mathematical details
on the general case).

The Eupalinian strategy thus allows us to split in two the search of the geodesic
by finding an intermediate position p, called a junction. In order to find the junction,
we use both

1. a reachable map providing the geodesic linking s to d knowing the departure
position s;

2. a Cournot map providing the geodesic linking d to a knowing the arrival position
a,

for finding the junction d and the junction velocity. This done, it is sufficient to
concatenate the reachable map to accelerate from s to the junction d and the Cournot
map to decelerate from this junction to arrive at a.

The Eupalinian strategy allows us to find the geodesic by using simultaneously
the reachable map and the Cournot map for building geodesics linking s to d and a
to d, a prototype of parallel computing.

Before formalizing this strategy in Sect. 3.4, p. 75, we take advantage of the
simplicity of one-dimensional roads to solve analytically this problem.

We assume that the incoming and outgoing acceleration thresholds γ and γou are
constant, travel durations Ω and Ωou , we use the maximal geodesic feedbacks rγ(·)
and rγou (·) (see Definition3.1.3, p. 45, and formulas (3.12), p. 45) for solving this
elementary problem.

Since the celerity must satisfy v = rγ(d) = rγou (d) at the junction, we observe
that

d − s

Ω
+ γΩ

2
= a − d

Ωou
+ γouΩou

2
(3.47)

and thus, that the junction (d, v) is equal to

⎧

⎪

⎪

⎨

⎪

⎪

⎩

d = aΩ + sΩou

Ω + Ωou
+ ΩΩou γouΩou − γΩ

2(Ω + Ωou)

v = a − s

Ω + Ωou
+ γΩ in2 + γouΩou2

2

(3.48)

5Actually, the Siloam tunnel in Jerusalem has been built with the same strategy around 700 BC, but
by an unknown engineer.
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When α := γouΩou = γΩ , this formula boils down to

d = aΩ + sΩou

Ω + Ωou
and v = a − s

Ω + Ωou
+ α

2
(Ω + Ωou) (3.49)

celerities

positions
s

junction d
a

+v

−v

Figure 3.1.12 [Eupalinian Strategy
and Round-Trips] This diagram rep-
resents, for positive velocities, the con-
catenation of the reachable map start-
ing from s and of the Cournot map
for arriving at a, which determines the
junction d. The acceleration is positive
from s to d and negative from d to a

For returning from a to s, it is sufficient to take the accelerations with opposite
signs, and thus accelerate from a to d and decelerate from d to s (see Fig. 3.1.12).

This diagram displays the trajectory of a hysteresis cycle in the phase space
providing the trajectory of round trips going from s to a and back.

3.1.7 Collision Avoidance of Two Vehicles

Let us consider the vector (d1, d2) ∈ R
2 describing the position d1 ∈ R of a “fol-

lower” behind the position d2 ∈ R of an “forerunner” or “lead” vehicle. We require
that their distance d := d2−d1 ≥ s must be above a safety distance threshold6 s > 0.
Whenever d2(t) − d1(t) = s, then the celerity c1(t) ≤ c2(t) of the follower must be
inferior or equal to the one of the forerunner. Since deceleration inertia takes time
(reaction time), the follower has to anticipate the breaking of its vehicle according
to the distance with the forerunner before reaching the safety distance with a slower
forerunner’s velocity.

In order to regulate this safety constraint, we provide the following example
of safety celerity regulator associated with a positive acceleration threshold γ (for
increasing negative velocities of the distance between two vehicles):

6In economics, this could be replaced by the constraint that the demand is below the supply and the
regulation of the growth rate of the demand in terms of the growth rate of the supply.
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Definition 3.1.13 (Safety Celerity Regulator for the Follower) Assume that the
follower knows its position d1 and can detect the position d2 and the celerity c2 of
the forerunner. The safety celerity regulator σs : (d1, d2, c2) �→ σs(d1, d2, c2)
of the follower associated with deceleration threshold γ > 0 is defined by

σs(d1, d2, c2) := c2 + √

2γ(d2 − d1 − s) (3.50)

From now on, we set d(t) := d2(t) − d1(t) − s required to be positive until some
time t� when d(t�) = 0, i.e., when the distance d2(t�) − d1(t�) = s between the two
vehicles reach the threshold safety distance.

We observe that

δ′
γ(d) = − γ√

2γ(d)
= γ

δγ(d)
and δ′′

γ(d) = − γ

2d
√
2γ(d)

= γ2

δγ(d)3
(3.51)

We check that the acceleration d ′′(t) = γ of an evolution governed by differential
equation d ′(t) = − √

2γd(t) is constant and equal to γ. By Lemma3.1.1, p. 42,
the evolution d(·) governed by the differential equation d ′(t) = − √

2γd(t), or
d ′
1(t) = σs(d1(t), d2(t), d ′

2(t)), decreases with constant deceleration d
′′(t) = γ until

time t� when d(t�) = 0, or d1(t�) = d2(t�) − s.
Actually, starting from

1. d0 < δγ(d0), the evolution with constant deceleration γ decelerates until d(t�) <

0 and is not viable;
2. d0 = δγ(d0), all evolutions satisfying d ′′(t) ≤ γ satisfy d ′(t) ≥ −δγ(d(t)) and

decelerate to some d(t�) ≥ 0;
3. d0 > δγ(d0), all evolutions d(·) to the differential inclusion d ′(t) ≥ −δγ(d(t))

increase or decrease until some time d ′(˜t) = δ(˜t), after which they decelerate
with deceleration γ until it converges to d(t�) = 0.

Let us denote by ̂d1(·) any solution to differential equation ̂d ′
1(t) = σs(̂d1(t),

d2(t), d ′
2(t)). We observe that

⎧

⎪

⎪

⎨

⎪

⎪

⎩

̂d ′
1(t)(t) = d ′

2(t) +
√

2γ(d2(t) − ̂d1(t) − s)

̂d ′′
1 (t)(t) = d ′′

2 (t) + γ

(2γ(d2(t) − ̂d1(t) − s))
3
2

(3.52)

Proposition 3.1.14 (Safety Regulation Law for Collision Avoidance) For sat-
isfying the safety constraint, detecting at each time t the position d2(t) and the
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celerity d ′
2(t) of the forerunner, the celerity d

′
1(t) of the follower is regulated by

the law

∀ t ∈ [T − Ω, T ], 0 ≤ d ′
1(t) ≤ σs(d1(t), d2(t), d

′
2(t)) (3.53)

For each time t such that d ′
1(t) < σs(d1(t), d2(t), d ′

2(t)), the celerity d
′
1(t) of

the follower is arbitrary until the next time n(t) > t when

d ′
1(n(t)) = σs(d1(n(t)), d2(n(t)), d ′

2(n(t))) (3.54)

Then, the celerity d ′
1(t) = ̂d ′

1(t) of the follower is regulated by

∀ t ∈ [n(t),m(n(t))], ̂d ′
1(t)(t) = σs(̂d1(t), d2(t), d

′
2(t)) (3.55)

until the timem(n(t)) > n(t)when̂d1(m(n(t))) = d2(m(n(t)))−s. At such time
m(n(t)), any viable evolution d1(·) can be chosen until time n(m(n(t)))when the
celerity constraint (3.54) is reached. For instance, the celerities d ′

1(·)−d ′
2(·) = 0

of the follower and the forerunner can be equal, so that their distance remains
equal to the safety threshold (an equilibrium) and can increase as soon as
d ′
1(·) < d ′

2(·).

A variant of Proposition3.1.9, p. 50, states that

Proposition 3.1.15 (ViabilityCharacterization of theCelerity andAcceleration
Maps)

1. The interval [s, d] is invariant under the differential inclusions of the form

d ′(t) ∈ Δ(d(t)) := [δγ(d(t)),+∞[ (3.56)

and viable under the second-order differential inclusion d ′′(t) ≤ γ;
2. The graph of the celerity map Δ is the capture basin of the target R+ × {0}

viable in the environmentR+×R+ under the differential inclusion d ′′(t) ≤ γ;
3. The graph of the celerity map Δ is invariant under the differential inclusion

(d ′(t), d ′′(t)) ∈ DΔ(d(t), d ′(t)), which can be written in the form of the
second-order differential inclusion

d ′′(t)
{ ∈ ] − ∞, γ] if d(t) ≥ 0 and d ′(t) > δγ(d(t))

= γ if d(t) ≥ 0 and d ′(t) = δγ(d(t))
(3.57)
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•
equilibrium (s, 0) safety distance d2 − d1

velocity of the distance d2 − d1

Figure 3.1.16 [Regulation of the Safety Distance] This figure displays the graph
of the convex curve (in red) passing through (s, 0), which is the graph of the distance
d2 − d1 (in abscissa) between the positions of the vehicles, until the first time n(0)
when d1(n(0)) = d2(n(0)) − s and that the celerities satisfy d ′

1(n(0)) ≤ d ′
2(n(0)).

Then for any t ≥ n(0), the evolutions of the follower and the forerunner must
satisfy d ′

1(t) ≤ σs(d1(t), d2(t), d ′
2(t)): it may then remain at equilibrium forever,

or slow down (dotted curve), or, when d1(t) < d2(t), accelerates with a celer-
ity d ′

1(t) ≤ σs(d1(t), d2(t), d ′
2(t)) until the time m(n(0)) when d ′

1(m(n(0))) =
σs(d1(m(n(0))), d2(m(n(0))), d ′

2(m(n(0)))): then, the follower brakes with decel-
eration d ′′

2 (t) = −γ following the celerity regulator d ′
1(t) = σs(d1(t), d2(t), d ′

2(t))
until time (n(m(n(0)))) when d1(n(m(n(0)))) = d2(n(m(n(0)))) − s. The hint of
the emergence of a “cyclic evolution” regulated by a “viability oscillator” takes
shape.

3.2 Basic Traffic Viability Concepts and Results

The first purpose for any mobile evolving on the network K is to know at each time
t ∈ [T − Ω, T ] of the temporal window,

1. its position p(t) ∈ K ⊂ R
|p| on the network K ;

2. the celerity p′(t) ∈ M(t, p(t)) advised by the traffic regulator of the network
provided by a traffic regulator or controller.

The traffic regulator computes the celerity regulator R(M,K ) advising the celerities
p′(t) ∈ R(M,K )(t, p(t)).
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Mathematically, it costs nothing to allow both the network constraint K (t, t −
(T − Ω)) and the celerity constraint M(t, p) = M(t, t − (T − Ω), p) to depend on
time (known as kinodynamic constraints) and duration. As a matter of fact, this is
actually often required.

The concepts, notations and formulas of this chapter are summarized in Table 5,
p. 72, for easier references.

3.2.1 Traffic Evolutionary Systems

The cornerstone of our construction is made of two maps defining the traffic and
celerity constraints:

Definition 3.2.1 (Network and Celerity Maps) Since time and duration are
involved, the network constraints are defined by

1. the network traffic map K : (t, o) ∈ R × R+ � K (t, o) ⊂ R
|p|;

2. the celerity map M : (t, o, p) ∈ Graph(K ) ⊂ R × R+ × R
|p| �

M(t, o, p) ⊂ R
|p|

The simplest example of a celerity map is provided by a priori celerity bounds
c�(t, o, p) on the speeds u(t) := ‖p′(t)‖:

M(t, o, p) := {

c ∈ R
|p| such that ‖c‖ ≤ c�(t, o, p)

}

(3.58)

Both the network and celerity maps generate traffic evolutionary systems7 (see
[48, Aubin and Martin]).

7We shall commit a hopefully forgivable abuse of notations by writing

∀ t ∈ [T−, T+], p′(t) ∈ something

instead of the usual formulation

for almost all t ∈ [T−, T+], p′(t) ∈ something

in the definition of a solution to a differential inclusion. A justification for dropping the cumbersome
“for almost all” used by almost everyone is that, we use instead the contingent derivative Dp(t) of
a Lipschitz evolution. Although guilty of being set-valued, it is however nonempty “for all” t on
one hand, and satisfies

∀ t ∈ [T−, T+], Dp(t) ∩ something �= ∅ (3.59)

on the other one (see Definition4.1.3, p. 94).
Rademacher’s Theorem (see formula (4.10), p. 95) states that the contingent derivative Dp(t) =

{p′(t)} is both single-valued and equal to the usual derivative almost everywhere, which explains
the apparition of “almost”. Before the introduction of contingent derivatives of non differentiable
functions, the evolutionswere thus assumed to be either be absolutely continuous functions or, equiv-
alently, to belong to the Sobolev space of continuous functions p(·) : [T−, T+] �→ R

|p| such that

http://dx.doi.org/10.1007/978-3-642-54771-3_4
http://dx.doi.org/10.1007/978-3-642-54771-3_4
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Definition 3.2.2 (Traffic Evolutionary System) Let us consider a network map
K : (t, o) ∈ R × R+ � K (t, o) ⊂ R

|p| and a celerity map M : (t, o, p) ∈
Graph(K ) � M(t, o, p) ⊂ R

|p|.
We denote byA(M,K ) ⊂ A([T−, T+],R|p|) the subset viable traffic evolution

satisfying the network viability and celerity constraints:

∀ t ∈ [T−, T+],
⎧

⎨

⎩

p(t) ∈ K (t, o(t)) (viability constraints)
and
p′(t) ∈ M(t, o(t), p(t)) (celerity constraints)

(3.60)

with which we associate

1. The retrospective (or inward) traffic evolutionary system S := S(M,K ) :
Graph(K ) � A(M,K ) associates with any arrival position p ∈ K (T,Ω) the
set S(T,Ω, p) of Cournot evolutions p(·)
a. satisfying the traffic viability constraints

∀ t ∈ [T − Ω, T ], p(t) ∈ K (t, t − (T − Ω)) (3.61)

b. governed by the retrospectiveduration-chaperoneddifferential inclusion

∀ t ∈ [T − Ω, T ], p′(t) ∈ M(t, t − (T − Ω), p(t)) (3.62)

c. arriving at p ∈ K (T,Ω);

2. The prospective (or outward) traffic evolutionary system Sou := Sou
(M,K ) :

Graph(K ) � A(M,K ) associating with any departure position s ∈
K (T,Ωou) the set Sou(T,Ωou, s) of reachable evolutions p(·)
a. satisfying the traffic viability constraints

∀ t ∈ [T, T + Ωou], p(t) ∈ K (t, (T + Ωou) − t) (3.63)

b. governed by prospective duration-chaperoned differential inclusion

∀ t ∈ [T, T + Ωou], p′(t) ∈ M(t, (T + Ωou) − t, p(t)) (3.64)

c. starting from s ∈ K (T,Ωou).

(Footnote 7 continued)
their derivatives in the sense of distributions p′(·) ∈ L∞([T−, T+],R|p|), and thus, are Lipschitz
and almost everywhere differentiable.



60 3 Traveling on the Network

This being set, the ultimate objective of the two forthcoming chapters is to solve
this problem by carving in the network map K : (t, o) �→ K (t, o) and the celerity
map M : (t, o, p) �→ M(t, o, p):

4 (TheViability Solution to theTrafficProblem)The traffic evolutionary system
S being given, the viability solution (to the traffic problem) is the data of

1. the incoming map G(t, o) ⊂ K (t, o) (see Definition3.2.9, p. 69);
2. the celerity regulator R(t, o, p) ⊂ M(t, o, p) (see Definition4.3.1, p. 108),

such that, for all p ∈ G(T,Ω), there exists at least one evolution p(·) ∈
S(T,Ω, p)

1. satisfying the incoming viability constraints

∀ t ∈ [T − Ω, T ], p(t) ∈ G(t, t − (T − Ω)) (3.65)

2. governed by celerity regulator

∀ t ∈ [T − Ω, T ], p′(t) ∈ R(t, t − (T − Ω), p(t)) (3.66)

3. arriving at p ∈ G(T,Ω);

3.2.2 Averagers of Evolutionary Systems

The first question we would like to answer is: when and where can an evolution
arrive and when and where it may depart from?

In order to answer these questions, we introduce the concepts of average veloci-
ties8 on temporal windows:

8In economics, the inverse
1

Ω
of a duration is regarded as a liquidity (see [77, Chen Luxi]). If

v(t) ∈ R is an economic value and v(T ) − v(T − Ω) a profit, then
v(T ) − v(T − Ω)

Ω
can be

interpreted as an enrichment, inversely proportional to the investment duration and proportional
to the profit. This ratio could be the basis for a “Shareholder Value Tax” instead of the “Added
Value Tax”, as the Tobin tax on financial transactions (see Sect. 1.4, p. 18, of Time and Money.
How Long and HowMuch Money is Needed to Regulate a Viable Economy, [25, Aubin]). Averages
velocities are also involved in the quantitative theory of money (see [34, Aubin and Chen Luxi]) for
giving a mathematical definition of the “velocity of money”, which is not a velocity in the sense of
physical sciences, but just the ratio of the product of averages over the average of the products of
two evolutions on a temporal window.

http://dx.doi.org/10.1007/978-3-642-54771-3_4
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Definition 3.2.3 (Average Velocities of Evolutions) Let p(·) : t �→ p(t) ∈ R
|p|

be an evolution, T ∈ R and durationsΩ > 0 orΩou > 0. The average velocities
are defined by the

1. retrospective average velocity ∇Ω p(T ) := p(T ) − p(T − Ω)

Ω
;

2. prospective average velocity ∇ou
Ωou p(T ) := p(T + Ωou) − p(T )

Ωou
.

For instance, the average velocity ∇Ωo(T ) of the calendar duration o(t) = t −
(T − Ω) is equal 1 and its average duration is equal to AΩo(T ) = Ω

2
.

Knowing an average velocity A := p − p(T − Ω)

Ω
= ∇Ω p(T ) of a viable evo-

lution p(·) ∈ S(T,Ω, p) on the temporal window [T − Ω, T ], we observe that
s = p − ΩA is an initial position at departure time T − Ω arriving at the arrival
position p at terminal time T .

This simple and obvious remark provides a first step to the solution of the geodesic
problem linking departure times and positions to a given terminal time and position
by a viable evolution governed by the evolutionary system on the temporal window
[T − Ω, T ].

For that purpose, we need to construct a map, depending only on the dynam-
ics and the constraints, associating with any (T,Ω, p) the possibly empty set

Γ (T,Ω, p) of average velocities A := p − p(T − Ω)

Ω
of some viable evolutions

p(·) ∈ S(T,Ω, p) on temporal windows [T − Ω, T ] coded by (T,Ω), without
solving the differential inclusion. Such a map is called an inward (or retrospective)
averager and its graph can be characterized as a viable capture basin and thus com-
puted by the capture basin algorithm.

Definition 3.2.4 (Averager of an Evolutionary System) Let us consider set-
valued maps M and K defining the evolutionary systems S := S(M,K ) and
Sou := Sou

(M,K ).

1. The retrospective (or inward) averager Γ := Γ(M,K ) associates with any
temporal window described by (T,Ω) and any position p ∈ K (T,Ω) the
(possibly empty) set of average velocities

p − p(T − Ω)

Ω
∈ Γ (T,Ω, p) (3.67)

of viable evolution p(·) ∈ S(M,K ) governed by the differential inclusion
(3.66), p. 64, satisfying viability constraints (3.65), p. 64.
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2. The prospective (or outward) averager Γ ou := Γ ou
(M,K ) associates with any

temporal window described by (T,Ωou) and any position p ∈ K (T,Ωou)

the possibly empty set of average velocities

p(T + Ωou) − p

Ωou
∈ Γ ou(T,Ωou, p) (3.68)

of viable evolution p(·) ∈ S(M,K ) governed by the differential inclusion
(3.64), p. 63, satisfying viability constraints (3.63), p. 63.

We associate with the averagers the geodesic maps:

Definition 3.2.5 (Geodesic Maps) Let us consider set-valued maps M and K
defining the evolutionary systems S := S(M,K ) and Sou := Sou

(M,K ) and their
inward and outward averagers. The following maps

{

C(T,Ω, p) := p − ΩΓ (T,Ω, p)
C

ou(T,Ωou, p) := p + ΩouΓ ou(T,Ωou, p)
(3.69)

are called respectively the retrospective and prospective geodesic maps. Their
graphs

{

Graph(C) ⊂ R × R+ × R
|p| × R

|p|
Graph(Cou) ⊂ R × R+ × R

|p| × R
|p| (3.70)

are respectively called the inward and outward geodesic relations.

The geodesic maps associate with any position p at time T the departure positions
s ∈ C(T,Ω, p) at time T − Ω and the arrival positions a ∈ C

ou(T,Ωou, p) at time
T + Ωou respectively.

The geodesic relations being subsets of quadruplets (T,Ω, p, s) ∈ R × R+ ×
R

|p| ×R
|p| describing traffic relations, it is worth to regard them not only as the graph

of the geodesicmaps, but as a kind ofmenagerie of potential interestingmaps derived
from permutations, partitions, and projections of a relation (see Definition8.22, p.
217). They all share the properties of the geodesic relations. They are summarized
in Table 5, p. 82. �

http://dx.doi.org/10.1007/978-3-642-54771-3_8
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3.2.3 Cournot Maps and Reachable Maps

The question arises whether we can introduce additional constraints on either the
departure positions C(T,Ω, p) or arrival positions Cou(T,Ωou, p):

Definition 3.2.6 (Departure and Arrival Tubes)

1. A departure tube D : t ∈ R � D(t) ⊂ K (t, 0) associates with any (depar-
ture) date t ∈ R the subset of positions s ∈ D(t) from which viable evolu-
tions start at time t .

2. An arrival tube A : t ∈ R � A(t) ⊂ K (t, 0) associates with any (arrival)
date t ∈ R the subset of positions a ∈ A(t) at which viable evolutions arrive
at time t .

Examples of departure maps are provided in Definition4.4.1, p. 113, to trans-
late Cauchy and Dirichlet boundary conditions by “characteristic set-valued maps”
(see Definition4.4.1, p. 113) and their inverse. Other examples cover Lagrangian
conditions used to characterize moving sensors such as tracking probe vehicles (see
Fig. 4.4.3, p. 114, for an illustration, and formula (7.83), p. 196, for a mathematical
example). This being done, we define Cournot and reachable maps associated with
these data:

Definition 3.2.7 (Cournot Maps and Reachable Maps) Let us consider

1. a set-valued maps M and K defining the evolutionary systems S := S(M,K )

and Sou := Sou
(M,K ) and their averagers Γ := Γ(M,K ) and Γ ou := Γ ou

(M,K );
2. a departure tube D and arrival tube A.

We associate with them

1. the Cournot map C[D] := C(M,K )[D] : (T,Ω, p) �→ C[D](T,Ω, p)
which provides the Cournot departure sets

C[D](T,Ω, p) := C(T,Ω, p) ∩ D(T − Ω) (3.71)

of Cournot departure positions s ∈ C[D](T,Ω, p);
2. the reachable map C

ou[A] := C
ou
(M,K )[A] : (T,Ωou, p) �→ C

ou[A]
(T,Ωou, p) which provides the reachable sets defined by

C
ou[A](T,Ωou, p) := C

ou(T,Ωou, p) ∩ A(T + Ωou) (3.72)

of reachable arrival positions a ∈ C
ou[D](T,Ω, p).

http://dx.doi.org/10.1007/978-3-642-54771-3_4
http://dx.doi.org/10.1007/978-3-642-54771-3_4
http://dx.doi.org/10.1007/978-3-642-54771-3_7
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In other words,

1. The Cournot map associates with any (T,Ω, p) the subset C[D](T,Ω, p) of
initial positions s ∈ D(T −Ω) such that there exists at least one viable evolution
p(·) ∈ S(M,K )(T,Ω, p) starting from p(T − Ω) = s at time T − Ω;

2. The reachable map associates with any (T,Ωou, p) the subset Cou[A](T,Ω, s)
of arrival positions a ∈ A(T + Ωou) such that there exists at least one viable
evolution p(·) ∈ Sou

(M,K )(T,Ωou, s) arriving at p(T −Ωou) = a at time T +Ωou .

Cournot evolutions arriving at (T, p) (T, p)

T

p

T − Ω2 T − Ω1 time

position

D
(T

−
Ω

2 )

D
(T

−
Ω

1 )

Evolutions

s2

s3

s1
s4

Figure 3.2.8 [Illustration of Cournot Maps] Let (T, p) be an arrival time-position
pair, and T − Ω1 > T − Ω2 two durations. The departure map is depicted by thick
vertical intervals at dates T−Ω1 and T−Ω2.We illustrate by s1 ∈ C[D](T,Ω1, p) =
D(T − Ω1) ∩ C(T,Ω1, p) a departure position at time T − Ω1 and by s2 and s3
two departure positions belonging toC[D](T,Ω1, p) ∈ D(T −Ω1)∩C(T,Ω1, p).
Viable evolutions starting from these departure positions and reaching position p at
time T are displayed. The evolution starting from s4 reaches p at time T , but does not
start from the departure set. The case of reachable evolution is obtained by symmetry
(see Fig. 3.4.1, p. 75).

Remark (Cournot Uncertainty) Cournot maps were not initially motivated by traf-
fic problems. They were designed to give a mathematical meaning to the concept of
uncertainty suggested9 in 1843 by Augustin Cournot as the meeting of two indepen-
dent causal series: “A myriad partial series can coexist in time: they can meet, so
that a single event, to the production of which several events took part, comes from
several distinct series of generating causes.” (see Fig. 3.2.8, p. 68, for an illustration).

The search for causes amounts in this case to the search of “retrodictions” (so
to speak) instead of the vain quest of effects by predictions.10 One could define a

9In Exposition de la théorie des chances et des probabilités, [95, Cournot].
10This idea probably goes back to the presocraticGreeks, according to the biologistAntoineDanchin
in [107, 109, 110, Danchin] and his book, La Barque deDelphes. Ce que révèle le texte des génomes,
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Cournot measure of uncertainty by the set

⋃

Ω≥0

C(T,Ω, p) (3.73)

of initial positions s from which at least one evolution reaches x at time T for some
duration Ω . This is a set-valued measure. In terms of traffic, the Cournot measure
could be regarded as a measure of Cournot congestion at arrival position.

If one prefers measures described by real numbers, this set-valued measure can be
“quantified” further by using one the many available scalar measures, such that the
Lebesgue,Maslov, Bouligand, Hausdorff “measure” (seeGaloisMeasure of Viability
Risk, [40, Aubin and Dordan]). �

3.2.4 Incoming and Outgoing Relations and Maps

The graphs of the Cournot and reachable maps are relations (see Sect. 8.2, p. 216)
between the components (t, o, p, s), which are subsets contained in the space R ×
R+ × R

|p| × R
|p| of dimension 2(|p| + 1) which is quite large, if not too large, for

computation (the curse of dimensionality). The question whether we can reduce the
dimension without sacrificing too much information is raised.

One solution is simply to content ourselves with the domains of thesemaps, which
are relations between the components (t, o, p), which are subsets contained in the
spaceR×R+ ×R

|p| of dimension |p|+2, easier to compute. The sacrifice is not too
costly since we shall prove that the knowledge of these domains is sufficient to char-
acterize and compute the celerity regulators (see Sect. 4.4.2, p. 116). Furthermore,
they yield enough information, since they provide the graphs of the incoming and
outgoing maps, duration and scheduling maps which thus share the same properties
up to a permutation (see Definition8.2.2, p. 217):

Definition 3.2.9 (Incoming and Outgoing Relations and Maps) The domains
G[D] := Dom(C[D]) and Gou[A] := Dom(Cou[A]) of the Cournot and reach-
able maps C[D] and C

ou[A] are called the incoming relations and outgoing
relations respectively. They provide the following

(Footnote 10 continued)
[108, Danchin]. He qualifies what we called “Cournot uncertainty” as “contingent uncertainty”,
whereas we use the adjective “contingent” in viability theory for translating mathematically the
uncertainty encapsulated in differential inclusions, for actually capturing the concept of redundancy
of possible (contingent) evolutions (for instance, by choosing adequate regulons or controls in a
“contingent reservoir”, which may itself co-evolve with the state of the system).

http://dx.doi.org/10.1007/978-3-642-54771-3_8
http://dx.doi.org/10.1007/978-3-642-54771-3_4
http://dx.doi.org/10.1007/978-3-642-54771-3_8
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Retrospective Systems S := S(M,K )

incomingmap
G[D](T,Ω) = {p such that (T,Ω, p) ∈ G[D]}
durationmap
Δ[D](T, p) = {Ω such that (T,Ω, p) ∈ G[D]}
schedulingmap
Θ[D](Ω, p) = {T such that (T,Ω, p) ∈ G[D]}

(3.74)

Prospective Systems Sou := Sou
(M,K )

outgoingmap
G

ou[D](T,Ω) = {p such that (T,Ω, p) ∈ Gou[D]}
durationmap
Δou[D](T, p) = {Ω such that (T,Ω, p) ∈ Gou[D]}
schedulingmap
Θou[D](Ω, p) = {T such that (T,Ω, p) ∈ Gou[D]}

(3.75)

The incoming and outgoing valuesG[D](T,Ω) andGou[A](T,Ωou) detect posi-
tions p from which arrive at least one evolution starting from D(T −Ω) and another
evolution arriving in A(T + Ωou) for durations Δ[D](T, p) and Δou[A](T, p)
respectively.

T

Ω

p

tim
e/d

ura
tion

{T,Ω
}

duration/position{Ω
,
p}time/position {T, p}
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Figure 3.2.10 [Ternary Relations and Three Partitions] We consider a ternary
relation {T,Ω, p}, symbolized by a triangle. Partitions {{T,Ω}, {p}}, {{Ω}, {T }}
and {{T, p}, {Ω}} are displayed in red, which represent respectively the graphs of
the maps G : (T,Ω) � p, Θ : (Ω, p) � T and Ω : (T, p) � Ω by blue arrows

Remark (Selection of Durations) Whenever a position p is detected at time t� < T ,
the duration Ω ∈ Δ[D](T, p) must satisfy inequality Ω ≥ T − t� for allowing at
least one viable evolution departing after t� to reach p at time T .

Next, the question arises to choose a duration Ω ∈ Δ[D](T, p) Ω ≥ T − t�. For
instance, we can choose

1. the smallest duration Ω�(T, p) := inf Ω[D](T, p) for minimizing travel dura-
tion and check whether T − Ω�(T, p, s) ≥ t�;

2. the maximal Ω�(t�; T, p) ∈ [T − t�, T ] for choosing the earliest departure time
T −Ω�(t�; T, p) ≥ t� to give enough time to choose another evolution in the case
when the first evolution misses the arrival position for other unforeseen reasons
(Fig. 3.2.10). �

Incoming and Outgoing Tubes

We stress the fact that for many problems, the incoming and outgoing durations Ω

andΩou are no longer given, but are also part of a solution, by defining the temporal
window [T − Ω, T ] and [T, T + Ωou] on which the viable evolutions p(·) evolve.

In order to take into account this requirement,we introduce the following incoming
and outgoing tubes:

Definition 3.2.11 (Incoming and Outgoing Duration Tubes) The incoming and
outgoing domains Dom(C) and Dom(Cou) provide the incoming and outgoing
tubes defined by

incoming tube
I[D](T ) = ⋃

Ω≥0 G[D](T,Ω)

outgoing tube
O[A](T ) = ⋃

Ω≥0 G
ou[A](T,Ω)

(3.76)
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In other words, to say that p ∈ I[D](T ) amounts to saying that there exist a
durationΩ and an evolution p(·) ∈ S(T,Ω, p) starting from D(T−Ω) and reaching
p at time T .

3.2.5 Summary of Traffics Concepts

The numerous concepts introduced above are all derived from the description of
traffic networks requiring

1. Networks constraints described by the set-valued map K ;
2. Celerity constraints described by the set-valued map M ;
3. Departure and arrival constraints described by the set-valued maps D and A

respectively.

from which we deduced the concepts of viable evolutionary systems and their aver-
agers associated only with the network and celerity constraints, and, next, when
departure and arrival constraints were added, the concepts of Cournot and reachable
maps. We extracted their domains, which are relations providing the graphs of the
initial and terminal maps, of the durationmap and of the schedulingmap, and, finally,
the junction map, providing all junctions between a departure map and an arrival set.

These maps will be characterized as viable capture basins of adequate targets
viable in adequate constraints under adequate characteristic systems of differential
inclusions.

The following table summarizes the notations which were introduced hitherto:

5 [Table of Notations]
Retrospective Systems S := S(M,K )

averager

Γ (T,Ω, p) =
{

p − p(T − Ω)

Ω

}

p(·) ∈ (T,Ω,p)

C(T,Ω, p) = p − ΩΓ (T,Ω, p)
Cournot map
C[D](T,Ω, p) = C(T,Ω, p) ∩ D(T − Ω)

incoming relation
G[D] = {(T,Ω, p) such that C[D](T,Ω, p) �= ∅}
incoming map
G[D](T,Ω) = {p such that (T,Ω, p) ∈ G[D]}
duration map
Δ[D](T, p) = {Ω such that (T,Ω, p) ∈ G[D]}

Prospective Systems Sou := Sou
(M,K )
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averager

Γ ou(T,Ω, p) =
{

p(T + Ω) − p

Ω

}

p(·) ∈ Sou(T,Ω,p)

C
ou(T,Ω, p) = p + ΩΓ ou(T,Ω, p)

reachable map
C

ou[A](T,Ω, p) = C
ou(T,Ω, p) ∩ A(T + Ω)

outgoing relation
Gou[A] = {(T,Ω, p) such that Cou[A](T,Ω, p) �= ∅}
outgoing map
G

ou[A](T,Ω) = {p such that (T,Ω, p) ∈ Gou[A]}
duration map
Δou[A](T, p) = {Ω such that (T,Ω, p) ∈ Gou[A]}

3.3 Concatenation of Cournot Maps

Let us consider the evolutionary system S = S(M,K ).

Definition 3.3.1 (Timed Route) A timed route is described by a sequence ←−ω of
durations ωn ≥ 0, n = 1, . . . , N − 1, with which we associate

1. the dates θn defined recursively by θ0 = 0 and θn = θn−1 − ωn , defining the
partition by temporal windows Θn := [θn, θn−1[;

2. the departure sets Dn ⊂ K (θn, 0);
3. the associated Cournot maps C[Dn] associating with any segment Pn−1 at

date n − 1 the segment

Pn := C[Dn](θn−1,ωn, Pn−1) ⊂ Dn (3.77)

4. the total duration Ω :=
N
∑

n=1

ωn .

Starting with P0 := {p} at date θ0 := T , the concatenation (or composition)
PN := ⊙N−1

n=0 C[Dn](θn−1,ωn, Pn−1) of Cournot maps associates PN with p.

The question arises whether it is possible to bypass the computation of all these
Cournot maps, even though they can be computed in parallel, and “summarize” their
composition by computing a Cournot map associatedwith an adequate departuremap
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associated with the sequence of departure sets Dn . In other words, we have to check
whether the concatenation of Cournot maps is still a Cournot map:

Proposition 3.3.2 (Characterization of the Concatenation of Cournot Maps)
Let us introduce the set-valued map D defined by

c ∈ D(t) :=
{

Dn(t) if ∃ n such that t := θn
∅ otherwise

(3.78)

The Cournot mapC[D](T,Ω, p) associated with the departure map D is equal
to the concatenation

⊙N−1
n=0 C[Dn] of the Cournot maps C[Dn]:

∀ p ∈ K (T,Ω),

(

N−1
⊙

n=0

C[Dn]
)

(p) = C[D](T,Ω, p) (3.79)

Hence the concatenation of Cournot maps shares the same properties than
the ones of Cournot maps and enjoys the viability properties of viable capture
basins.

Proof 1. InclusionC[D](p) ⊂
(

⊙N−1
n=0 C[Dn]

)

(p) holds true since, by definition

of the concatenation, there exist sequences ωn and Pn = C[D](θn−1,ωn, Pn−1).
Therefore, for all n, there exists one evolution pn(·) ∈ S(θn−1,ωn, Pn−1) such
pn(θn) ∈ Pn and pn−1(θn − ωn−1) ∈ Pn−1. Hence, the concatenation p(·) of the
evolutions pn(·) defined by

∀ n = 1, . . . , N − 1, ∀ t ∈ [θn, θn−1], p(t) := pn(t) (3.80)

is a viable evolution governed by the evolutionary system S starting from PN

at time T − Ω and arriving at p at time T . Hence PN is contained in the value
C[D](T,Ω, p) of the Cournot map.

2. Conversely, let s belong C[D](T,Ω, p). Then, by definition of Cournot maps,
there exists a viable evolution governed by the evolutionary system S starting
from s at time T −Ω and arriving at p at time T . Corollary4.2.6, p. 103, implies

∀ t ∈ [T − Ω, T ], s ∈ C[D](t, t − (T − Ω), p(t)) (3.81)

For all n, we set pn := p(θn), ωn := θn − θn−1 and we denote by pn(·) the
restriction of p(·) to the temporal window [θn, θn−1]. Therefore, the evolution
pn(·) is governed by the evolutionary system S and links Pn and Pn−1. By the
very definition of D, for all n such that t = θn , we know that s := p(θn) ∈ D(θn).

This implies that s ∈ C[D](θn−1,ωn, pn−1), so that s ∈
(

⊙N−1
n=0 C[D]

)

(p). �

http://dx.doi.org/10.1007/978-3-642-54771-3_4
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Concatenation will be used in Sect. 3.4.4, p. 83, for defining examples of multi-
junctions.

3.4 Eupalinian Maps

Eupalinian maps (see Sect. 3.1.6, p. 56, about Eupalinos) provide “departure-pass-
through-arrival” time-positions connecting the departure position at departure time
to an arrival position at arrival time by evolutions passing through a given position
at a given time. In other words, they are “geodesic with pass-through11 constraints”.

Eupalinian Evolutions Passing Through(T,π)

(T,π)

T + Ωou
2T + Ωou

1

A
(T

+
Ω

ou 2
)

A
(T

+
Ω

ou 1
)

T

π

T − Ω2 T − Ω1

time

position

D
(T

−
Ω

2 )

D
(T

−
Ω

1 ) Evolutions
s2

s3
s1

Figure 3.4.1 [Eupalinian Evolutions]

We associate with the inward and outward durations Ω and Ωou the Eupalinian
duration t� = min(Ω,Ωou). Observe that in this case,

⎧

⎪

⎪

⎨

⎪

⎪

⎩

T − t� = max(T − Ω, T − Ωou)

T + t� = min(T + Ω, T + Ωou)

Ω − t� = max(0,Ω − Ωou)

Ωou − t� = max(Ωou − Ω, 0)

(3.82)

For instance,

1. if Ω = Ωou , then t� = Ω , T − t� = T − Ω , T + t� = T + Ω , Ω − t� =
Ωou − t� = 0;

2. if Ω < Ωou , then t� = Ω , T − t� = T − Ω , T + t� = T + Ω , Ω − t� = 0 and
Ωou − t� = Ωou − Ω .

The first example of a Eupalinian map is quite simple: it is the product E :
(T,Ω,Ωou,π) � E[(D, A)](T,Ω,Ωou,π) defined by

11This word in used instead or “crossing” for traversing or passing through positions which are not
crossroads, and thus, cannot be really “crossed”. Crossroads are examples of “multijunctions”.
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E[(D, A)](T,Ω,Ωou,π) = C[D](T, t�,π) × C[A](T,π, t�)
⊂ D(T − t�) × A(T + t�) ⊂

K (T − t�,Ω − t�) × K (T + t�,Ωou − t�)
(3.83)

of departure arrival positions (s, a) connected by a Eupalinian evolution p(·) :=
(pin(·), pou(·))made of a viable Cournot evolution pin(·) connecting s at time T − t�

to π at time T and of a viable reachable evolution pou(·) connecting π at time T to
a at time T + t�, and thus, passing through π, as illustrated above. The total travel
duration is equal to 2t�, twice the Eupalinian duration.

We shall proceed crescendo by adding pass-through positions, junctions, multi-
junctions and circuits to intercalate between viable Cournot and reachable maps.

3.4.1 Pass-Through Constraints

We begin by imposing pass-through constraints on the departure, pass-through and
arrival positions. We introduce the following definitions:

Definition 3.4.2 (Passing-Through Junction and Connection Map) A junction
is a set-valued map J : (T,Ω,Ωou) � J(T,Ω,Ωou) mapping the time-
duration data (T,Ω,Ωou) to subsets

J(T,Ω,Ωou) ⊂ K (T,Ω) ∩ K (T,Ωou) ⊂ R
|p|

of pass-through positions π which may no longer be reduced to a singleton {π}.
A connection map Q is a set-valued map associating with any passing-through
date T , incoming duration Ω , outgoing date T ou and duration Ωou a subset
Q(T,Ω, T ou,Ωou) of departure-arrival positions

(s, a) ∈ Q(T,Ω, T ou,Ωou) ⊂ K (T,Ω) × K (T ou,Ωou) (3.84)

In other words, the argument (T,Ω, p) of a Cournot map is replaced by
(T,Ω,Ωou,π) ∈ Graph(J) and the departure map is replaced by the connection
map Q, a kind of “mixed” departure-arrival map.

Definition 3.4.3 (Eupalinian Map) Given a network map (t, o) � K (t, o)
and a celerity map (t, o, p) � M(t, o, p) on one hand, junction and con-
nection maps J and Q on the other one, the Eupalinian map E[J,Q] =
E(M,K )[J,Q] : (T,Ω,Ωou) � E[J,Q](T,Ω,Ωou) ⊂ J(T,Ω,Ωou) asso-
ciates the Eupalinian duration t� := min(Ω,Ωou) and
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1. the pass-through positions π ∈ J(T,Ω,Ωou);
2. the departure-arrival positions (s, a) ∈ Q(T − t�, T + t�,Ω − t�,Ωou − t�)

which are connected by a viable Eupalinian evolution p(·) ∈ A(M,K ) satisfying

{

p(T ) = π
p(T − t�) = s and p(T + t�) = a

(3.85)

The Eupalinian map combines in some sense the Cournot and the reachable maps
since they associate with junctions a subset of connections linking the departure
position to an arrival position by an evolution traversing a pass-through. In other
words, property (3.85), p. 77, states that the Eupalinian map links graphs of junction
maps and graphs of connectionmaps through viable geodesics governed by the traffic
evolutionary system.

We shall prove that the graph of the Eupalinian map E[J,Q] is the viable capture
basin of an adequate target viable in an adequate environment under an adequate
characteristic system, so that it inherits the properties of viable capture basin, as
for the Cournot and the reachable maps. In particular, we shall construct the celerity
regulator providing the celerities for guiding Eupalinian evolutions before and after
π.

Observe that knowing π ∈ J(T,Ω,Ωou), the construction of the Eupalinian map
is decomposed into two independent constructions of the Cournot and reachable
maps, thus an example of “parallel engineering”.

Remark (Other Eupalinian Durations) Actually the Eupalinian duration t� :=
min(Ω,Ωou) is also the largest duration s� ≥ 0 for which Eupalinian evolutions can
connect departure-arrivalmaps in subsets of K (T−s�,Ω−s�)×K (T+s�,Ωou−s�)

for s� ∈ [0,min(Ω,Ωou)]. Such duration s� can be imposed in the modelling of the
problem, and the same results hold true. The extreme choice is s� = 0. In this case,
the connection condition (p(T − 0), p(T + 0)) ∈ Q(T,Ω,Ωou) describes an
impulse map at time T “jumping” from p(T − 0) = s to p(T + 0) = a in the sense
of impulse or hybrid control.12 �

3.4.2 Junctions and Intermodal Traffic Systems

Actually, we may replace the pointwise pass-through π ∈ J(T,Ω,Ωou) by a
“thicker” one, made of input-output junction state (πi ,π j ) ∈ J(Ti ,Ωi , Tj ,Ω j ) ⊂

12A viability approach to impulse control was initiated in [47, Aubin, Lygeros, Quincampoix, Sastry
and Seube], developed in [43, 44, 46, Aubin and Haddad], [49, Aubin and Seube], [138, Gillula,
Hoffmann, Vitus and Tomlin], [44, Goebel, Sanfelice and Teel] and other studies, summarized in
Sect. 12.3, p. 503, of Viability Theory. New Directions, [31, Aubin, Bayen and Saint-Pierre].



74 3 Traveling on the Network

Ki (Ti ,Ωi ) × Ki (Tj ,Ω j ) between a position πi ∈ Ki of a prejunction segment Ki

and a position π j ∈ K j of a postjunction segment K j of the network. In other words,
a junction between Ki and K j is characterized by a (set-valued) junction map J for
“jumping” from a prejunction position πi at time Ti to a postjunction position π j at
time Tj at appropriate times and durations. Pairs (πi ,π j ) are also called input-output
positions of the junction.

The junction map J is given13 independently of the celerity map as an input-output
map. They are interposed between a Cournot map governing viable Cournot evolu-
tions on Ki and a reachable map governing viable evolutions on K j , as we did when
the junction was reduced to crossing some (T,π) at time T at position π. Junctions
can be regarded as black boxes (or Pandora’s boxes) hiding their internal workings,
whereas Cournot and reachable maps are “white boxes” since their functioning is
not “opaque” (see Sect. 3.4.4, p. 83, for examples of “grey boxes” when some under-
lying information is available, for instance, circuits). In other words, the evolution of
mobiles on a network between incoming and outgoing positions are “punctuated”
at junctions of the network. Other “modes” of travel processes (stop at a coffee shop,
walk, taking buses, metros, trains, ships, planes, flying carpets, etc.,) could be used at
the junction. The concatenation of Cournot evolutions, the junction map and reach-
able evolutions is the brick of intermodal systems,14 which intercalate junctions into
their own mode of transportation.

We thus adapt the concept of Eupalinian map (see Definition3.4.3, p. 76) for
traversing a pass-through positions to the case when junctions have to be tra-
versed: the problem15 is to find automatically input-output junction (πi ,π j ) ∈
J(Ti ,Ωi , Tj ,Ω j ), departure-arrival connections (ci , c j ) ∈ Q(Ti − t�,Ωi − t�, Tj +
t�,Ω j − t�) where t� := min(Ωi ,Ω j ). They are connected by

1. a Cournot evolution pi (·) linking the departure state ci to the input state πi of the
junction;

13Junctions appear as cross roads, clearing houses, bit nodes, etc. In the case of biological networks,
the transmittal of proteins and other chemical compounds (hormones, etc.) are produced in endocrine
glands for regulating specific physiological processes by traveling through the bloodstream between
two distant emitter and receptor. They last between two prejunction and postjunction dates by a
complex mechanism, described an input-output map. Synapses will be visited in Sect. 3.5, p. 84.
14Intermodal transportation of items (freight, passengers, etc.) without changing the transported
items when changing modes goes back to the 18th century and was regulated in 1933 by the “Bureau
International des Containers et du Transport Intermodal”.
15For further developments, see [26, Aubin]. This study submitted to SIAM Journal on Control
and Optimization was recommended for publication by one referee, rejected by two other ones,
incompetent in viability theory by their own admission. It is their right to ignore viability techniques,
but, in this case, a minimal ethical scientific attitude is to refuse to review it. Otherwise, one has
to assume that what one ignores should be ignored by everyone. This is an ideological behavior
instead of a scientific one. This example illustrates the unhealthy drifts of a global publication
system that diverted themission of disseminating knowledge to a necessarily unscientific evaluation
of scientific results, which are subjected to pressures of every kind. This situation discredits the
refereeing system. Research is sick of its evaluation and of bureaucratic and financial pressures to
which it is subjected (see Sect. 3.5, pp. 203–239, of La mort du devin, l’émergence du démiurge,
[20, Aubin], for more comments on educational and scientific research issues).
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2. the “junctionmap”J linking the input-stateπi to the output stateπ j of the junction;
3. a reachable evolution p j (·) linking the output state π j of the junction to the arrival

state c j ,

in the sense that
{

pi (Ti ) = πi and p j (Tj ) = π j

pi (Ti − t�) = ci and p j (Tj + t�) = c j

This is quite an involved situation which deserves to be defined rigorously.

Definition 3.4.4 (Intermodal Junction andConnectionMaps) Intermodal junc-
tion map J and connection map Q are set-valued maps associated with
(Ti ,Ωi , Tj ,Ω j ) ∈ (R × R+)2 (where Tj > Ti ) subsets J(Ti ,Ωi , Tj ,Ω j ) ⊂
K (Ti ,Ωi ) × K (Tj ,Ω j ) and Q(Ti ,Ωi , Tj ,Ω j ) ⊂ K (Ti ,Ωi ) × K (Tj ,Ω j )

respectively. The associated Eupalinian duration is defined by t� :=
min(Ωi ,Ω j ).

Their roles are different: junctions are inputs mapped to outputs which are con-
nections through a Eupalinian map we are about to define.

Definition 3.4.5 (Eupalinian Evolutions) Let us consider network, celerity,
junction and connection maps K , M , J and Q. We denote by S(M,K )[J,Q]
the set of viable Eupalinian evolutions p(·) := (pi (·), p j (·)) with Eupalinian
duration t� := min(Ωi ,Ω j ) made of

1. a Cournot evolution pi (·) ∈ S(Mi ,Ki )(Ti ,Ωi ,πi );
2. a reachable evolution p j (·) ∈ Sou

(Mj ,K j )
(Tj ,Ω j ,π j )

where
(πi ,π j ) ∈ J(Ti ,Ωi, Tj ,Ω j) (3.86)

governed by the system of differential inclusions

{∀ t ∈ [Ti − t�, Ti ], p′
i (t) ∈ Mi (t, t − (Ti − Ωi ), pi (t))

∀ t ∈ [Tj , Tj + t�], p′
j (t) ∈ Mj (t, Tj + Ω j − t, p j (t))

(3.87)

viable in the sense that
{∀ t ∈ [Ti − t�, Ti ], pi (t) ∈ Ki (t, t − (Ti − Ωi ))

∀ t ∈ [Tj , Tj + t�], p j (t) ∈ K j (t, Tj + Ω j − t)
(3.88)

“connecting” the junction J to the connectionQ in the sense of departure-input-
output-arrival positions
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(ci , c j ) ∈ Q(Ti − t�,Ωi − t�, Tj + t�,Ω j − t�) (3.89)

are linked by the Eupalinian evolution

{

pi (Ti ) = πi and p j (Tj ) = π j

pi (Ti − t�) = ci and p j (Tj + t�) = c j
(3.90)

This definition is summarized by the table:

Depar− continuous pre− junction post junction continuous Arri−
ture evolution junction J junction evolution val
Ti − t� t ∈ [Ti − t�, Ti ] Ti Tj − Ti Tj t ∈ [Tj , Tj + t�] Tj + t�

Ωi − t� Ωi + (t − Ti ) Ωi Ωi + Ω j Ω j Ω j − (t − Tj ) Ω j − t�

ci pi (t) πi π j ⇒ π j π j p j (t) c j

We thus extend the concept of Eupalinian maps to the intermodal situation when
the network is punctuated by junctions:

Definition 3.4.6 (Intermodal EupalinianMaps) Let us consider network, celer-
ity, junction and connection maps K , M , J and Q. The intermodal Eupalinian
map E[J,Q] := E(M,K )[J,Q] associates with any (Ti ,Ωi , Tj ,Ω j ) the subset
E[J,Q](Ti ,Ωi , Tj ,Ω j ), the Eupalinian duration t� := min(Ωi ,Ω j ) and

1. the input-output junctions (πi ,π j) ∈ J(Ti ,Ωi , Tj ,Ω j );
2. the departure-arrival pairs (ci , c j ) ∈ Q(Ti − t�,Ωi − t�, Tj + t�,Ω j − t�)

which are connected by a viable Eupalinian evolution p(·) in the sense that
⎧

⎨

⎩

p(Ti ) = πi and p(Tj ) = π j

p(Ti − t�) = ci and p(Tj + t�) = c j
(3.91)

The graph of the intermodal Eupalinian maps is a viable capture basin (see
Theorem4.2.10, p. 105) and shares its properties. In particular, the celerity regu-
lators are those governing the evolution of the Cournot evolution pi (·) connecting
pi (Ti − t�) = ci to πi and the ones governing the reachable evolution of p j (·)
connecting π j to p j (Tj + t�) = c j (see Theorem4.3.5, p. 111).

http://dx.doi.org/10.1007/978-3-642-54771-3_4
http://dx.doi.org/10.1007/978-3-642-54771-3_4
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3.4.3 Multijunction Maps

Junctions connect only two evolutions arriving to and starting from it. Crossroads
connect four roads and traffic circles16 connect several “incoming to” and/or “out-
going from” positions of what we shall call a multijunction.17 The problem is then
to determine the departure and arrival dates and positions of evolutions rounding a
traffic circle at appropriate times and junctions.

Definition 3.4.7 (Multijunction and Multiconnection Maps) A multi-
junction map Jq and multiconnection map Qq associate with q time-
duration pairs (Tj ,Ω j ) subset Jq((Tj ,Ω j ) j=1,...,q) ⊂ ∏q

j=1 K j (Tj ,Ω j ) and
Qq((Tj ,Ω j ) j=1,...,q) ⊂ ∏q

j=1 K j (Tj ,Ω j ) of sequences of positions.

When we considered an intermodal junction, Eupalinian evolutions were defined
by a pair of Cournot and reachable evolutions connecting departure positions ci
arriving at the junction and arrival positions c j connected to the junction. We could
have put these two evolutions on the same footing by attributing the sign εi := −1 to
the Cournot evolution starting at Ti − t� := Ti + εi t� and ε j := +1 to the reachable
evolution arriving at Tj + t� := Tj + εi t�. For road networks, using the same signs
would cause a crash at a junction. But, at cross-roads or traffic circles, some vehicles
arrive at a multijunction and other leave it. What happens on a traffic circle18 is
described by a “black-box” junction, assumed to be given for the time (for example,
on the junction, all vehicles have the same polarity, priority rules or traffic lights
control the entrance and exits). Therefore, we shall attribute the polarization or sign
vector19

ε := (ε j ) j=1,...,q ∈ {−1,+1}q (3.92)

16Roundabouts were designed in 1877 by the urban planner Eugène Hénard under the name of
“carrefour à giration”, and built in 1906 at Place de l’étoile in Paris, the first “star-road” to denote
the crossroad of only two roads. He conceived many innovative projects, such as in 1891 “moving
sidewalk” (trottoirs à vitesses multiples) which was rejected, artificial ground levels. He speculated
about helicopters and their impact on urban design in 1910 before theirs construction, and was
a pioneer of traffic statistics, classifying for instance the vehicles by type (see Études sur les
transformations de Paris et autres écrits sur l’urbanisme, [148, Hénard]).
17The term multijunction is used to describe solar cells with multiple junctions made of different
semiconductor materials (see for instance [141, Green]): energy is propagated via photons yielding
their energy to electrons to move them from “conduction band” to “valence band”, a scenario
reminiscent of the propagation of the nervous influx through ionic pumps in neuron and through
synapses from neuron to neuron.
18For other networks, such as synapse networks, the signs for excitatory and inhibitory synapses
are different, so that the sign of the product εiε j determines whether a junction would be excitatory
or inhibitory.
19It may be mandatory to use sign vectors in {−1, 0,+1}q to add a neutralization for having tensor
products εiε j = 0 instead of restricting them to be either −1 or +1. Many open problems are
popping up at this stage. See for instance Analyse qualitative, [119, Dordan].
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and, from now on, “polarize” the evolutions p j (·) by attributing the sign20

1. ε j = −1 to incoming evolutions p j (·)definedby a retrospective temporalwindow
[Tj − t�, Tj ];

2. ε j = +1 to outgoing evolutions p j (·) defined by a prospective temporal window
[Tj , Tj + t�].
For simplicity, we polarize the temporal windows by setting

Iε(T, t�) =
{

[T − t�, T ] if ε = −1 (incoming evolutions)
[T, T + t�] if ε = +1 (outgoing evolutions)

(3.93)

Definition 3.4.8 (Polarized Eupalinian Evolutions) Let us consider q network
and celerity maps K j , Mj , a multijunction map Jq and a multiconnection map
Qq . We denote the Eupalinian duration by t� := min j=1,...,q Ω j and introduce a
polarization vector ε := (ε j ) j=1,...,q ∈ {−1,+1}q .
We denote by S(M,K )[Qq ,Qq , ε] the set of multi Eupalinian evolutions p(·) :=
(p j (·)) j=1,...,q made of evolutions governed by the system of differential inclu-
sions

∀ t ∈ Iε j (T, t�), p′
j (t) ∈ −ε j M j (t,Ω j + ε j (Tj − t), p j (t)) (3.94)

viable in the sense that

∀ t ∈ Iε j (T, t�), p j (t) ∈ K j (t,Ω j + ε j (Tj − t)) (3.95)

and connecting the q the polarized positions

(c j ) j=1,...,q ∈ Q((Tj + ε j t
�,Ω j − t�) j=1,...,q) (3.96)

in the sense that

20Recall that the tensor product p ⊗ q of two vectors p := (pi )i ∈ R

 and q := (q j ) j ∈ R


 is the
rank one linear operator

p ⊗ q ∈ L(R
,R
) : u �→ 〈p, u〉 q
the entries of which (in the canonical basis) are equal to (piq j )i, j .

If the evolution is Lipschitz, retrospective and prospective derivatives exist at all times, so that

we define the tensor product
−→
D pi (t)⊗ Dp j (t) of their retrospective and prospective velocities: we

shall call it the differential connection tensor of the evolution p(·) at time t . It plays the role of a
“trendometer”measuring the trend reversal (or monotonicity reversals) at junctions: the differential
connection tensor describes the trend reversal between the retrospective and prospective trends
when they are strictly negative, themonotonicity congruencewhen they are strictly positive and the
inactivity they vanish. The absolute value of this product measures in some sense the jerkiness of
the trend reversal at a junction of the network (see [36, Aubin, Chen Luxi and Dordan] for more
details on this topic).
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∀ j = 1, . . . , q,

{

p j (Tj ) = π j ∈ K j (Tj ,Ω j )

p j (Tj + ε j t�) = c j ∈ K j (Tj + ε j t�,Ω j − t�)
(3.97)

We thus extend the concept of intermodal Eupalinian maps to multijunction situ-
ation:

Definition 3.4.9 (Polarized Eupalinian Maps) Let us consider q network and
celerity maps K j , Mj , a multijunction map Jq and a multiconnection map
Qq

We associate with a polarization vector ε ∈ {−1,+1}q the (polarized) multi
Eupalinian map E[Qq ,Qq , ε] which associates the Eupalinian duration t� :=
min j=1,...,q Ω j and

1. q junction positions (π j ) j=1,...,q ∈ J((Tj ,Ω j ) j=1,...,q);
2. q connected positions (c j ) j=1,...,q ∈ Qq((Tj + ε j t�,Ω j − t�) j=1;...q)

connected by q polarized Eupalinian evolutions (p j (·)) j=1,...,q satisfying

∀ j = 1, . . . , q, p j (Tj ) = π j and p j (Tj + ε j t
�) = c j (3.98)

Multi Eupalinian maps are characterized by viable capture basins in Theo-
rem4.2.11, p. 407, and share their properties.

3.4.4 Multijunctions Generated by Circuits

Circuits to be traveled and crossed can be summarized as “grey boxes” providing
examples of multijunctions:

Definition 3.4.10 (Circuits) Let us consider the network and celerity maps K
and M , a sequence of departure maps Dj , cyclic in the sense that Dq = D1

and a sequence of durations ω j ≥ 0 defining a sequence of dates Tj defined
recursively by T1 = 0 and Tj = Tj−1 − ω j .

The cyclic concatenation (see Definition3.3.1, p. 73)
⊙q

j=1 C[Dj ] : D1 �
Dq = D1 of Cournot maps associated with a sequence of departure maps Dj is
called a circuit.

Starting with a position π1 ∈ D1, the cyclic concatenation of the Cournot

maps generates the multijunction J := Graph
(

⊙q
j=1 C[Dj ]

)

of sequences

http://dx.doi.org/10.1007/978-3-642-54771-3_4
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(Tj ,ω j ,π j ) such that π j+1 ∈ C[Dj ](Tj ,ω j , c j ) ⊂ Dj maintaining the circula-
tion along the positions of the circuit at appropriate times.

This is a dynamical version of the travelling salesman problem or vehicle routing
problem on high-dimensional networks (instead of Hamilton-Kirkman graphs). For
instance, the case of a circuit of positions that delivery vehicles (trucks, postal delivery
trucks, future drones, etc.) must visit time after the time in a prescribed order.21

The intermodal problem using the circuit C as a junction is to connect a departure
state p0 of the network to an arrival state pq+1 through each position π j of the circuit
atwhich the vehicles deliver theirware before reaching the arrival state pq+1.Namely,
considering an initial state p0, an arrival state p1 and the circuit C ,

1. starting from a departure state p0, join the circuit at a position π j ∈ C ;
2. range the circuit C from π j to position π j+q ∈ Dj+q ;
3. join the arrival position p1 by starting from π j+q .

Recall that the graphs of each of these maps are all equal to adequate capture
basins and thus, share their properties.

3.5 Synaptic Networks of Ionic Networks

Before studying hownervous influxes propagate along neurons from sensory neurons
to motor ones through interneurons, we have to analyze how it propagates along
each neuron of a neural network. In fact, any neuron is itself a network of ions
traveling in and out the ionic pumps of the axon for propagating a nervous influx
triggered by neurotransmitters unleashed by the presynaptic neuron for releasing
other neurotransmitters in the synapse of a postsynaptic neuron.

3.5.1 Neurons as Ionic Networks

The imbalance of Na+ and K+ ions across the membrane causes a potential differ-
ence (or voltage) between the inside and the outside of the axon, called themembrane
potential. For each species, there are two constant threshold potentials: the resting
potential and the action potential. The Na+/K+ sodium-potassium pump or chan-
nel moves two ions in opposite directions across the membrane of a neuron (the
membranes of other cells are also equipped with ionic pumps).

21This covers a wide variety of variations of such problems in many scientific domains, such as
DNA sequencing, or synapse networks (see Sect. 3.5, p. 84).
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When stimulated, three sodium ions invade impulsively the axon through a given
pump, causing a depolarization from the resting potential to the action potential, and
next, two potassium ions are expelled outside the axon, overshooting a repolarization,
somewhat lower, before reaching the resting potential during the refractory period,
shorter than the depolarization one. The activation of the pump lasts during the
sum of the duration of these two periods, called the absolute refractory period. This
quasi-instantaneous change (called firing) of potential between two resting potentials
punctuated by action potential is called a burst.22

Whenever a ionic pump activates a burst, the upstream ionic channels cannot be
opened during the refractory period, whereas downstream channels open. This is
the mechanism of the propagation of the action potential one-way along the axon.
There are about 100 action potentials per second propagating a depolarization of the
afferent synapse upstream the axon of a neuron until a repolarization is activated
downstream at the efferent synapse. The evolution of the nervous influx is governed
by the concatenation of reachablemaps governing geodesic between two consecutive
ionic pumps confronted to the constraints on the neuron. This remains to be developed
mathematically.

Since the potential thresholds are constant, the velocity of the propagation of the
nervous impulse does not depend on them. However, the frequency of bursts (called
firing rate) influences the velocity of the nervous influx (it ranges between 0.1 to 100
m/s) which increases with the temperature, the size of the diameters of the axon and
the isolation by myelin sheath surrounding their neurons.23

In summary, we call influx map the map which propagates the polarization of the
dendrite of a neuron to the repolarization at the synapse of a postsynaptic neuron.

3.5.2 Networks of Neurons

Once neurotransmitters are released in the synapse of a sensory or presynaptic
neuron, they depolarize it and propagate a nervous influx down to the synapse of

22 Louis Lapicque, with the help of his wife Marcelle de Heredia, already proposed in 1903 the
vanguard impulse character of these ionic burst that can be nowadays described by the concate-
nation of reachable maps governing geodesic between two ionic pumps, regarded as a junction.
However, these considerations were abandoned in favor of continuous time dynamic systems when
Alan Hodgkin and Andrew Huxley proposed in 1947 an ingenious system of differential equations
bearing their name, the solutions of which reproduce continuous time bursts. They use a priori
given feedbacks acting on the opening of membrane channels data in advance, whereas the nervous
influx should be propagated by the concatenation of reachable maps, which offer a way to describe
impulse differential inclusions (see Sect. 12.3, p. 503, of Viability Theory. New Directions, [31,
Aubin, Bayen and Saint-Pierre]).
23These sequences of myelin sheaths blocking the ionic pumps are separated by Ranvier nodes at
which ionic pumps are activated, so that the influx goes faster since less pumps need to be activated.
Only vertebrates possess such an isolation system. Lobsters living in cold water have gigantic axons
to compensate the low temperatures and the lack of isolation: they were good candidates to study
the propagation of the nervous influx.
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the postsynaptic neuron or motor cell by repolarizing it. Neurotransmitters are thus
expelled and depolarize postsynaptic neurons or motor cells, and so on. Those are
complexmachineries thatwe can summarize as a synapticmap, a black-boxdescribed
by a multijunction.

The concatenation of a synaptic map and of an influx map is called a synaptic
influx map. The sequences of neurons over which the nervous influx jumps from one
synapse to the next one constitute “complex” networks of neurons (ionic networks).
This mechanism ultimately links synapses of a sensory neuron to the synapse of a
motor one.

Finally, the perception of the results of the sensorimotor actions closes the loop for
keeping the organism viable in an environment, consuming resources and producing
other ones. The plethora of biological cycles involve complex multijunctions and
multiconnexion relations between an evolving environment and the living beings:
this is the history of Gaia’s life.

However, these links are not direct, and the nervous influx has to cross up to
1015 of synapses through a maze of about 1011 interneurons, choosing their way
to use an information already recorded and permanently maintained to the cost of
an important metabolic energy. Note that the dimension of the space of evolutions
(propagations) of nervous influxes is evenmuch larger, explaining the performance of
the nervous systems.24 Synapses can bemade excitatory by depolarizing or inhibitory
by repolarizing the frequency of the bursts of the postsynaptic neurons.

Synapses of a neural network are distributed between

1. input sensory neurons, which have no presynaptic neuron, but only postsynaptic
neurons, receiving proteins which depolarize them;

2. output motor neurons, which have no post-synaptic neuron, but only presynaptic
neurons, emitting proteins to motor cells triggering actions;

3. interneurons connecting a presynaptic neuron (or a sensory neuron) depolarizing
the interneuron repolarizing a postsynaptic neuron (or a motor neuron).

The depolarization of the presynaptic neuron triggers a nervous influx repolariz-
ing it at the postsynaptic synapse for expelling neurotransmitters depolarizing the
postsynaptic neuron (or a motor) neuron.

For any pair (s0, s1) of departure and arrival synapses, the organism has to find a
pathway linking these synapses and the concatenation of reachable maps (or reach-
able maps) for governing the propagation of the synapse s0 to the synapse s1. A
priori, this task should be performed again and again for each occurrence of pairs
(s0, s1) of synapses by the organism.

However, some of these repeated pathways can share the same portion of different
pathways which could be stored as circuits of neurotransmitters and stored (by the

24The endocrine system, despite amuch smaller number of emitter-receptor pairs (playing the role of
gigantic synapses), propagates hormones between the emitter and the receptor of an emitter-receptor
pair with slow velocity on longer distances and less precise pathways instead of neurotransmitters
crossing instantaneously the infinitesimally smaller synaptic clefts, “invented” by jellyfishes. It
coexists with the nervous system and these two systems interact.
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Lorenzian imprinting mechanism), so that cyclic propagation of neurons can be
maintained and thus, conserve a memorized information:

Definition 3.5.1 (Circuits of Synapses) A circuit of synapses is a sub neural
network which

1. is a cyclic (or closed) pathways of synapses linked by specific neurons, called
the support of the circuit;

2. each synapse of the support of the circuit may be connected to other interneu-
rons;

3. in which is stored a cyclic concatenation of propagations of nervous influxes
along the neurons.

We assume for the time that such circuits are permanently stored by “learning
processes” and that the metabolism of the organism maintains a cyclic flow of
nervous influxes ranging over the base of the circuit.

Let us consider such a circuit of n synapses C := {σ1, . . . ,σn := σ1} j=1,...,n of
the network over which a “memorized” nervous influx travels again and again. For
linking the synapse s0 to a synapse s1, we can use a memorized stored prerecorded
circuit C and learn instead from the Eupalinos strategy to decompose the search of
the geodesic linking a departure synapse s0 of the network to an arrival synapse s1

by solving only two geodesic problems (assumed to improve the biologic efficiency
is it can be detected): use

1. the reachable map for finding the synapse σ0 ∈ C and the pathway of neurons
linking to the arrival synapse s0 to σ0 ∈ C ;

2. the reachable map for finding a synapse σ1 ∈ C and the pathway of neurons
starting joining it to the arrival synapse s1.

Therefore, the nervous influx links s0 to σ0 ∈ C , then, propagates the nervous influx
in the prerecorded circuit the influx from σ0 to σ1 ∈ C and, finally, join σ1 to s1.
This procedure can be reiterated, using sequences of prerecorded circuits for jumping
from one circuit to the other and taking advantage of the already stored propagation
of nervous influx inside the circuits.

Other operations on synaptic influx maps may be considered. They play the role
of Lego bricks which can be used to build many other models, to the price of a higher
complexity.

The tangled concatenations of synapse and synaptic influx maps share the same
design than multi Eupalinian maps in road traffic systems and involve circuits (see
[12, 14, 15, Aubin], Chap. 8, p. 139, of Neural Networks and Qualitative Physics:
a Viability Approach, [16, Aubin], Chap. 7, p. 531, La mort du devin, l’émergence
du démiurge, [20, Aubin], and, recently, [36, Aubin, Chen Luxi and Dordan]). Sen-
sorimotor processes may be stored by a Lorenzian imprinting mechanism opening
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temporal windows for this purpose. Next, the metabolism maintains the circulation
of neurotransmitters, keeping a living memory of the information gathered by the
perception of the stored sensorimotor process. Once activated by afferent neurons,
the stored circuits of neurotransmitters trigger “automatically” a nervous influx to
efferent neurons, etc. Such a storage of information seems more labile and efficient
than the synaptic weights usually introduced for coding information. If the con-
cepts of multi Eupalinian maps punctuated by stored circuits of neurotransmitters
are recognized as a relevant alternative mathematical metaphor to understand the
functioning of nervous systems, everything remains to be done.



Chapter 4
Viability Characterizations
and Construction of Celerity Regulators

The next question to answer is to characterize averagers, Cournot, reachable and
Eupalinian maps without using the evolutions governed by the differential inclusions
involved in their definitions. This is possible by characterizing their graphs in terms
of viable capture basins of adequate “characteristic” targets viable in “characteristic”
environments under “characteristic” systems to be constructed in each case. These
maps can thus be computed by the viable capture basin algorithms and the Viability
Theorem4.1.9, p. 96, provides the celerity regulators. These characterizations require
tangent cones which can be defined for any subset.

FollowingPierre de Fermat, the tangent cones to graphs of set-valuedmaps can be
regarded as graphs of their “derivatives”. Although the maps under investigation are
set-valued, or, if single-valued, rarely differentiable in the usual sense, the tangential
condition states also that these maps are “viability solutions” to first-order partial
differential inclusions. This allows us to bridge the viability approach to conservation
laws. Although simple, this translation exercise, often cumbersome, is detailed in
Chap.7, p. 163. However, we do not use these partial differential inclusions for
solving the two classes of problems investigated in this book: the geodesic problem
is solved by Cournot, reachable or Eupalinian maps and the celerity regulators are
provided by the Viability Theorem.

4.1 A Viability Survival Kit

For carrying this task, we regroup here the minimum number of definitions and
the statement of the Viability Theorem to construct the celerity regulators which
are the objectives of this study. We refer to Theorems2.15.8, p. 104 and 19.4.3, p.
783, of Viability Theory. New Directions, [31, Aubin, Bayen and Saint-Pierre], for
the statement and the proof of the Viability Theorem characterizing viable capture
basins by tangential conditions.
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4.1.1 Viable Capture Basins

Definition 4.1.1 (Viable Capture Basins) Let F : X � X be a set-valued map,
K ⊂ X a (nonempty) environment and C ⊂ K be a target. The viable capture
basin CaptS(K ,C) of the target C viable in the environment K is the subset of
states x ∈ K such that there exist a finite duration Δ ≥ 0 and an evolution x(·)
governed by the differential inclusion x ′(t) ∈ F(x(t)) starting from x at time
0, reaching the target C at time Δ and viable on the temporal window [0,Δ] in
the sense that

∀ t ∈ [0,Δ], x(t) ∈ K (4.1)

The first property is the very useful “bilateral fixed set” statement (see Theo-
rem2.15.2, p. 99, of [31, Aubin, Bayen and Saint-Pierre]):

Proposition 4.1.2 (The Bilateral Fixed Set Property) The capture basin V :=
CaptS(K ,C) is

1. the largest fixed set V such that C ⊂ V ⊂ K and

V = CaptS(V,C) (4.2)

2. the smallest fixed set V such that C ⊂ V ⊂ K and

V = CaptS(K , V ) (4.3)

and thus,
3. the unique subset V satisfyingC ⊂ V ⊂ K and the double fixed set property

V = CaptS(V,C) = CaptS(K , V ) (4.4)

Therefore:

CaptS(K ,C) = CaptS(CaptS(K ,C),C) = CaptS(K ,CaptS(K ,C))

(4.5)
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4.1.2 Tangents

Viability Theorem4.1.9, p. 96, states that, under adequate assumptions, a closed
subset is viable under a differential inclusion if at every element, there exists a
velocity “tangent” to the set at this element. This “tangential condition” provides a
way to construct the celerity regulators which are the purpose of this study. Hence,
the results of viability theory depend upon the definition of tangents to any subset,
not necessarily a differentiable manifold embedded in a vector space. For, in most
problems, we do not have the mathematical luxury to have the choice of the set
defined by viability constraints.

After the introduction byFermat of tangent directions,we had towait forGiuseppe
Peano for adapting it to any subset.1 Francesco Severi andGeorges Bouligand intro-
duced the “contingent cone” to any subset in 1930. Since the 1960s, a menagerie of
“tangent cones” have been proposed. We shall stick to one of them, the contingent
cone of Peano, Severi and Bouligand, which we plainly call “THE” tangent cone.

The reader may omit in a first reading the intricacies of the jungle of prospective
and retrospective tangent cones. The intuitive idea of tangent is sufficient for grasping
how the celerity regulators are built.

For this general presentation, we consider tubes (time-dependent subsets or “thick
evolutions”) K (t) ⊂ R

d and any element x ∈ K (t) before using these concepts for
elements (t, o, p) of the traffic space R × R × R

|p|. The time-independent subsets
K (t) := K are just particular cases.

We associate with any duration h > 0 the prospective and retrospective averages
(or difference quotients) of the tube K (·) at an element x ∈ K (t) defined by:

⎧

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎨

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎩

∇hK (t, x) := K (t + h) − x

h
, subset of averages ∇h(t, x) := xh − x

h
such that xh = x + h∇h(t, x) ∈ K (t + h)

and
−→∇ hK (t, x) := x − K (t + h)

h
, subset of averages

−→∇ h(t, x) := x − −→x h

h
such that −→x h = x − h

−→∇ h(t, x) ∈ K (t − h)

(4.6)
Prospective averages ∇h(t, x) assume that the values x + h∇h(t, x) are forecast

(but not known) in the future since h is positive, whereas retrospective averages−→∇ h(t, x) require that only the past can be known.
The motivation is simple, since prospective and retrospective averages can

be used to for defining prospective differential quotients (from the right) ∇hx(t) :=
x(t+h)−x(t)

h ∈ ∇hK (t, x) of viable evolutions, (regarded as single-valued tubes)
x(·) : t 	→ x(t) ∈ K (t) on the interval [t, t + δ] where δ > 0 and their retrospective

differential quotients (from the left)
−→∇ hx(t) := x(t) − x(t − h)

h
∈ −→∇ hK (t, x).

1The contribution of Peano was unfortunately forgotten until it was uncovered by Szymon Dolecki
and Gabriele Greco in 2007.
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Next, arises the question: how to pass to the limit when duration converges to 0?
Since there is a myriad of answers which punctuated the history of differential

calculus, we just single-out the one which is adapted to our problem (we refer in
particular to Set-valued analysis, [42, Aubin and Frankowska], Variational Analysis,
[203, Rockafellar and Wets] and Chap.18, p. 713, of Viability Theory. New Direc-
tions, [31, Aubin, Bayen and Saint-Pierre] for more details.)

Definition 4.1.3 (Prospective and Retrospective Tangents) We use the concept
ofPainlevé-Kuratowski upper limit of the prospective and retrospective averages
of tubes (see Definition8.1.4, p. 213). Then the closed subsets

{

TK (t, x) := Limsuph→0+∇hK (t, x)−→
T K (t, x) := Limsuph→0+

−→∇ hK (t, x)
(4.7)

are called respectively the prospective and retrospective tangent sets to K at t
and x ∈ K (t).
When K (t) := K does not depend on t , we recover the definition of prospective
and retrospective tangent cones TK (x) := TK (t, x) and

−→
T K (x) := −→

T K (t, x)
proposed (independently) by Peano, Severi and Bouligand (under the name of
contingent cone).
When K (t) = {x(t)} is an evolution, we set

Dx(t) := T{x}(t, x) and
−→
D x(t) := −→

T {x}(t, x) (4.8)

for denoting (contingent) derivatives from the right and from the left respectively.

The first property which justifies the introduction of these definitions is:

Lemma 4.1.4 (Tangential Property of Viable Evolutions) Let K (·) : t �
K (t) ⊂ R

d be a tube and x(·) : t 	→ x(t) ∈ R
d an evolution viable in this tube

on the temporal window [T − Ω, T ]. Then

∀ t ∈ [T − Ω, T ], −→
D x(t) ⊂ −→

T K (t, x) (4.9)

Remark The Rademacher Theorem—It is easy to check that whenever x(·) is
Lipschitz, then

http://dx.doi.org/10.1007/978-3-642-54771-3_8
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1.
−→
D x(t) 
= ∅:

2. the Rademacher Theorem implies that

for almost all t ∈ [T − Ω, T ], −→
D x(t) = {x ′(t)} � (4.10)

The sets of prospective and retrospective contingent directions to a subset are
closed cones, not necessarily convex. In general, the graph x 	→ TK (x) of the con-
tingent cone is not necessarily closed. This unfortunate situation happens as soon as
the subset K is defined by inequality constraints, for instance. However, it may be
lower semicontinuous:

Definition 4.1.5 (Sleek Subsets and Maps) A subset K is sleek at x ∈ K if the
map x 	→ TK (x) is lower semicontinuous at x ∈ K and sleek if this property
holds true for any x ∈ K . A set-valued map F : X � Y is sleek at (x, y) ∈
Graph(F) if its graph is sleek at this point. An extended function V : X 	→
{−∞} ∪ R ∪ {+∞} is lower sleek at x if its epigraph is sleek at (x, V (x)) ∈
E p(V ) and upper sleek at x if its hypograph is sleek at (x, V (x)) ∈ Hyp(V ).

This property2 plays an important role in the assumptions of the Inverse Function
Theorem of set-valued maps and metric regularity issues. We just single out those
properties3:

Proposition 4.1.6 (Convex Sets are Sleek) We state the following properties
of sleek subsets:

1. If K is sleek at x ∈ K, then the contingent cone TK (x) is convex;
2. Every closed convex subset is sleek at each of its element;
3. If K ⊂ X and L ⊂ Y are sleek, if f : X 	→ Y is Fréchet differentiable, and

if
f ′(x)TK (x) − TL( f (x)) = Y (4.11)

then

∀ x ∈ K ∩ f −1(L), TK∩ f −1(L) = TK (x) ∩ f ′(x)−1(TL( f (x))) (4.12)

Convexity of the tangent cone allows us to use the Separation Theorem, which
is the key for opening all results of convex (and thus, linear) analysis. However,

2If K is sleek, the tangent cone coincides with the Clarke (or circatangent) and adjacent cones (see
Set-Valued Analysis, [42, Aubin and Frankowska]).
3Property (4.12) is a consequence of the inverse set-valued map Theorem.
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Theorem7.1.2, p. 165, states that we do not need to assume that the environment K
is sleek for relaxing the tangential conditions of the Viability Theorem4.1.9, p. 96,
and prove that the images of the regulation map are convex. �

4.1.3 The Viability Theorem

The Viability Theorem and other viability properties assume that F is Marchaud:

Definition 4.1.7 (Marchaud Maps) We say that the map F : X 	→ X is
Marchaud if its graph is closed, its values are convex and if there exists a
constant c < +∞ such that sup(x,v)∈Graph(F) ‖v‖ ≤ c(‖x‖ + 1).

We introduce the fundamental concept of regulation or retroaction map associate
with a set-valued map and a subset of its domain:

Definition 4.1.8 (Regulation Map) Let us consider a set-valued map F : X �
X and a subset V ⊂ Dom(F). The retroaction or regulationmap RF

V associated
with F and C is defined by

∀x ∈ V, RF
V (x) := F(x) ∩ TV (x) (4.13)

We state the Viability Theorem which provides the tangential characterization
of capture basins provided in Theorems2.15.8, p. 104 and 11.3.4, p. 455, and
Lemma19.4.5, p. 787, of Viability Theory. New Directions, [31, Aubin, Bayen and
Saint-Pierre]:

Theorem 4.1.9 (Viability Theorem) Let us assume that F is Marchaud, that
the environment K ⊂ X and the target C ⊂ K are closed subsets and that K\C
is a repeller (all evolutions leave K\C in finite time). Then

1. the viable capture basin CaptS(K ,C) is closed;
2. it is the largest closed subset V satisfying C ⊂ V ⊂ K and the tangential

condition
∀x ∈ V \C, RF

V (x) := F(x) ∩ TV (x) 
= ∅ (4.14)

involving the regulation map RF
V .

http://dx.doi.org/10.1007/978-3-642-54771-3_7
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Furthermore, for every x ∈ V ,

1. there exists at least one evolution x(·) ∈ S(x) starting at x and viable in
V until it reaches the target C at time Δ ≥ 0;

2. all evolutions x(·) ∈ S(x) viable in V until they reach the target C at time
Δ ≥ 0 are actually regulated by

∀ t ∈ [T − Δ, T [, −→
D x(t) ∩ RF

V (x(t)) 
= ∅ (4.15)

or, equivalently,

for almost all t ∈ [T − Δ, T ], x ′(t) ∈ RF
V (x(t)) (4.16)

Moreover, the images RF
V (x) of the regulation map are closed and convex.

The last statement is a consequence of Theorem7.12, p. 165, which states that

∀x ∈ V, RF
V (x) := F(x) ∩ co(TV (x)) (4.17)

However, the graph of the regulation map is not necessarily closed, but can be lower
semicontinuous under adequate assumptions, among which F is lower semicontin-
uous and K is sleek.

Note that in the tangential characterization, the target C is not involved in the
definition of the regulation map RF

V , but only in the definition of the subset V \C on
which it is required to have nonempty images.

4.2 Viability Characterizations of Averagers,
Cournot and Eupalinian Maps

From now on, we posit once and for all the following traffic assumption [H], (4.18):

[H] :
{

the celerity map M is Marchaud;
the graphs of K , D, A, J, Q, etc., are closed.

(4.18)

4.2.1 Viability Characterization of the Averagers

We begin with the characterization of the inward averager:

http://dx.doi.org/10.1007/978-3-642-54771-3_7
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Theorem 4.2.1 (Viability Characterization of the Inward Averager) Let us
introduce

1. the characteristic system of differential inclusions (in retrograde or back-
ward time)

⎧

⎪

⎪

⎨

⎪

⎪

⎩

τ ′(t) = −1←−o ′(t) = −1←−p ′(t) ∈ −M(τ (t),←−o (t)),←−p (t)←−a ′(t) = −←−p ′(t)

(4.19)

2. the characteristic environment K := Graph(K ) × R
|p|;

3. the characteristic target C0 := R × {0} × R
|p| × {0}.

Then the averager is defined by

A ∈ Γ (T,Ω, p) if and only if (T,Ω, p,ΩA) ∈ Capt(4.19)(K, C0) (4.20)

i.e., (T,Ω, p,ΩA) belongs to the capture basin of the target C0 viable in the
environmentK under the characteristic system (4.19). It inherits all properties of
viable capture basins. In particular, its graph is closed under traffic assumption
[H], (4.18).

Proof 1. By definition of the averager, to say that A ∈ Γ (T,Ω, p) amounts to
saying that there exists an evolution p(·) satisfying p′(t) ∈ M(t, o(t), p(t)),
p(T ) = p and A = −→∇ Ω p(T ). Setting ←−τ (t) := T − t , ←−o (t) := o(T − t) =
Ω − t , ←−p (t) := p(T − t) and ←−a (t) = ΩA + ←−p (t) − p, we observe that

a. (←−τ (0),←−o (0),←−p (0),←−a (0)) = (T,Ω, p,ΩA)

b. (←−τ (t),←−o (t),←−p (t),←−a (t)) is a solution to the characteristic system (4.19),
p. 98,

c. satisfying the constraints (←−τ (t),←−o (t),←−p (t),←−a (t)) ∈ K := Graph(K ) ×
R

|p|;
d. and the terminal condition (←−τ (Ω),

←−o (Ω) = 0,←−p (Ω)
←−a (Ω)) ∈ C0 :=

R × {0} × R
|p| × {0}.

This means that (T,Ω, p,ΩA) belongs to the capture basin Capt(4.19)(K, C0).
2. Conversely, let (T,Ω, p,ΩA) belong to the capture basin Capt(4.19)(K, C0).

There exist a time t� ≥ 0 and an evolution starting from (T,Ω, p,ΩA) governed
by the characteristic system (4.19), p. 98, given by←−τ (t) = T−t ,←−o (t) = Ω−t ,
←−p (t) = p +

∫ t

0

←−p ′(τ )dτ and ←−a (t) = ΩA + ←−p (t) − p, which is

a. viable in the graph of K , which means that
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∀ t ∈ [0, t�], ←−p (t) ∈ K (←−τ (t),←−o (t)) (4.21)

b. reaches the target at time t�. This means ←−o (t)� = 0 and ←−a (t�) = ΩA +←−p (t�) − p = 0, so that t� = Ω and ΩA = p − ←−p (t�).

We introduce the functions τ (t) := ←−τ (T − t) = t , o(t) := ←−o (T − t) =
t−(T −Ω), p(t) := ←−p (t) = p −

∫ T−t

0
p′(T − τ )dτ and a(t) := ←−a (T −t) =

ΩA + p(t) − p defined on the temporal window [T − Ω, T ]. They satisfy

∀ t ∈ [T − Ω, T ],
{

p′(t) ∈ M(t, t − (T − Ω), p(t))
p(t) ∈ K (t, t − (T − Ω))

(4.22)

and

p(T ) = p, A = −→∇ Ω p(T ) = p − p(T − Ω)

Ω
(4.23)

This implies that A ∈ Γ (T,Ω, p). �

The statement for the outward averager is similar:

Theorem 4.2.2 (Viability Characterization of the Outward Averager) Let us
introduce

1. the characteristic system of differential inclusions

⎧

⎪

⎪

⎨

⎪

⎪

⎩

τ ′(t) = +1←−o ′(t) = −1←−p ′(t) ∈ +M(τ (t),←−o (t)),←−p (t)←−a ′(t) = −←−p ′(t)

(4.24)

2. the characteristic environment K := Graph(K ) × R
|p|;

3. the characteristic target C0 := R × {0} × R
|p| × {0}.

Then the outward averager is defined by

A ∈ Γ ou(T,Ωou, p) if and only if (T,Ωou, p,Ωou A) ∈ Capt(4.24)(K, C0)
(4.25)

i.e., (T,Ωou, p,Ωou A) belongs to the capture basin of the target C0 viable in the
environmentK under the characteristic system (4.24). It inherits all properties of
viable capture basins. In particular, its graph is closed under traffic assumption
[H], (4.18).

Proof The proof is similar to the proof for the viability characterization of the inward
averager, minus signs popping up here and there. �
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4.2.2 The Lax-Hopf Formula

The story begins with this observation:

Lemma 4.2.3 (Upper Estimate of the Averager) Let us associate with the
celerity map M its closed convex hull co(M) defined by Graph(co(M)) :=
co(Graph(M)) and MΩ p(T ) :=

∫ T

T−Ω

p(t)dt be the average of the evolution

p(·). Then

Γ (T,Ω, p) ⊂ co(M)

(

T − Ω

2
,
Ω

2
, MΩ p(T )

)

(4.26)

Proof To say that A ∈ Γ (T,Ω, p) amounts to saying that there exists an evolution
p(·) satisfying p′(t) ∈ M(t, o(t), p(t)), p(T ) = p such that A = −→∇ Ω p(T ). Since

∀ T ∈ R, ∀Ω > 0,∀ t ∈ [T −Ω, T ], (t, t−(T −Ω), p(t), p′(t)) ∈ Graph(M)

(4.27)
we integrate this relation on the temporal window [T − Ω, T ]:

{(

T − Ω
2 , Ω

2 , MΩ p(T ),
−→∇ Ω p(T )

)

∈ co(Graph(M)) =: Graph(co(M))

(4.28)
The conclusion ensues. �

When the celerity map M(t, o, p) ≡ M is constant and when K (t, o) ≡ R
|p|, the

averager boils down to the closed convex hull of M :

Theorem 4.2.4 (The Lax-Hopf Formula) If M(t, o, p) ≡ M is constant, then
the averager

ΓM(T,Ω, p) ≡ co(M) (4.29)

is equal to the closed convex hull of the constant celerity map M.

Proof For proving that any A ∈ co(M) belong to Γ(M,K )(T,Ω, p), it is enough to
introduce the evolution p(·) defined by p(t) : p + (t − T )A satisfying p′(t) = A ∈
co(M), p(T ) = p and A = p − p(T − Ω)

Ω
. �

This equality is at the root of the Lax-Hopf formulas. However, the search
of other reasonable assumptions on the set-valued map M implying the equality
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Γ(M,K )(T,Ω, p) ≡ co(M) remains an open problem, so that the concept of aver-
ager characterized by Theorem4.2.1, p. 98, substitutes the Lax-Hopf formula when
the celerity map is no longer constant.

The links between the averager and the celerity map was discovered in [77, Chen
Luxi] and have been further investigated in [33, Aubin and Chen Luxi].

This Lax-Hopf tour de force became famous because it described the solution to
a class of Hamilton-Jacobi equations as the valuation of an intertemporal valuation
at a time when the Fenchel transform was not yet invented in the framework of
convex analysis (see for instanceConvex analysis, [201, Rockafellar] andVariational
Analysis, [203, Rockafellar andWets]). The Lax-Hopf formula was due to Peter Lax
in 1958 in the case of one variable and generalized in 1965 by Eberhard Hopf in
the case of several variables (see [152, Hopf], [164, Lax]), and their generalization
in [23, Aubin]. We refer to the book Partial Differential Equations, [121, Evans],
among many other ones.

4.2.3 Viability Characterization of the Cournot
and Reachable Maps

Theorem 4.2.5 (Viability Characterization of the Cournot Map) Let us intro-
duce

1. the characteristic system of differential inclusions

⎧

⎪

⎪

⎨

⎪

⎪

⎩

←−τ ′(t) = −1←−o ′(t) = −1←−p ′(t) ∈ −M(←−τ (t),←−o (t)),←−p (t)←−s ′(t) = 0

(4.30)

2. the characteristic environment K := Graph(K ) × R
|p|;

3. the characteristic target

C[D] := {(t, o, p, s) such that o = 0, s = p, s ∈ D(t)}

Then the reachable map is defined by

⎧

⎨

⎩

s ∈ C[D](T,Ω, p)
if and only if

(T,Ω, p, s) ∈ Capt(4.30)(K, C[D])
(4.31)

i.e., (T,Ω, p, s) belongs to the capture basin of the target C[D] viable in the
environmentGraph(K )×R

|p| under the characteristic system (4.30). It inherits
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all properties of viable capture basins. In particular, its graph is closed under
traffic assumption [H], (4.18).

Proof 1. By definition of the Cournot map, to say that s ∈ C[D](T,Ω, p) amounts
to saying that there exists an evolution p(·) satisfying p′(t) ∈ M(t, o(t), p(t)),
p(T ) = p and s = s(t) = s(T ) = p(T ). Setting ←−τ (t) := T − t , ←−o (t) :=
o(T − t) = Ω − t and ←−p (t) := p(T − t), we observe that

a. (←−τ (0),←−o (0),←−p (0),←−s (0)) = (T,Ω, p, s)
b. (←−τ (t),←−o (t),←−p (t), s) is a solution to the characteristic system (4.30), p.

101;
c. satisfying the constraints (←−τ (t),←−o (t),←−p (t),←−a (t)) ∈ K := Graph(K ) ×

R
|p|;

d. and the terminal conditions ←−o (Ω) = 0, ←−p (Ω) = s ∈ D(Ω) so that
(←−τ (Ω),

←−o (Ω),
←−p (Ω)

←−s (Ω) ∈ C[D]).
This means that (T,Ω, p, s) belongs to the capture basin Capt(4.30)(K, C[D]).

2. Conversely, let (T,Ω, p, s) belong to the capture basin Capt(4.30)(K, C[D]).
There exist a time t� ≥ 0 and an evolution starting from (T,Ω, p, s) governed by
the characteristic system (4.30), p. 101, given by ←−τ (t) = T − t ,←−o (t) = Ω − t ,
←−p (t) = p +

∫ t

0

←−p ′(τ )dτ and ←−s (t) = s, which is

a. viable in the graph of K , which means that

∀ t ∈ [0, t�], ←−p (t) ∈ K (←−τ (t),←−o (t)) (4.32)

b. reaches the target at time t�, which means ←−o (t)� = 0 and ←−s (t�) = s =←−p (t�).
This implies that t� = Ω and that s = p(t�) ∈ D(t�).

We introduce the functions τ (t) := ←−τ (T − t) = t , o(t) := ←−o (T − t) =
t − (T − Ω), p(t) := ←−p (t) = p −

∫ T−t

0
p′(T − τ )dτ and s(t) := s defined

on the temporal window [T − Ω, T ]. They satisfy

∀ t ∈ [T − Ω, T ],
{

p(t) ∈ K (t, t − (T − Ω))

p′(t) ∈ M(t, t − (T − Ω), p(t))
(4.33)

and
p(T ) = p, s = p(T − Ω) ∈ D(T − Ω) (4.34)

This implies that s ∈ C[D](T,Ω, p). �
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We translate in the retrospective framework the fixed set properties (4.2), and
(4.3), p. 92, of Cournot maps:

Corollary 4.2.6 (Viability Properties of Cournot Maps)

1. Any viable geodesic evolution p(·) ∈ S(T,Ω, p) linking s ∈ C(T,Ω, p)
at time T − Ω and p at time T satisfies

∀ t ∈ [T − Ω, T ],
{

p(T − Ω) ∈ C[D](t, t − (T − Ω), p(t))
p(t) ∈ G[D](t, t − (T − Ω))

(4.35)
2. For any Δ ∈ [0,Ω], any viable evolution starting from s ∈ D(T − Ω) at

time T − Ω and reaching C(T − Δ,Ω − Δ, p) at time T − Δ reaches p
at time T .

For reachable maps, the theorem reads:

Theorem 4.2.7 (Viability Characterization of the ReachableMap) Let us intro-
duce

1. the characteristic system of differential inclusions

⎧

⎪

⎪

⎨

⎪

⎪

⎩

−→τ ′(t) = +1←−o ′(t) = −1−→p ′(t) ∈ M(−→τ (t),←−o (t)),−→p (t)−→s ′(t) = 0

(4.36)

2. the characteristic environment K := Graph(K ) × R
|p|;

3. the characteristic target

C[A] := {(t, o, p, a) such that o = 0, s = a, a ∈ A(t)}

Then the reachable map is defined by

⎧

⎨

⎩

a ∈ C
ou[A](T,Ωou, p)

if and only if
(T,Ωou, p, a) ∈ Capt(4.36)(K, C[D])

(4.37)

i.e., (T,Ωou, p, s) belongs to the capture basin of the target C[D] viable in the
environmentK under the characteristic system (4.36). It inherits all properties of
viable capture basins. In particular, its graph is closed under traffic assumption
[H], (4.18).
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This implies the viability characterization of the incoming and outgoing maps:

Theorem 4.2.8 (Viability Characterization of the Incoming Domains and
Maps) Let us introduce

1. the characteristic system of differential inclusions

⎧

⎨

⎩

←−τ ′(t) = −1←−o ′(t) = −1←−p ′(t) ∈ −M(←−τ (t),←−o (t)),←−p (t)
(4.38)

2. the characteristic environment K := Graph(K );
3. the characteristic target C0[D] := {(t, o, p) such that o = 0, p ∈ D(t)}.
Then the incoming domain is characterized by

(T,Ω, p) ∈ G[D] if and only if (T,Ω, p) ∈ Capt(4.38)(K, C0[D]) (4.39)

i.e., (T,Ω, p) belongs to the capture basin of the target C0[D] viable in the
environmentK under the characteristic system (4.38). It inherits all properties of
viable capture basins. In particular, its graph is closed under traffic assumption
[H], (4.18).

The incoming map, duration and scheduling time share the same viability char-
acterization. For the outgoing map, the statement reads

Theorem 4.2.9 (Viability Characterization of the Outgoing Domains and
Maps) Let us introduce

1. the characteristic system of differential inclusions

⎧

⎨

⎩

−→τ ′(t) = +1←−o ′(t) = −1−→p ′(t) ∈ M(−→τ (t),←−o (t)),−→p (t)
(4.40)

2. the characteristic environment K := Graph(K );
3. the characteristic target C0[A] := {(t, o, a) such that o = 0, a ∈ A(t)}.
Then the outgoing map is characterized by

(T,Ωou, p) ∈ Gou[D] if and only if (T,Ωou, p) ∈ Capt(4.40)(K, C0[A])
(4.41)
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i.e., (T,Ωou, p) belongs to the capture basin of the target C[A] viable in the
environmentK under the characteristic system (4.40). It inherits all properties of
viable capture basins. In particular, its graph is closed under traffic assumption
[H], (4.18).

Therefore, we obtain the viability characterization for the outgoing map, duration
and scheduling time.Wenowprove the viability characterization of Eupalinianmaps:

Theorem 4.2.10 (Viability Characterization of Intermodal Eupalinian Maps)
Let us consider the characteristic system

⎧

⎪

⎪

⎪

⎪

⎪

⎪

⎨

⎪

⎪

⎪

⎪

⎪

⎪

⎩

(i) ←−τ ′
i (t) = −1

(i i) ←−o ′
i (t) = −1

(i i i) ←−p ′
i (t) ∈ −Mi (

←−τ i (t),
←−o i (t),

←−p i (t))
(iv) −→τ ′

j (t) = +1
(v)

←−o ′
j (t) = −1

(vi) −→p ′
j (t) ∈ +Mj (

−→τ j (t),
←−o j (t),

−→p j (t))

(4.42)

the constraint
K := Graph(Ki ) × Graph(K j ) (4.43)

and the target

{C := {(ti , oi , ci , t j , o j , c j ) such that
min(oi , o j ) = 0 and (ci , c j ) ∈ Q(ti , oi , t j , o j )} (4.44)

Therefore, the graph of the intermodal Eupalinian map E[J,Q] is a viable
capture basin

Graph(E[J,Q]) = Capt(4.42)(K, C) (4.45)

so that it shares the properties of the viable capture basin.
In particular, whenever the graphs of the network map Ki and K j , the junction
map J and the connection map Q are closed and the celerity maps Mi and Mj

are Marchaud, the graph of the Eupalinian map is closed.

Proof Let us take any (Ti ,Ωi ,πi , Tj ,Ω j ,π j ) ∈ Capt(4.42)(K, C). This means that
there exist t� ≥ 0 and an evolution

t 	→ (←−τ i (t) = Ti − t, ←−o i (t) = Ωi − t, ←−p i (t),
−→τ j (t) = t + Tj ,

←−o j (t) = Ω j − t, −→p j (t))



100 4 Viability Characterizations and Construction of Celerity Regulators

governed by the characteristic system (4.42) on the interval [0, t�], starting at
←−τ i (0) = Ti ,

←−o i (0) = Ωi ,
←−p i (0) = πi ,

−→τ j (0) = Tj ,
←−o j (0) = Ω j ,

−→p j (0) = πi

which

1. is viable on K:

∀ t ∈ [0, t�],
{←−p i (t) ∈ Ki (Ti − t,Ωi − t)−→p j (t) ∈ K j (t + Tj ,Ω j − t)

(4.46)

2. reaches the target C at time t�:

( Ti − t�,Ωi − t�,←−p i (t
�), t� + Tj ,Ω j − t�,−→p j (t

�)) ∈ C

We infer that

(
←−p i (t

�),
−→p j (t

�)) ∈ Q(Ti − t�,Ωi − t�, Tj + t�,Ω j − t�) (4.47)

and that min(Ωi − t�,Ω j − t�) = 0, i.e., that t� = min(Ωi ,Ω j ).
We introduce the Cournot evolution pi (·) on the segment Ki under the celerity

map Mi

∀ t ∈ [Ti − t�, Ti ], τi (t) := t, oi (t) := t − (Ti − Ωi ), pi (t) := ←−p i (Ti − t)

which satisfies

oi (Ti − t�) = Ωi − t�, oi (Ti ) = Ωi , pi (Ti ) = πi , pi (Ti − t�) = ←−p i (t
�)

and the reachable evolution p j (·) := t 	→ p j (t);= −→p j (t − Tj ) on the segment K j

under the celerity map Mj defined by

∀ t ∈ [Tj , Tj + t�], τ j (t) := t, o j (t) := Tj + Ω j − t, p j (t) := −→p j (t − Tj )

satisfying

o j (Tj ) = Ω j , o j (Tj + t�) = Ω j + t�, p j (Tj ) = π j , p j (Tj + t�) = −→p j (t
�)

They are governed by the system of differential inclusions

{∀ t ∈ [Ti − t�, Ti ], p′
i (t) ∈ Mi (t, t − (Ti − Ωi ), pi (t))

∀ t ∈ [Tj , Tj + t�], p′
j (t) ∈ Mj (t, Tj + Ω j − t, p j (t))

(4.48)
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are viable in the sense that
{∀ t ∈ [Ti − t�, Ti ], pi (t) ∈ Ki (t, t − (Ti − Ωi ))

∀ t ∈ [Tj , Tj + t�], p j (t) ∈ K j (t, Tj + Ω j − t)
(4.49)

and satisfy
{

(pi (Ti − t�), p j (Tj + t�)) ∈ Q(−→τ i (t�),
−→τ j (t�))

= Q(Ti − t�,Ωi − t�, Tj + t�,Ω j − t�)
(4.50)

Therefore, (pi (·), p j (·)) is an Eupalinian evolution connecting the graph of the junc-
tion map J to the graph of the connection mapQ. Theorems4.2.5, p. 101, and 4.2.7,
p. 103, imply that the graphs of the Eupalinian maps are closed. �

A straightforward adaptation of the same proof implies the viability characteri-
zation of multi-Eupalinian maps:

Theorem 4.2.11 (Viability Characterization of Polarized Eupalinian Rela-
tions) Let us consider the characteristic system

∀ j = 1, . . . , q,

⎧

⎨

⎩

(i) ←−τ ′
j (t) = ε j

(i i) ←−o ′
j (t) = −1

(i i i) ←−p ′
j (t) ∈ ε j M j (

←−τ j (t),
←−o j (t),

←−p j (t))
(4.51)

the constraint

K :=
q

∏

j=1

Graph(K j ) (4.52)

and the target

C := {(Tj ,Ω j , c j ) j=1,...,q ∈ Graph(Q) such that min
j=1,...,q

Ω j = 0} (4.53)

Therefore, the multi Eupalinian relation E[Q(q,ε)] mapping the graph of the
junction map Jq to the graph of the connection map Qq is equal to the viable
capture basin

E[Q(q,ε)] = Capt(4.51)(K, C) (4.54)

so that the multi Eupalinian relations share the properties of the viable capture
basin. In particular, whenever the graphs of the network maps K j , the junction
map Jq and the connection map Qq are closed and the q celerity maps Mj are
Marchaud, the graph of multi Eupalinian map is closed.
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4.3 Construction of Celerity Regulators

We shall present in detail the inward celerity regulators and state only the results
concerning the outward and Eupalinian celerity regulators without proof. The only
concepts we use are the tangent cones.4

Let us consider the graph Graph(C[D]) of the Cournot map C[D] and the graph
Graph(G[D]) := Dom(C[D]) of the incoming map G[D].

Definition 4.3.1 (Inward Celerity Regulators) Let o > 0, p ∈ G[D](t, o) and
s ∈ C[D](t, o, p) be fixed.
1. The Cournot celerity regulator R[C[D]] for s ∈ C[D](T,Ω, p) is defined

by

⎧

⎨

⎩

∀ o > 0, p ∈ K (t, o), s ∈ C[D](t, o, p), R[C[D]](t, o, p, s)
:= {c ∈ M(t, o, p) such that
(−1,−1,−c, 0) ∈ TGraph(C[D])(t, o, p, s)}

(4.55)
2. The incoming celerity regulator R[G[D]] is defined by

⎧

⎨

⎩

∀ o > 0, p ∈ G[D](t, o), R[G[D]](t, o, p)
:= {c ∈ M(t, o, p) such that
(−1,−1,−c) ∈ TGraph(G[D])(t, o, p)}

(4.56)

The celerity regulators R[C[D]] and R[G[D]], do not depend on the departure
set D directly, but only through the map Cournot map C[D] and ingoing mapG[D]
respectively.

We shall derive from the Viability Theorem4.1.9, p. 96, the following traffic
regulation property

Theorem 4.3.2 (InwardTrafficRegulation Property) Under the traffic assump-
tion [H], (4.18),
1. for any s ∈ C[D](T,Ω, p), viable geodesic evolutions p(·) ∈ S(T,Ω, p)

such that p(T − Ω) = s are regulated by the differential inclusion

∀ t ∈]T − Ω, T [, p′(t) ∈ R[C[D]](t, t − (T − Ω), p(t), s) (4.57)

4Since tangent cones to graphs are graphs of derivatives and tangent cones to epigraphs are epigraphs
of “epiderivatives”, we can translate the viability solutions defined in terms of viable capture basins
as “generalised solutions” to first-order partial differential equations, as summarized in Sect. 8.6, p.
233.

http://dx.doi.org/10.1007/978-3-642-54771-3_8
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2. viable evolutions p(·) ∈ S(T,Ω, p) such that p(T −Ω) ∈ D(T −Ω) are
regulated by the differential inclusion

∀ t ∈]T − Ω, T [, p′(t) ∈ R[G[D]](t, t − (T − Ω), p(t)) (4.58)

Furthermore, these celerity regulators are related by

R[G[D]](t, o, p) =
⋃

s∈C[D](T,Ω,p)

R[C[D]](t, o, p, s) (4.59)

Proof By Theorems4.2.5, p. 101 and 4.2.8, p. 104, we infer that:

1. Since the graph of the Cournot map is equal to capture basin Graph(C)[D] =
Capt(4.30)(Graph(K ) × R

|p|, C[D]) of the target C[D] viable in the environment
Graph(K ) × R

|p| under the characteristic system (4.30) p. 101, the tangential
condition reads

{∀ o > 0, p ∈ G[D](t, o), s ∈ C[D](t, o, p), ∃ c ∈ M(t, o, p) such that
(−1,−1,−c, 0) ∈ TGraph(C)[D](t, o, p, s)

(4.60)
which means that

∀ o > 0, s ∈ C[D](t, o, p), c ∈ R(t, o, p, s) := R[C[D]](t, o, p, s)
(4.61)

TheViability Theorem implies also that viable evolutions←−τ (t) = T −t ,←−o (t) =
Ω − t , ←−p (t) and ←−s (t) = s are governed by

∀ t ∈]0,Ω[, −←−p ′(t) ∈ R(T − t,Ω − t,←−p (t), s) (4.62)

By the change of variable p(t) := ←−p (T − t), the evolutions p(·) ∈ S(T,Ω, p)
starting from s at time T − Ω are governed by the differential inclusion

∀ t ∈]T − Ω, T [, p′(t) ∈ R(t, t − (T − Ω), p(t), s) (4.63)

2. Since the domain of the Cournot map is equal to capture basin Dom(C) =
Capt(4.38)(Graph(K ), C[D]) of the targetC0[D] viable in the environmentK under
the characteristic system (4.38), p. 104, the tangential condition implies

{∀ o > 0, p ∈ G[D](t, o), ∃ c ∈ M(t, o, p) such that
(−1,−1,−c) ∈ TGraph(G[D])(t, o, p)

(4.64)

which is equivalent to
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∀ o > 0, p ∈ G[D](t, o), c ∈ R(t, o, p) := R[G[D]](t, o, p) (4.65)

TheViability Theorem implies also that viable evolutions←−τ (t) = T −t ,←−o (t) =
Ω − t and ←−p (t) are governed by

∀ t ∈]0,Ω[, −←−p ′(t) ∈ R(T − t,Ω − t,←−p (t)) (4.66)

starting from ←−p (0) = p. Setting p(t) := ←−p (T − t), the evolutions p(·) ∈
S(T,Ω, p) starting at time T−Ω from D(T−Ω) are governed by the differential
inclusion

∀ t ∈]T − Ω, T [, p′(t) ∈ R(t, t − (T − Ω), p(t)) (4.67)

Since the domain Dom(C[D]) ⊂ R
2 × R

|p| of the Cournot map is the projection
Pr : (t, o, p, s) 	→ (t, o, p) of its graph Graph(C[D]) ⊂ R

2 × R
|p| × R

|p|, the
projection of the tangent cone is contained in the tangent cone to the projection, so
that

∀ s ∈ C[D](T,Ω, p), R(t, o, p, s) ⊂ R(t, o, p) (4.68)

Since the projection is surjective, we infer that

R(t, o, p) =
⋃

s∈C[D](T,Ω,p)

R(t, o, p, s) (4.69)

The statements of the theorem ensue. �
Let us consider the graph Graph(Cou[A]) and the domain Dom(Cou[A]) of the

reachable map C
ou[A].

Definition 4.3.3 (Outward Celerity Regulators) Let us consider strictly posi-
tive durations o > 0, p ∈ G

ou[D](t, o) and a ∈ C
ou[D](t, o, p).

1. The Cournot celerity regulator R
ou[Cou[A]] for a ∈ C

ou[A](T,Ωou, p) is
defined by

⎧

⎨

⎩

∀ o > 0, pou ∈ C
ou[D](t, o), a ∈ C

ou[D](t, o, p), R
ou[Cou[A]](t, o, p, a)

:= {c ∈ M(t, o, p) such that
(1,−1, c, 0) ∈ TGraph(Cou [A])(t, o, p, a)}

(4.70)

2. The incoming celerity regulator Rou[Gou[A]] is defined by

⎧

⎨

⎩

∀ o > 0, p ∈ G
ou[D](t, o), Rou[Gou[A]](t, o, p)

:= {c ∈ M(t, o, p) such that
(1,−1, c) ∈ TGraph(Gou [A])(t, o, p)}

(4.71)
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We derive from the Viability Theorem4.1.9, p. 96, the following traffic regulation
property

Theorem 4.3.4 (Outward Traffic Regulation Property) Under the traffic
assumption [H], (4.18),
1. for any a ∈ C

ou[A](T,Ωou, p), viable evolutions p(·) ∈ Sou(T,Ωou, p)
such that p(T + Ωou) = a are regulated by the differential inclusion

∀ t ∈]T, T + Ωou, T [, p′(t) ∈ R
ou[Cou[A]](t, (T + Ωou) − t, p(t), a)

(4.72)
2. viable evolutions p(·) ∈ Sou(T,Ωou, p) such that p(T + Ωou) ∈ A(T +

Ωou) are regulated by the differential inclusion

∀ t ∈]T, T + Ωou, T [, p′(t) ∈ Rou[Gou[A]](t, (T + Ωou) − t, p(t))
(4.73)

Furthermore, these celerity regulators are related by

Rou[Gou[A]](t, o, p) =
⋃

a∈Cou [A](T,Ωou ,p)

R
ou[Cou[A]](t, o, p, a) (4.74)

We thus deduce the construction of the celerity regulators of the Eupalinian map
E[Q], defined by

⎧

⎪

⎪

⎪

⎪

⎨

⎪

⎪

⎪

⎪

⎩

Ri (t, o, p)
:= {c ∈ Mi (t, o, p) such that (1,−1, c, 0) ∈ TGraph(E[Q|Ki ])(t, o, p)}
and
R j (t, o, p)
:= {c ∈ Mj (t, o, p) such that (1,−1,−c, 0) ∈ TGraph(E[Q|K j ])(t, o, p)}

(4.75)

Theorem 4.3.5 (Eupalinian Regulation Property) Assume the graphs of the
network map Ki and K j , the junction map J and the junction connection Q are
closed and the celerity maps Mi and Mj are Marchaud. Theorems4.3.2, p. 108,
and 4.3.4, p. 111, imply that the Eupalinian evolution pt� (·) := (pi (·), p j (·))
connecting

p(Ti − t�) = pi , p(Ti ) = πi , p(Tj ) = π j , p(Tj + t�) = p j (4.76)
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is regulated by the celerity regulators are governing the evolution of the Cournot
evolution pi (·) connecting pi (Ti − t�) = pi to πi and the ones governing
the reachable evolution of p j (·) connecting π j to p j (Tj + t�) = p j . Celerity
regulator governing the evolution of theEupalinian evolutions are the restriction
of the Cournot celerity regulators Ri to the segment Ki and the restriction of
the reachable celerity regulator to R j the segment K j :

{∀ t ∈]Ti − t�, Ti [, p′
i (t) ∈ Ri (t,Ωi + (t − Ti ), pi (t))

∀ t ∈]Tj , Tj + t�[, p′
j (t) ∈ R j (t,Ω j − (t − Tj ), p j (t))

(4.77)

4.4 Approximations of Cournot Maps
and Viability Algorithms

This section surveys some issues on the computation of Cournot and incomingmaps.
We begin with the approximation of departure map by piecewise characteristic set-
valued maps and use the fact that a viable capture basin of a union of targets is the
union of the viable capture basins of these targets for approximating Cournot maps.
We next provide the shortest possible description of viability algorithms which are
prone to the curse of the dimensionality.

4.4.1 Approximations by Piecewise Characteristic
Set-Valued Maps

In the same way than the sum of characteristic functions approximate a function, we
shall defined unions of characteristic set-valued maps, called piecewise character-
istic set-valued maps for approximating departure and arrival maps, use the simple,
but fundamental, lattice property of viable capture basins for computing the Cournot
map of piecewise characteristic departure maps. We infer that it is the union of the
Cournot maps of the characteristic departure maps. This lattice morphism of Cournot
maps play the role of linearity in the linear case and is as important. It allows us to
approximate Cournot maps by unions of Cournot maps of characteristic functions.
This decomposition property can also be used for a parallel processing of the viability
algorithms.
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Definition 4.4.1 (Characteristic Set-Valued Maps) We associate with any pair
of subsets Θ ⊂ R and P ⊂ R

|p| the characteristic set-valued map �P
Θ : Θ �

R
|p| defined by:

�P
Θ(t) :=

{

P if t ∈ Θ

∅ if t /∈ Θ
(4.78)

the graph Graph(�P
Θ) := Θ × P of which is the product of subsets Θ and P .

Obviously,

(�P
Θ)−1 = �Θ

P and �
P1
Θ1

∩ �
P2
Θ2

= �
P1∩P2
Θ1∩Θ2

(4.79)

Proposition 4.4.2 (Cournot and Reachable Maps for Characteristic Departure
and Arrival Maps) Let us assume that the departure map is a characteristic
set-valued map �P

Θ . Then

C[�P
Θ ](T,Ω, p) =

{

P ∩ C(T,Ω, p) if Ω ∈ (T − Θ) ∩ R+
∅ otherwise

(4.80)

In particular, if Θ := {0}, we obtain the Cauchy problem on the temporal
window [0, T ] when T ≥ 0:

C[�P
{0}](T,Ω, p) =

{

P ∩ C(T,Ω, p) if Ω = T
∅ otherwise

(4.81)

If the arrival map is the characteristic set-valued map �
Q
Θ , then

C
ou[�Q

Θ ](T,Ωou, p) =
{

Q ∩ C
ou(T,Ωou, p) if Ωou ∈ (Θ − T ) ∩ R+

∅ otherwise
(4.82)
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Figure 4.4.3 [Examples of Departure Maps] This figure displays examples of
departure maps providing Cauchy conditions, Dirichlet conditions (described by
the characteristic set-valued maps C) and “Lagrangian traffic conditions” which
are “internal conditions” used to characterize moving sensors such as tracking
probe vehicles equipped with Global Positioning Systems (GPS). They can them-
selves be approximated by unions of characteristic set-valued maps

We single the lattice property of viable capture basins stating that the capture
basin of a union of targets is the union of viable capture basin of these targets. The
translation of this property yields:

Lemma 4.4.4 (Lattice Property of Cournot and ReachableMaps) Cournot and
reachable maps enjoy the useful morphism property on lattices

⎧

⎪

⎨

⎪

⎩

C
[⋃

i Di
]

(T,Ω, p) = ⋃

i C[Di ](T,Ω, p)
and

C
ou

[

⋃

j A j

]

(T,Ω, p) = ⋃

j C
ou[A j ](T,Ω, p)

(4.83)

Unions of characteristic set-valued maps provide useful examples of departure
and arrival maps:

D(t) :=
(

⋃

i

�
Pi
Θi

)

and A(t) :=
⎛

⎝

⋃

j

�
Q j

Θ j

⎞

⎠ (4.84)

which are called piecewise characteristic departuremap and piecewise characteristic
arrival map respectively. We observe that

D(t) ∩ A(t) =
⋃

(i, j)

�
Pi∩Q j

Θi∩Θ j
(4.85)
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the graph of which is

⋃

(i, j)

(Θi × Pi ) ∩ (Θ j ∩ Pj ) (4.86)

We thus obtain the formulas for Cournot and reachable maps of piecewise char-
acteristic departure and arrival maps respectively:

⎧

⎨

⎩

C

[

⋃

i �
Pi
Θi

]

(T,Ω, p) = ⋃

i such that Ω∈(T−Θi )∩R+ Pi ∩ C(T,Ω, p)

C
ou

[

⋃

j �
Q j

Θ j

]

(T,Ω, p) = ⋃

j such that Ω∈(Θ j−T )∩R+ Q j ∩ C
ou(T,Ω, p)

(4.87)

Remark —Characteristic set-valued maps are the set-valued map analogues of char-
acteristic function χΘi of the subset Θi . However, they are more flexible and more
general. If the subsets Θi do form a partition, one observe that piecewise constant
maps can be written in the form

∑

i∈I
fiχΘi (t) =

⋃

i∈I

(

�
Θ

fi
i
(t)

)

Otherwise, the above formula does not make sense any longer. Furthermore, the
Cournot and reachable maps are not linear, but are morphism for the union. This
simple remark plays an important role (see Sect. 18.3.2, p. 724, of Viability Theory.
New Directions, [31, Aubin, Bayen and Saint-Pierre]).

By using characteristic maps �Y
Θ instead of characteristic functions, the addition

of numbers of elements of a set is replaced by the union of the subsets and the
neutral element 0 by the empty set ∅. The extension by 0 of functions outside their
support is replaced by the extension of a set-valued map by the empty set. In this
case, this extension of a single-valued map is a set-valued map because the empty set
is a set. �

Thismorphism property plays a crucial role in computational issues since it allows
a parallelization of the computation of the Cournot maps.

Let h > 0 and let us consider an increasing sequence of times · · · tn < tn+1 < · · ·
where tn+1 =: tn + h, so that the temporal windows Θh

n := [tn, tn + h[ form
a partition. The departure map Dh is the piecewise characteristic departure map
defined by

Dh(t) :=
⋃

n

�
Pn
h

Θh
n
(t) (4.88)

We thus deduce that formula

C[Dh] =
⋃

n

C

[

�
Pn
h

Θh
n

]

(4.89)
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allows us to compute in a parallel way the Cournot maps C
[

�
Pn
h

Θh
n

]

of characteristic

set-valued maps and to take their unions afterwards.
We say that the map Dh approximates D if D = Limsuph→0Dh in the sense of

Painlevé-Kuratowski limits (see Definition8.1.4, p. 213). For instance, we can take
Pn
h = D(tn). The stability Theorem8.3.4, p. 224, implies that

C[D] = Limsuph 	→0+
⋃

n

(

C

[

�
Pn
h

Θh
n

])

(4.90)

This statement justifies the parallel computation of approximations of Cournot maps.

4.4.2 Viability Algorithms

A presentation of viability algorithms should require several (forthcoming?) books.
These algorithms are both very simple in principle, but quite difficult to program,
since they handle the computation of subsets at each iteration. Two software suites
have been and are still programmed by Patrick Saint Pierre5 and Anya Désilles.
They have been used to solve more than two hundred examples in various domains,
and, in particular, for solvingHamilton-Jacobi-Bellman partial differential equations.
Computing viable capture basins and graphs of regulation maps instead of solutions
to inclusions, the viability algorithms compute iteratively sequences of subsets Vn

instead of sequences of vectors xn: so they stand in the emerging field of “set-valued
numerical analysis”. Viability algorithms provide also approximations of the graphs
of the celerity regulators6 we are looking for.

The case when the Lax-Formula holds true (see Theorem4.2.4, p. 100) simplifies
the computation of the value function. Numerical results are available for road traffic
models based7 on the Lax-Hopf formula. If the viability algorithms for the averagers

5Patrick Saint Pierre designed in 1992 the first viability algorithm in [204, Saint-Pierre], fol-
lowed by [73, 74, Cardaliaguet, Quincampoix and Saint-Pierre] (with the contribution of Philippe
Lacoude, Pierre-Olivier Vandanjon and Elena Dominguez). They have been also used for solving
various problems byChen Luxi, Anya Désilles,Olivier Dordan, Luc Doyen, SophieMartin, Rodéric
Moitié, Christian Mullon and Nicolas Seube. Other algorithms have been designed for approximat-
ing viability kernels ([191, Neznakhin and Ushakov], [59, Botkin and Turova] (bridges)), [163,
Krawczyk], (VIKAASA: an application capable of computing and graphing viability kernels for
simple viability problems), [111, Deffuant, Chapel and Martin], (support vector machine, which
involve in the background Aronsjan’s reproducing kernel of a Hilbertian structure on sets, used also
in Kriging estimation with the covariance function as a reproducing kernel (see [213, Vazquez and
Walter], and the references therein)), [155, Jaulin, Ninin, Chabert, Le Ménec, Saad, LeDoze and
Stancu], (interval analysis), [126, Fraichard and Asama], etc.
6They are defined by their graphs (graphical approach to maps), which are the actual subsets
delivered as “control boards” embedded in the vehicles or read by drivers on a (future) dedicated
velocity regulator. The viability algorithms compute subsets, and thus graphs of control boards.
7We refer to [56, 57, Bayen, Claudel, Saint-Pierre], [81, 82, Claudel, Bayen], [112, Désilles],
Chap.14, p. 563, of Viability Theory. New Directions, [31, Aubin, Bayen and Saint-Pierre] for

http://dx.doi.org/10.1007/978-3-642-54771-3_8
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can be programmed, they could be used in the sameway to derive at once the Cournot
and reachable maps.

Simplified Description of Viability Algorithms

In a nutshell, once a differential inclusion x ′(t) ∈ F(x(t)) has been discretized in
time by xn+1 ∈ Φ(xn) and “restricted” to grids of the finite dimensional vector space,
then the viable capture basin CaptΦ(K ,C) of elements of K from which a evolution
(xn)n viable in K reaches the target C in finite discrete time. It can be obtained by
two algorithms:

1. The capture basin algorithm. It is based on the formula

CaptΦ(K ,C) =
⋃

n≥0

Cn (4.91)

where the increasing sequenceof subsetsCn ⊂ CaptΦ(K ,C) is iteratively defined
by

{

C0 = C
∀ n ≥ 1, Cn+1 := K ∩ (Cn ∪ Φ−1(Cn))

(4.92)

2. The viability kernel algorithm. Whenever K\C is repeller (for all x ∈ K\C , all
evolutions x(·) ∈ S(x) leave K\C in finite time), there is another class of general
algorithms allowing to compute viable capture basins

CaptΦ(K ,C) =
⋂

n≥0

Kn (4.93)

where the decreasing sequence of subsets Kn ⊂ CaptΦ(K ,C) is iteratively
defined by

{

K0 = K
∀ n ≥ 1, Kn+1 := C ∪ (Kn ∩ Φ−1(Kn))

(4.94)

Naturally, both subsetsCn and Kn are computed at each iteration subsets on a grid of
the state space. The convergence of the subsets Cn and the Kn follows from conver-
gence theorems presented in Chap.19, p. 769, of Viability Theory. New Directions,
[31, Aubin, Bayen and Saint-Pierre] (see for instance Theorem19.3, p. 774).

Handling subsets, viability algorithms must be stable under set operations: union,
complement, etc. Approximations of subsets by boxes or ellipsoids do not enjoy
these stability properties, so that their arithmetical properties are not necessarily
appropriate for these topics because they inflict unnecessary losses of information.
In the same way, “support vector machines” arising in pattern recognition allow us
to smooth subsets defined on grids by smooth boundary. They are useful to provide

(Footnote 7 continued)
available numerical results. A software for computing Cournotmaps is presently under investigation
and implementation by Anya Désilles (see Sect. 7.4.4, p. 195).

http://dx.doi.org/10.1007/978-3-642-54771-3_7
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a smooth description of a viable capture basin. However, regularizing the iterated
subsets Vn at each iteration imposes here again losses of information. Using them
for the last iteration should be sufficient.

A Posteriori Error Estimates

The viability kernel algorithm providing approximations Cn containing the viable
capture basin and the viability kernel algorithm approximations Kn contained in it,
their “Minkowski differences” Kn\Cn provides actual a posteriori error estimates,
the only ones that are useful.8 �
Shooting Methods

Basically, viability algorithms are radically different from the shooting methods.9

Shooting methods check state after state x whether or not at least one discrete evo-
lution (xn)n governed by xn+1 ∈ Φ(xn) is viable in K until it reaches a target. They
need much less memory space, but demand a considerable amount of time, because,
the number of initial states of the environment is high, and second, in the case of
controlled systems, the set of evolutions starting from a given initial state becomes
huge. Furthermore, it is impossible to verify whether an evolution is viable until they
reach a target when the duration to reach the target is too high. Since the initial state
chosen at random does not necessarily belong to the viable capture basin, the absence
of corrections (brought by the regulation map of the viability algorithm) does not
allow us to “tame” evolutions which then, may leave the environment, and very fast
for systems which are sensitive to initial states. �

4.4.3 The Curse of Dimensionality

Viability algorithms are prone to the curse of dimensionality (see Sect. 4.4.2, p. 116),
as all algorithms defined on grids. This term was coined by Richard Bellman in 1957
for describing the computational consequences of the exponential increase in volume
of grids and data in vector spaces when their dimension increases. The viability
algorithms and their software do not depend on the dimension of the problem, but
their implementation on actual computers does.

Computing the graph of aCournotmap contained in the spaceR×R+×R
|p|×R

|p|
of dimension 2(|p| + 1) and storing the graph of celerity regulators (T,Ω, p, s) �
R(T,Ω, p, s) in the space R × R+ × R

3|p| of dimension 3|p| + 2 is for the time

8See for instance A Posteriori Error Estimation in Finite Element Analysis, [2, Ainsworth and
Oden], and Chap.10, p. 284, of Approximation of Elliptic Boundary-Value Problems, [10, Aubin].
9In the same way, so to speak, than the difference between Riemann and Lebesgue integrals, where
the Lebesgue integral uses the inverse images of a partition of the arrival space by the function to
integrate, the viability algorithms use also the inverse images of the maps Φn . Shooting methods
and viability algorithm have been used to compute fractals, for example (see Sect. 2.9.3, p. 75 of
Viability Theory. New Directions, [31, Aubin, Bayen and Saint-Pierre], and have been compared in
this context).
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prohibiting for computation. This is the reason why we restricted the computation to
the graphs of the incoming maps contained in spaces of dimension |p| + 2 and store
the graphs of their celerity regulators in spaces of dimension 2(|p| + 1).

The Cournot Algorithm

Detecting a position p ∈ G[D](T,Ω), we do not know the incoming position
s ∈ C[D](T,Ω, p). Knowing the incoming celerity regulator R, we know that
the differential inclusion governs backward viable evolution ←−p (·) starting from p
and arriving at some s := ←−p (Ω) = p(T − Ω) ∈ C[D](T,Ω, p). Therefore,
the evolution p(t) := ←−p (T − t) is regulated forward by the celerity regulator
R(t, t − (T − Ω), p(t), p(T − Ω)) ⊂ R(t, t − (T − Ω), p(t)) for reaching the
detected position p ∈ G[D](T,Ω) at time T . This is the strategy used by Anya
Désilles for bypassing the computation beforehand of the Cournot celerity regulator
R(t, o, p, s) for every s ∈ C[D](T,Ω, p).

The Computational Allocation Dilemma

Using the Cournot algorithm for computing incoming positions s ∈ C[D](T,Ω, p)
associated with detected positions p ∈ G[D](T,Ω) for several departure maps D,
we face the following alternative depending on the performances of the computer
which is used:

6 (The Computational Allocation Dilemma) Let us consider the retrospec-
tive and prospective traffic evolutionary systems S and Sou. The computational
allocation dilemma is the choice between the two following approaches:

1. For each departure map D, compute “off-line” the incoming maps G[D]
(with the viable capture algorithm) as well as the graphs of their celerity
regulators and use them “on-line” to govern the evolutions from a detected
position;

2. Decompose the computation in “off-line” and “on-line” modules:

a. For any departure map D, compute “off-line” the incoming Cournot map
for detecting positions at time T and duration Ω;

b. Knowing any detected position p, first, use the Cournot algorithm for
governing “on-line” and backward a viable evolution starting from p
and arriving at an incoming position (belonging to the Cournot map),
if any, and, second, knowing this incoming position, govern forward an
evolution reaching the detected position p at time T .



Chapter 5
Traffic Specifications

Many other requirements, besides the minimal demand of staying on the network,
require other variables, called specifications1 z ∈ R

|z| (velocity, acceleration, con-
gestion, vehicles ahead, etc.), must be added to time, duration and position. Conse-
quently, we introduce the specific traffic variable described by (t, o, p, z), replacing
the simpler traffic variable (t, o, p). Examples of specifications reviewed are dura-
tion with variable fluidities, accelerations as well as positions and velocities of a fleet
of vehicles. Other ones (accumulation of vehicles on an evolving road segment, for
instance) will be introduced together with indicators in Chap.6, p.145, dealing with
micro-meso-macro systems.

The purpose of this chapter is thus to study the specific traffic relations, subsets of
specific traffic states (t, o, p, z) generating traffic evolutions (p(·), z(·)) satisfying
other specific viability requirements and departure conditions. We thus shall answer
the same questions than the ones of Chap. 2, p. 13, by taking them into account. The
only added difficulty is the addition of other cumbersome notations, but the approach
based on viability theory is exactly the same.

In particular, we carve in the celerity regulator depending only on time, duration
and position a sub-celerity regulator providing velocities depending also on the
specifications and their celerities by using the Viability Theorem. This assumes that
the drivers have access to the latter two variables.

1We suggest the word specification as a “neutral” common abstract concept for avoiding confu-
sion by choosing other terms such as attributes (used in the investigations of [89, Costesèque and
Lebacque], [92, Costesèque, Lebacque and Monneau], [167, 168, Lebacque], for instance, among
other authors), criteria, positions, incomes, events, monads (from the Greek “monos”, unique,
introduced by Gottfried Leibniz in philosophy, and borrowed in mathematical category theory and
abstract programming), characteristics (used to define “characteristic” systems in conservation laws,
Hamilton–Jacobi partial differential equations and viability theory). They may induce a meaning
adequate in one field but not in other ones and thus, bring muddiness. This allows us to place under
the same abstract umbrella many examples motivated by various fields.
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5.1 Micro-Meso-Macro Cascade of Traffic
Evolutionary Systems

Among the various examples of specifications, we single out scalar specifications,
called indicators, which enable us to select among viable traffic evolutions intertem-
porally optimal viable traffic evolutions. This leads us to a classification of traffic
systems according to the nature of the specifications.

Selection Procedures of Celerities

Introducing specifications thus allows us to shrink the celerity regulator by retaining
only a subset of celerities. It may be empty, contain only one celerity or remain
a subset. Indeed, a subset of the celerity regulator R(t, o, p) can be regarded as
a “reservoir” of more than one viable celerities p′. The larger this reservoir, the
more redundant it is, the more likely the specific traffic system can use position and
celerities as “antidotes2” for adapting the specific traffic evolutions to constraints or
objectives.

The introduction of specific variables leads to a subset specific celerity regulators
(see Definition5.2.5, p. 130) ˜R(t, o, p, z, z′) ⊂ R(t, o, p). The larger the dimen-
sion of the space of celerities, the more severe the shrinking process of the celerity
regulator.

This may be regarded as a drawback since this reduction process may lead to
empty celerity regulators.However, providing aunique celerity at each time, duration,
specification and its velocity, leads to automated celerity regulators. Hence arises the
question of selecting one position in the specific incoming map and/or one celerity
in the specific celerity regulator when uniqueness of those positions and celerities
are needed.

This is the case when we are looking for automated systems by using intertem-
poral optimality selection. This is a widely used selection procedure whenever we
distinguish the last component of the specification vector, a scalar variable that we
denote by y ∈ R. It plays the additional role of an indicator by using the order
relation of R for “supplementing optimality to viability”. Indeed, an evolution

2It is also an antidote to “tychastic uncertainty”. Tyches is derived from a Greek word meaning
blind uncertainty, personified by the Goddess Tyche. It provides a different approach to uncertainty
than the stochastic one, dealing onlywith average behaviors. Tychastic uncertainty confronts instead
issues (such as viability issues) valid for all tyches ranging over a “tychastic reservoir” (described by
a “tychasticmap” associatingwith the states a set of tyches). In control theory, the tychastic approach
shares the same objectives than “robust control” where tyches are perturbations, disturbances, etc.
The tychastic point of view is more adapted to the sciences of life, including economics and finance.
See for instance Sect. 3.3, p. 73, of Tychastic Viability Measure of Risk Eradication, [35, Aubin,
Chen Luxi and Dordan]. These issues are not dealt with in this book.
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y(T − Ω) +
∫ t

T−Ω

l(τ , τ − (T − Ω), p(τ ), z(τ ); p′(τ ), z′(τ ))dτ (5.1)

defines an intertemporal criterion which may be optimized over the evolutions gov-
erned by the traffic evolutionary system subjected to specification and departure cost
functions. We thus add to micro-variable (t, o, p) (time, duration, position) and to
specific variables z other specific scalar indicators y ∈ R, playing the ultimate
role of the macro-variable y, for providing viable and intertemporal optimal celerity
regulators. In this case, the former specific variable z plays now the role of a meso-
variable since it looses its former role of macro-variable. This selection procedure is
an intertemporal optimization procedure we study in more details in Chap.7, p. 163.

The Micro-Meso-Macro Cascade

Adding specific variables z and indicators y, we shall add to the (micro) incoming
map p ∈ G(t, o) specific (meso) incomingmaps z ∈ ˜G(t, o, p), and,when indicators
are introduced, (macro) valuation maps y ∈ V(t, o, p, z) ⊂ R. Then, we shall carve
in the (micro) celerity regulator R(t, o, p) a (meso) celerity regulator ˜R(t, o, p, z, z′)
depending also on the specific variable z and its derivative z′. Adding an indicator,
we chisel in the (meso) celerity regulator ˜R(t, o, p, z, z′) a (macro) celerity regulator
̂R(t, o, p, z, z′, y, y′) depending also on the indicator y and its velocity y. We thus
introduce a cascade of evolutionary systems and, next, of incomingmaps and celerity
regulators.

7 (The Micro-Meso-Macro Cascade)

Evolutionary Incoming Celerity
System Map Regulator

micro p′ ∈ M(t, o, p) p ∈ G(t, o) c ∈ R(t, o, p)
∪

meso z′ ∈ L(t, o, p, c, z) z ∈ ˜G(t, o, p) c ∈ ˜R(t, o, p, z, z′)
∪

macro y′ ∈ l(t, o, p, z, c, z′) y ∈ V(t, o, p, z) c ∈ ̂R(t, o, p, z, z′, y, y′)

(5.2)

As a rule, we shall use the notations

1. ˜for micro-meso systems;
2. ̂for micro-meso-macro or micro-macro systems;
3. ◦ for celerity-acceleration systems (when the meso-variable is the velocity).

Naturally, we may have a micro-macro system without meso-variable and only one
indicator, or micro-meso systems without macro indicators.

http://dx.doi.org/10.1007/978-3-642-54771-3_7
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In this chapter, we study only the retrospective systems and leave as an exercise
the adaptation to prospective systems if needed.

5.2 Micro-Meso Specific Traffic Systems

Micro-meso systems3 are particular systems of differential inclusions where the
variables are split in two classes, the micro and meso ones, the evolutions of micro-
variables being independent of the evolution of meso-variables.

Definition 5.2.1 (Micro-Meso Specific Traffic Systems) The “specific traffic
system” is a system of differential inclusions of the form

∀ t ∈ [T − Ω, T ],
{

(i) p′(t) ∈ M(t, t − (T − Ω), p(t))
(i i) z′(t) ∈ L(t, t − (T − Ω), p(t), p′(t), z(t)) (5.3)

governing the evolution of specific positions (p(t), z(t)) ∈ R
|p| × R

|z|. It is a
micro-meso system in the sense that the celerity map M governing the evolution
of the traffic position (amicro variable), the same than in the preceding chapter,
does not depend on the evolution of the specification, whereas the evolution z(·)
of the specification (a meso variable) depends upon the micro variable and its
derivative.

Since the micro-meso states range over R|p| × R
|z|, a specific environment K as

well as a specific target C are subsets of R × R+ × R
|p| × R

|z|.
All results and concepts of Chap.2 hold true: it suffices to replace the evolution of

traffic variables (t, o, p) studied in this chapter by specific traffic variables (t, o, p, z)
and the traffic (micro) system

p′(t) ∈ M(t, t − (T − Ω), p(t))

by the specific traffic micro-meso system (5.3), p. 126. We shall study subsets of
variables (t, o, p, z) or (t, o, p, p′, z, z′).

It may be difficult and cumbersome to partition these subsets of variables in only
two groups of variables by using the language of graphs of set-valued maps. We
may be interested only in the dependence of the specification z in terms of the traffic
variables (t, o, p), or in the dependence of the celerity p′ in terms of (t, o, p, z, z′),
but these choices are arbitrary since they depend contingently on the specific nature
and on role of the specifications. Since they are not universal, we shall rather use the

3See Sect. 5.2, p. 126, and Sect. 14.12, p. 171, of Viability Theory. New Directions, [31, Aubin,
Bayen and Saint-Pierre].
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concept of (specific) relation (see Definition8.2.1, p. 216), as we did in Sect. 3.2.4,
p. 69, when we defined Cournot and incoming relations. In the examples treated in
this section, we follow exactly the same pattern than the one presented in Sect. 3.2,
p. 61. We denote by Ω ≥ 0 the duration of a temporal window [T − Ω, T ].

Definition 5.2.2 (Specific Traffic Evolutionary Systems) Let us introduce

1. a celerity map M : (t, o, p) � M(t, o, p);
2. a specific map L : (t, o, p, c, z) � L(t, o, p, c, z);
3. a specific constraint relation between (t, o, p, z) ∈ K ⊂ R × R+ × R

|p| ×
R

|z|;
4. and a departure relation D ⊂ R × R

|p| × R
|z| between element (t, p, z)

satisfying at least (t, 0, p, z) ∈ K.

We associate with these data the evolutionary system ˜S := S(L ,M,K)[D]
associating with any terminal traffic state (T,Ω, p, z) the set ˜S(T,Ω, p, z) of
evolutions (p(·), z(·))
1. governed by the system of differential inclusions

∀ t ∈ [T −Ω, T ],
{

p′(t) ∈ M(t, t − (T − Ω), p(t))
z′(t) ∈ L(t, t − (T − Ω), p(t), p′(t), z(t)) (5.4)

2. satisfying the terminal condition p(T ) = p and z(T ) = z;
3. the traffic constraints

∀ t ∈ [T − Ω, T ], (t, t − (T − Ω), p(t), z(t)) ∈ K (5.5)

4. the departure conditions

∀ t ∈ [T − Ω, T ], (t, 0, p(t), z(t)) ∈ D (5.6)

We can adapt the definitions introduced in the preceding chapter:

Definition 5.2.3 (Specific Traffic Concepts)

1. The specific averager ˜Γ := Γ(L ,M,K)[D] associates with any specific traffic
state (t, o, p, z) the possibly empty set of averages (

−→∇ Ω p(T ),
−→∇ Ω z(T )) ∈

˜Γ (T,Ω, p, z) of at least one evolution (p(·), z(·)) ∈ ˜S(t, o, p, z) governed
by the differential inclusion (5.4) satisfying viability constraints (5.5).

http://dx.doi.org/10.1007/978-3-642-54771-3_8
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2. The specific geodesic relation is the set ˜C := C(L ,M,K)[D] is the subset of
(T,Ω, p, z, s, w) such that there exists at least one evolution (p(·), z(·)) ∈
˜S(t, o, p, z) governed by the differential inclusion (5.4), p. 127, satisfying
viability constraints (5.5), p. 127, the geodesic conditions (p(T ), z(T )) =
(p, z) and the departure conditions (p(T − Ω), z(T − Ω)) = (s, w) ∈ D.

3. It is the graph of the specific Cournot map ˜C := C(L ,M,K)[D].
4. The domain of the Cournot map is called the specific incoming relation ˜G :=

G(L ,M,K)[D], subset of specific traffic states (t, o, p, z) such that there exists
one evolution (p(·), z(·)) ∈ ˜S(t, o, p, z) starting from D at time T − Ω .

5. The specific incoming relation can be regarded as the graph of the specific
incoming map ˜G := G(L ,M,K)[D] associating with any (t, o, p) the subset
˜G(t, o, p) of specifications z such that (t, o, p, z) ∈ ˜G.

We only mention the viability characterization of this specific incoming relation
as a viable capture basin:

Theorem 5.2.4 (Viability Characterization of Specific Incoming Relation) Let
us introduce the specific characteristic system of differential inclusions

⎧

⎪

⎪

⎨

⎪

⎪

⎩

←−τ ′(t) = −1←−o ′(t) = −1←−p ′(t) ∈ −M(←−τ (t),←−o (t),←−p (t))←−z ′(t) ∈ −L(←−τ (t),←−o (t),←−p (t),←−p ′(t),←−z (t))

(5.7)

The specific incoming traffic relation G(L ,M,K)[D] is characterized by

˜G := G(L ,M,K)[D] = Capt(5.7)(K,D) (5.8)

Furthermore, the specific incoming map G(L ,M,K)[D] enjoys the barrier prop-
erty: there exists Δ ∈ [0,Ω] such that

{

z(t) ∈ G(L ,M,K)[D](t, t − (T − Ω), p(t)) if t ∈ T − Ω, T − Δ

z(t) ∈ ∂G(L ,M,K)[D](t, t − (T − Ω), p(t)) if t ∈ [T − Δ, T ] (5.9)

Proof The proof of this viability characterization is a variant of the proof of Theo-
rem4.2.5, p. 101. Let us consider a traffic state (t, o, p, z) ∈ Capt(5.7)(K,D). This
means that there exist a time t� ≥ 0 and an evolution starting from (T,Ω, p, z) and

http://dx.doi.org/10.1007/978-3-642-54771-3_4
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governed by the characteristic system (5.7), p. 128. It is given by ←−τ (t) = T − t ,←−o (t) = Ω − t , ←−p (t) and ←−z (t). Furthermore, this evolution

1. is viable in the graphs of K, which means that

∀ t ∈ [0, t�], (T − t,Ω − t,←−p (t),←−z (t)) ∈ K (5.10)

2. reaches the target at time t�, which means that t� = Ω and that (t�,←−p (t�),←−z (t�)) ∈ D.

For micro-meso systems, the Barrier Theorem8.4.6, p. 229, states that whenever
z ∈ ∂G(T,Ω, p), there exists Δ ≥ 0 such that

∀ t ∈ [0,Δ], ←−z (t) ∈ ∂G(T − t,Ω − t,←−p (t)) (5.11)

We introduce the evolutions p(t) := ←−p (T − t) and z(t) := ←−z (T − t) defined
on the temporal window [T − Ω, T ]. They satisfy

∀ t ∈ [T − Ω, T ], (t, t − (T − Ω), p(t), z(t)) ∈ K (5.12)

and

p(T ) = p, z(T ) = z and (T − Ω, p(T − Ω), z(T − Ω)) ∈ D (5.13)

This means that (T,Ω, p, z) belongs to the specific traffic relation. Furthermore, the
barrier property holds true: there exists a duration Δ ≥ 0 such that

∀ t ∈ [T − Δ, T ], z(t) ∈ ∂G(t, t − (T − Ω), p(t)) (5.14)

Therefore,

{

z(t) ∈ G(t, t − (T − Ω), p(t)) if t ∈ [T − Ω, T − Δ[
z(t) ∈ ∂G(t, t − (T − Ω), p(t)) if t ∈ [T − Δ, T ] (5.15)

If Δ ≥ Ω , then the barrier property holds true on the whole interval:

∀ t ∈ [T − Ω, T ], z(t) ∈ ∂G(t, t − (T − Ω), p(t)) � (5.16)

The construction of the specific celerity regulator follows from the Viability The-
orem stating that the G(L ,M,K)[D] = Capt(5.7)(K,D):

http://dx.doi.org/10.1007/978-3-642-54771-3_8
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Definition 5.2.5 (Specific Celerity Regulator) The specific celerity regulator
relation ˜R(L ,M,K) is the relation

⎧

⎨

⎩

˜R(L ,M,K) :=
{

(t, o, p, c, z, ζ) such that p ∈ G(t, o), c ∈ ˜G(t, o, p),

z ∈ ˜G(t, o, p, c) and ζ ∈ L(t, o, p, c, z) satisfy(1, 1, c, ζ) ∈ −T
˜G(t, o, p, z)

}

(5.17)
It can be regarded as the graph of the regulator ˜R := R(L ,M,K) associating with
each (t, o, p, z, ζ) the set ˜R(t, o, p, z) of celerities c such that (t, o, p, c, z, ζ) ∈
˜R.

We may thus deduce the celerity regulation law:

Theorem 5.2.6 (Celerity Regulation Law) Assume that the specific constraint
relation K and specific departure relation D are closed and that the celerity
map M and the specific map L are Marchaud.

Then the specific incoming relation is closed and viable specific evolutions
satisfy

∀ t ∈ [T − Ω, T ], (t, t − (T − Ω), p(t), z(t)) ∈ K (5.18)

They are governed by the specific regulation law

∀ (t, t − (T − Ω), p(t), z(t)) ∈ K \D, p′(t) ∈ ˜R(t, t − (T − Ω), p(t), z(t), z′(t))
(5.19)

Since the specific traffic evolutionary system is a micro-meso system, we observe
at once that

1. whenever (p(·), z(·)) ∈ ˜S(t, o, p, z), then p(·) ∈ S(t, o, p);
2. whenever z ∈ ˜G(t, o, p), then p ∈ G(t, o);
3. ˜R(t, o, p, z, z′) ⊂ R(t, o, p).

5.3 Duration-Chaperoned Evolutions

We no longer assume in this section that the velocity of calendar duration o(t) :=
t − (T − Ω) is fixed and equal to 1, but that it is replaced by duration functions
t �→ o(t) with variable velocities, called fluidities, required to have an average
velocity equal to 1. Such duration functions “chaperon” the traffic evolution: they
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provide an example of specification. Then travel duration can be faster or slower, and
can influence the celerity regulator by involving the duration and its fluidity among
its arguments.4 Naturally, duration functions with variable velocities can be added
to any specification used the examples of this book. However, for simplifying the
exposition, we shall stick with calendar durations in those other examples, knowing
that they can be replaced by duration with variable fluidity.

5.3.1 Durations with Variable Fluidities

By definition, the velocity of the calendar duration5 t �→ o(t) := t − (T − Ω) is
equal to 1. However, it is perceived that time, i.e., duration, flies,6 and thus, has a
variable velocity, which we call fluidity.

We can weaken the requirement that the fluidity of calendar durations to be equal
to 1 by introducing duration function with variable fluidity required only to fly with
an average fluidity be equal to 1 on its temporal window.

Definition 5.3.1 (Duration Functions and their Fluidities) On temporal windows
[T −Ω, T ], what matters is that a duration function o(·) : t ∈ [T −Ω, T ] �→ o(t) ∈
[0,Ω]
1. satisfies the terminal conditions o(T ) = Ω;
2. has an average velocity

−→∇ Ωo(T ) = 1 on the temporal window [T − Ω, T ] (or,
equivalently, that the duration vanishes at the beginning of the temporal window:
o(T − Ω) = 0);

3. is increasing and satisfies the fluidity constraints

∀ t ∈ [T − Ω, T ], = o′(t) ∈ −[ϕ�,ϕ�] where 0 < ϕ� ≤ 1 ≤ ϕ� < +∞
(5.20)

Duration functions can be extended toR by setting o(t) := max(0,min(Ω, o(t))) ∈
[0,Ω].

This leaves room for imposing complementary conditions on duration functions.
For example, the retrospective duration is the duration of velocity equal to 1, or with
zero acceleration. However, we can impose other conditions on duration functions,
for instance that the acceleration γ > 0 is constant, or that its average m > 0 is

different from the average AΩo(T ) = Ω

2
of the calendar duration (see Fig. 5.3.2).

4We refer to [24, 26, 33, Aubin] for further information on duration functions.
5With average velocity ∇Ωo(T ) = 1 and average duration AΩo(T ) = Ω

2
.

6Tempus fugit, as Virgil notices in hisGeorgics: Sed fugit interea fugit irreparabile tempus, singula
dum capti circumvectamur amore. Indeed, the more the years go by, the faster time flies, the more
precious it becomes!
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Duration Functions

T

Ω

T − Ω time

duration
time-duration (T,Ω)

ϕ = 1

ϕ = +∞

ϕ = 0

Figure 5.3.2 [Duration Functions with Variable Fluidities] This figure displays
the calendar duration with zero acceleration (in blue) and durations functions with
constant opposite accelerations (in green and orange). The other duration function
has variable accelerations. Duration with zero fluidity is the constant duration
defined on the temporal window ] − ∞, T ] of infinite duration and duration with
infinite velocity is an impulse defined on the temporal window [T, T ] of duration
0, an instant. Theses “pathological” cases are excluded in equation (5.20), p.131,
the definition of duration functions.

5.3.2 Examples of Duration Functions

We may require that not only the average fluidity of a duration is equal to 1, but that
the average duration is prescribed, or its acceleration is constant, etc.

Lemma 5.3.3 (Durations With Prescribed Average) The following quadratic dura-
tion function om(·) defined by

∀ t ∈ [T −Ω, T ], om(t) := Ω−2
2Ω − 3m

Ω
(T −t)+3

Ω − 2m

Ω2
(T −t)2 (5.21)
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is a duration om : t ∈ [T − Ω, T ] �→ om(t) ∈ [0,Ω] with prescribed average

duration MΩo(T ) = m. It is linear if m = Ω

2
, convex if m >

Ω

2
(“time goes slow

and then, fast”) and concave if m <
Ω

2
(“time goes fast and then, slow”).

Its velocity o′
m(t) = 2

2Ω − 3m

Ω
− 6

Ω − 2m

Ω2
(T − t) satisfies the conditions

o′
m(T ) = 2

2Ω − 3m

Ω
=: ϕ (durations′sfluidity) and o′

m(T−Ω) = −2
Ω + 3m

Ω
(5.22)

and its acceleration is equal to γ := 6
(Ω − 2m)

Ω2
.

Setting ϕ := 2
2Ω − 3m

Ω
and γ := 6

(Ω − 2m)

Ω2
= 2(ϕ − 1)

Ω
, the quadratic dura-

tion can be written in the form om(t) := Ω − ϕ(T − t) + γ

2
(T − t)2.

Observe that if the fluidity ϕ is prescribed, then the average duration is equal to

m = Ω(4 − ϕ)

6
and that if the acceleration γ is fixed, then m = Ω

2
(6 − γΩ).

5.3.3 Fluidity Dependent Celerity Regulators

We consider the case when the celerity constraints M(t, o,ϕ, p) depends not only
on time, duration and position, but also on the fluidity ϕ(·) of the duration function
o(·), regarded as a specification.

The incoming domain G is the subset of time-duration-position states (t,Ω, p)
such that arrives at time T and at position p an evolution t �→ (t, o(t), p(t)) governed
by

∀ t ∈ [T − Ω, T ], p′(t) ∈ M(t, o(t), o′(t), p(t)) (5.23)

satisfying the viability constraints

∀ t ∈ [T − Ω, T ], p(t) ∈ M(t, o(t)) (5.24)

and the departure condition

p(T − Ω) ∈ D(T − Ω) (5.25)

We adapt to the case of durations with variable fluidities Theorem4.2.8, p. 104
and other statements of Sect. 4.2, p. 97. For that purpose, we introduce

http://dx.doi.org/10.1007/978-3-642-54771-3_4
http://dx.doi.org/10.1007/978-3-642-54771-3_4
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1. the characteristic system of differential inclusions

⎧

⎨

⎩

←−τ ′(t) = −1←−o ′(t) ∈ −[ϕ�,ϕ�] where 0 < ϕ� ≤ 1 ≤ ϕ� < +∞←−p ′(t) ∈ −M(←−τ (t),←−o (t),−←−o ′(t),←−p (t))
(5.26)

2. the characteristic environment K := Graph(K );
3. the characteristic target C0[D] := {(t, o, p) suchthat o = 0, p ∈ D(t)}.
Then the incoming domain is characterized by

(T,Ω, p) ∈ G[D] if and only if (T,Ω, p) ∈ Capt(5.26)(K, C0[D]) (5.27)

i.e., (T,Ω, p) belongs to the capture basin of the target C0[D] viable in the environ-
ment K under the characteristic system (5.26).

Hence the evolutions of time, duration, fluidities and celerities (t, o, p,ϕ, c) ∈
R[D] satisfy the regulation relation

R[D] := {(t, o, p,ϕ, c) such that (−1,−ϕ,−c) ∈ TGraph(G[D])(t, o, p)}
(5.28)

Among the maps relating those five items, we single out the celerity regulator R
defined by

R(t, o,ϕ, p) := {c ∈ M(t, o,ϕ, p) such that (t, o, p,ϕ, c) ∈ R[D]} (5.29)

Let us assume that the celerity map M is Marchaud and the graphs of K and
of D are closed. Then the incoming domain G[D] is closed and viable evolutions
(o(·), p(·)) ∈ S(T,Ω, p) such that p(T − Ω) ∈ D(T − Ω) are regulated by the
differential inclusion

∀ t ∈ [T − Ω, T ], p′(t) ∈ R(t, o(t), o′(t), p(t)) (5.30)

5.4 Acceleration and Dynamic Celerity Regulators

The simplest example of specification is the celerity z := c advised to the mobiles
along the network. Hence the derivative of this specification boils down to the accel-
eration c′(t) = p′′(t) advised to the mobiles. Introducing these specifications is
mandatorywhenever constraints on the velocities of themobiles are used, for instance
whenever mobiles have to stop at given times and positions of the network or during
periodic periods of time.

Since the maps of this section depend upon acceleration, we replace “acceleration
dependent” by the shorter “dynamic” for qualifying the concepts of this section. For
simplifying the notations, we assume that Graph(K ) ⊂ Dom(M). We introduce a

dynamic departure map
◦
D: (t, p) �→ ◦

D (t, p) ⊂ M(t, 0, p).
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Definition 5.4.1 (Dynamic Traffic Systems) Let us consider constraints on
accelerations defined by an acceleration map L : (t, o, p, c) � L(t, o, p, c)
providing the subsets of advised accelerations.

We introduce the second-order evolutionary system
◦
S [(M,L)] [ ◦

D] := ◦
S [ ◦

D]
associating with any terminal traffic state (T,Ω, p, c) the set of evolutions
t �→ p(t)

1. governed by the second-order differential inclusions

∀ t ∈ [T − Ω, T ], p′′(t) ∈ L(t, t − (T − Ω), p(t), p′(t)) (5.31)

2. satisfying the terminal condition p(T ) = p and p′(T ) = c;
3. the traffic and celerity constraints

∀ t ∈ [T − Ω, T ], p′(t) ∈ M(t, t − (T − Ω), p(t)) (5.32)

4. the departure condition

p′(T − Ω) ∈ ◦
D (T − Ω, p(T − Ω)) (5.33)

The dynamic incoming relation
◦
G is the subset of elements (t, o, p, c) ∈

Dom(L) such that there exists an evolution p(·) ∈ ◦
S [ ◦

D](t, o, p, c). Its domain

Graph(
◦
G) := Dom(

◦
G) is the graph of the dynamic incoming map

◦
G: c ∈ ◦

G

(t, o, p) if and only if (t, o, p, c) ∈ ◦
G.

We thus characterize this relation as a viable capture basin:

Theorem 5.4.2 (Viability Characterization of theDynamic IncomingRelation)
Let us introduce

1. the characteristic system of differential inclusions

⎧

⎪

⎪

⎨

⎪

⎪

⎩

←−τ ′(t) = −1←−o ′(t) = −1←−p ′(t) ∈ −M(←−τ (t),←−o (t),←−p (t))←−p ′′(t) ∈ L(←−τ (t),←−o (t),←−p (t),−←−p ′(t))

(5.34)
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2. the characteristic environment M := Graph(M);

3. the characteristic target
◦
C ⊂ M is the subset of states (t, 0, p, c) such that

c ∈ ◦
D (t, p).

Hence the dynamic incoming relation
◦
G is characterized by

◦
G = −Capt(5.34)(M,− ◦

C) (5.35)

Proof The proof of this viability characterization is a variant of the proof of Theo-
rem4.2.5, p. 101. Let us consider a traffic state (t, o, p,−c) ∈ Capt(5.34)(K,−C).
This means that there exist a time t� ≥ 0 and an evolution p(·) starting from
(T,Ω, p,−c) governed by the characteristic system (5.34), p. 128. It is given by←−τ (t) = T − t , ←−o (t) = Ω − t , ←−p (t) and ←−p ′(t). Furthermore, this evolution

1. is viable in the graph M , which means that

∀ t ∈ [0, t�], ←−p ′(t) ∈ −M(←−τ (t),←−o (t),←−p (t)) (5.36)

2. reaches the target at time t�, which means that ←−o (t�) = 0 and ←−p ′(t�) ∈
−D(t�,←−p (t�))

We introduce the functions τ (t) := ←−τ (T − t) = t , o(t) := ←−o (T − t) = t−(T −Ω)

and p(t) := ←−p (T − t) defined on the temporal window [T − Ω, T ]. They satisfy

∀ t ∈ [T − Ω, T ],
⎧

⎨

⎩

p′(t) ∈ M(t, t − (T − Ω), p(t))
and

p′′(t) ∈ L(t, t − (T − Ω), p(t), p′(t))
(5.37)

and

p(T ) = p, p′(T ) = c and p′(T − Ω) ∈ ◦
D (T − Ω, p(T − Ω)) (5.38)

Therefore (T,Ω, p, c) belongs to the dynamic incoming relation
◦
G [ ◦

D] =: ◦
G(L ,M)

[ ◦
D]. �

Consequently, we deduce from the Viability Theorem5.2.6, p. 130 the dynamic
regulation law of celerities:

http://dx.doi.org/10.1007/978-3-642-54771-3_4
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Theorem 5.4.3 (Dynamic Incoming Evolution) Assume that the set-valued
maps M : (t, o, p) � M(t, o, p) and L : (t, o, p, c) � L(t, o, p, c) are Mar-

chaud. Then the dynamic incoming relation
◦
G(L ,M) [ ◦

D] is closed and, from any

(T,Ω, p, c), there exists a dynamically viable evolutions p(·) ∈ ◦
S (T,Ω, p, c)

starting at time T − Ω from p(T − Ω) with a velocity p′(T − Ω) ∈ ◦
D

(T − Ω, p(T − Ω)).

Weassociatewith the tangential characterization of the dynamic incoming relation
◦
G(L ,M) [ ◦

D] and with each fixed T and Ω > 0 the ternary relation7

H := H(T,Ω) =
{

(p, c, γ) such that (−1, −1, −c, +γ) ∈ T ◦
G(L ,M)[

◦
D](t, o, p, −c)

}

(5.39)

Since this is a ternary relation, it generates (at least) two maps of interest:

{

(p, c) �→ {γ such that (p, c, γ) ∈ H} the acceleration regulator
(p, γ) �→ {c such that (p, c, γ) ∈ H} the dynamic celeri t y regulator

(5.40)
For being consistentwith the celerity approach,we use only the dynamical celerity

regulator:

Definition 5.4.4 (Dynamic Celerity Regulator) The dynamic celerity regulator
◦
R associates with each (t, o, c, γ) the set

◦
R (t, o, p, γ) of celerities c is defined

by

{∀(t, o, p, c, γ) ∈ Graph(L),
◦
R (t, o, p, γ) :=

{

c such that (−1,−1,−c, γ) ∈ T ◦
G(t, o, p,−c)

}

(5.41)

7Whenever the tangential condition (5.39), p. 137, are translated in term of partial differential
equations, the fact that c appears in both (1, 1, c, γ) and (t, o, p, c) implies the apparition of the non

linearities

〈

∂
◦
G (t, o, p)

∂ p
,

◦
G (t, o, p)

〉

popping up in the Burgers type “set-valued” conservation

laws (such as the LWR partial differential equation (7.67), p. 190). See [29, Aubin, Bayen and
Saint-Pierre] and Chap.16, p. 631, of Viability Theory. New Directions, [31, Aubin, Bayen and
Saint-Pierre].

http://dx.doi.org/10.1007/978-3-642-54771-3_7
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Dynamic Celerity and Acceleration Regulators

Dynamic
Celerity
Regulator

Acceleration
Regulator

celerity c

position p

acceleration γ

pos
itio

n/c
ele

rity
{p, c

}

position/acceleration{p
,γ}

Figure 5.4.5 [Dynamic Celerity and Acceleration Regulators] We consider the
ternary relation {p, c, γ} ∈ H linking position, celerities and (advised) accelera-
tions. It is symbolized by the triangle {{p, c, γ}}. Two partitions {{p, c}, {γ}} and
{{p, γ}, {c}} are displayed: they represent respectively the graphs of the accelera-
tion regulator (p, c) � γ providing accelerations by a blue arrow and the dynamic
celerity regulator (p, γ) � c by violet arrows. This regulator provides celerities,
depending both on position and acceleration, hence the adjective “dynamic” for
underlying this specificity

We thus deduce from Theorem5.2.6, p. 130:

Theorem 5.4.6 (Dynamic Celerity Regulation Law) Under the assumptions

of Theorem5.4.3, p. 137, from any (T,Ω, p, c), the viable evolutions p(·) ∈ ◦
S

(T,Ω, p, c) starting at time T −Ω from p(T −Ω)with a velocity p′(T −Ω) ∈
◦
D (T − Ω, p(T − Ω)) are regulated by dynamic celerity regulator:

∀ t ∈ [T − Ω, T ], p′(t) ∈ ◦
R (t, t − (T − Ω), p(t), p′′(t)) (5.42)



5.5 Collision Avoidance of a Fleet of Vehicles 131

5.5 Collision Avoidance of a Fleet of Vehicles

We consider n vehicles i = 1, . . . , n of a fleet governed by their celerity maps
Mi (t, t − (T −Ω), pi (t)) occupying at every time t the n different positions p(t) :=
(pi (t))i=1,...,n ∈ K (t, t − (T − Ω))n on the network K (t, t − (T − Ω)).

Introducing a safety distance threshold s, the problem is to avoid at any time
collision positions ‖pi − p j‖ < s. This leads to bilateral viability constraints of the
form8

∀ t ∈ [T − Ω, T ], ∀ i, j = 1, . . . , n, ‖p j (t) − pi (t)‖ ≥ s (5.43)

The literature on collision avoidance is the topic of Introduction to autonomous
mobile robots by [208, Siegwart,Nourbakhsh andScaramuzza], of [186,Muhammad,
Fraichard and Fezari], [126, Fraichard and Asama], [157, 158, Kalisiak and van de
Panne] where viability concepts are used, [50, Augugliaro, Schoellig andD’Andrea],
[124, Feron, E. and DeMot], [125, Feron and Johnson], [131, Frazzoli, Dahleh and
Feron], [181, Lupashin, Schoellig, Sherback and D’Andrea], [198, Popescu, Cleve-
land, Boidot, Pritchett and Feron], [207, Schouwenaars, How and Feron], dealing
with aerial collision avoidance, etc. We bring a small stone to this edifice. This study
uses and generalizes the example of a fleet of two vehicles on a straight line (see
Sect. 3.1.7, p. 58).

We introduce n departure maps Di : t � Di (t) ⊂ K (t, 0), their incoming
maps G[Di ] : (T,Ω) �∈ G[Di ](T,Ω) ⊂ K (T,Ω) and celerity regulators Ri :
(T,Ω, pi ) � Ri : (T,Ω, pi ) (see Definition3.2.9, p. 69) of each vehicle of the
fleet.

For defining the analogous concepts for the fleet of vehicles, we set
⎧

⎪

⎪

⎪

⎪

⎨

⎪

⎪

⎪

⎪

⎩

K : (t, o) ∈ R ∈ R+ � K(t, o) := ∏n
i=1 Ki (t, o)

M : (t, o,p) � M(t, o,p) := ∏n
i=1 Mi (T,Ω, pi )

D : t � D(t) := ∏n
i=1 Di (t) ⊂ K (t, 0)n

G : (T,Ω) � G(T,Ω) := ∏n
i=1 Gi (T,Ω)

R : (T,Ω, p) � R(T,Ω,p) := ∏n
i=1 Ri (T,Ω, pi )

(5.44)

Theorem4.3.2, p. 108, implies immediately that the evolution t �→ p(t) :=
(pi (t))i=1,...,n of the positions of the fleet viable in the network, starting from
D(T − Ω) and arriving at p at arrival time T is governed by the celerity regula-
tor

∀ t ∈ [T − Ω, T ], p′(t) := (p′
i (t))i=1,...,n ∈ R(t, t − (T − Ω),p(t)) (5.45)

The celerity regulator can be computed by the viability kernel algorithm. �

8There is no added difficulty to assume that the safety distances si, j depend on each pair of different
vehicles.

http://dx.doi.org/10.1007/978-3-642-54771-3_3
http://dx.doi.org/10.1007/978-3-642-54771-3_3
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For avoiding that the safety distances ‖p j (t)− pi (t)‖ are below a safety threshold
s of the vehicles of the fleet, we assume that at position p(t), all different vehicles
must keep a minimal safety distance s between themselves. The added requirement
is translated by

∀ t ∈ [T − Ω, T ], ∀ i �= j, ‖p j (t) − pi (t)‖ ≥ s > 0 (5.46)

We set
Is(p) := {

(i, j) such that ‖p j − pi‖ = s
}

(5.47)

Let us consider the safety map V : p �→ V (p) ∈ R defined by

V (p) := min
(i, j)∈Is (p)

∥

∥pi − p j

∥

∥

2 − s2 (5.48)

We thus add the avoidance constraint Vs(p) ≥ 0 for defining
{

Ks : (t, o) � K(t, o) := ∏n
i=1 Ki (t, o) =

{p ∈ K (t, o)n such that Vs(p) ≥ 0} (5.49)

Theorems4.2.8, p. 104, and 4.3.2, p. 108, imply the following characterization of
fleet incoming map and celerity regulators:

Theorem 5.5.1 (Fleet IncomingMap and Celerity Regulator for Avoiding Col-
lisions) Let us introduce

1. the characteristic system of differential inclusions

⎧

⎨

⎩

←−τ ′(t) = −1←−o ′(t) = −1←−pi ′(t) ∈ −M(←−τ (t),←−o (t)),←−pi (t), i = 1, . . . , n
(5.50)

2. the characteristic environment Ks := Graph(Ks);
3. the characteristic target C0[D] := {(t, o,p) such that o = 0, p ∈ D(t)}.
Then the incoming avoidance map Gs[D] : (T,Ω) � Gs[D](T,Ω) ⊂
G[D](T,Ω) providing the position pi of the vehicles of the fleet at which arrive
at time T viable evolutions starting from Di (T − Ω) while avoiding collisions
‖p j (t) − pi (t)‖ < s is characterized by

p ∈ Gs[D](T,Ω) if and only if (T,Ω,p) ∈ Capt(5.50)(Ks, C0[D]) (5.51)

i.e., (T,Ω,p) belongs to the capture basin of the target C0[D] viable in the
environment Ks under the characteristic system (5.50).

http://dx.doi.org/10.1007/978-3-642-54771-3_4
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The celerity regulator of the fleet of vehicles Rs : (T,Ω,p) � Rs(T,Ω,p)

is defined by

{

Rs(T,Ω,p) =
{

c such that (1, 1, c) ∈ TGraph(Gs [D])(T,Ω,p)
}

⊂ R(T,Ω,p)

(5.52)
If the graphs of the maps Ki and Di are closed and the celerity maps Mi are
Marchaud, then the viable evolutions of the fleet avoiding collisions are governed
by

∀ t ∈ [T − Ω, T ], p′(t) ∈ Rs(t, T − Ω,p(t)) (5.53)

Remark that the celerity regulator Rs(T,Ω,p) can be computed by the viability
kernel algorithm. �

However, the question arises to use the knowledge of the celerity regulators
Ri (T,Ω, pi ) already computed for governing the evolutions of the positions pi (t)
of the vehicles without collision avoidance and to carve in the productR(T,Ω,p) of
their celerity regulators a subregulationmaps of Ri using explicit analytical formulas
alleviating the computation of the regulation map Rs .

We observe for that purpose that the constraints on the network involving safety
constraints can be written in the form Ks = K ∩ V−1(R+). Since R+ is invariant
under the differential inclusion d ′(t) ≥ δγ(d(t)), we can use Lemma8.3.2, p. 222,
for providing a subset of the safety regulator and an analytically defined subset of
the safety celerity regulator.

We recall that the hypoderivative of the safety function is provided by formula

D↓Vs(p)(c) = 2 min
(i, j)∈Is (p)

〈

pi − p j , ci − c j
〉

(5.54)

of convex analysis, so that

d

dt
Vs(p(t)) ≥ 2 min

(i, j)∈Is (p)

〈

pi (t) − p j (t), p
′
i (t) − p′

j (t)
〉

(5.55)

We thus introduce the set-valued maps
⎧

⎪

⎪

⎨

⎪

⎪

⎩

Hs(t, o,p) := {c ∈ G(t, o,p) such that
2min(i, j)∈Is (p)

〈

pi − p j , ci − c j
〉

≥
−√

2γ(inf (i, j)∈Is (p) ‖pi − p j‖2 − s2)}
(5.56)

and

http://dx.doi.org/10.1007/978-3-642-54771-3_8
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{

RHs [D] : (T,Ω, p) := {c ∈ R[D] : (T,Ω, p) such that ∀ (i, j) ∈ Is(p),

2
〈

pi − p j , ci − c j
〉 ≥ −√

2γ(inf (i, j)∈Is (p) ‖pi − p j‖2 − s2)
}

(5.57)
We thus deduce from Lemma8.3.2, p. 222, Proposition3.1.14, p. 59, and Theo-

rem5.5.1, p. 140, the following theorem

Theorem 5.5.2 (Pairwise Regulation for Avoiding Collisions) The viable evo-
lutions of positions pi (t) governed by the celerity regulators p′

i (t) ∈ Ri (t, t −
(T − Ω), pi ) satisfy furthermore

{∀ t ∈ [T − Ω, T ], ∀ (i, j) ∈ Is(p)

2
〈

pi (t) − p j (t), p′
i (t) − p′

j (t)
〉

≥ −√

2γ(inf (i, j)∈Is (p) ‖pi − p j‖2 − s2)

(5.58)
are viable in the network and satisfy the safety constraints

∀ t ∈ [T − Ω, T ], ∀ (i, j) ∈ Is(p), ‖pi (t) − p j (t)‖ ≥ s (5.59)

Therefore, for any pair of vehicles (i, j) ∈ Is(p), their velocities are constrained
by

2
〈

pi − p j , ci − c j
〉 ≥ −

√

2γ( inf
(i, j)∈Is (p)

‖pi − p j‖2 − s2) (5.60)

which, from the point of view of each vehicle, can be written in the form

{∀ i = 1, . . . n, ∀ j such that (i, j) ∈ Is(p),
〈

p j − pi , ci
〉 ≤ 〈

p j − pi , c j
〉 +√

2γ(inf (i, j)∈Is (p) ‖pi − p j‖2 − s2)
(5.61)

Therefore, a traffic controller (an air traffic controller, for instance), must find
solutions (if they exist) to this system of inequalities.

For example, he can minimize linear or quadratic functionals on the celerity
c ∈ ∏n

i=1 Ri (T,Ω, pi ) satisfying the set of bilateral (or pairwise) constraints (5.57),
p. 142. This is another problem which is not investigated further in this study.

Remark UsingViabilityMultipliersViabilitymultipliers (seeSect. 12.2, p. 485, and
Theorem12.2.9, p. 495, of Viability Theory. New Directions, [31, Aubin, Bayen and
Saint-Pierre]) are corrections of the differential inclusions formaking an environment
viable under constraints, and, in particular, to bilateral constraints such as ‖pi (t) −
p j (t)‖ ≥ s. For instance, the evolutions are governed by

∀ i = 1, . . . , n, ∀ t ≥ 0, p′
i (t) = fi (p(t)) (5.62)

http://dx.doi.org/10.1007/978-3-642-54771-3_8
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and subjected to bilateral constraints ‖pi (t) − p j (t)‖ ≥ s. In this specific case, a
viability multiplier is an antisymmetric matrix Q = (qi, j ) which plays the role of an
additional control. Then the safety constraints are viable under the controlled system

∀ i = 1, . . . , n, ∀ t ∈ [T − Ω, T ], p′
i (t) = fi (p(t)) −

n
∑

j=1

qi, j (t)(pi (t) − p j (t))

(5.63)
where qi, j (t) = −q j,i (t) are opposite messages depending on their mutual bilateral
distances. Traffic regulators, such as air traffic controllers, are needed to compute
these correction matrices and send their entries to each pair of vehicles.

With this approach, even though we know that the system is controlled by anti-
symmetric matrices Q = (qi, j ), it remains to compute it. This is another problem
which is not investigated further in this study. In other words, viability multipliers
play an analogous role as the one of Lagrange multipliers, obtained through totally
different techniques. �



Chapter 6
Valuation of Intertemporal
Micro–Meso–Macro Systems

In this chapter, we add to micro variables and/or meso variables a macro-variable,
which is a numerical indicator that can also be used as a criterion for intertempo-
ral optimization of criteria (called Lagrangians) involving the micro–meso viable
evolutions and their derivatives.

Relations where the last variable is a scalar are called numerical relations. They
enjoy further properties described in Sect. 6.1, p. 145. We next rephrase the results
of the preceding chapter by taking into account the scalar nature of indicators for
studying intertemporal optimization under viability (or state) constraints: we prove
the dynamic optimization programming properties and construct the celerity regula-
tors. We illustrate these results for deriving several selection procedure of departure
positions in the Cournot map before addressing variational issues in Chap.7, p. 163.

6.1 Intertemporal Selection Through Indicators

Since the celerity η ∈ R of the indicator y is a scalar, it ranges over intervals of R.
These added complications are justified by the interest triggered by intertemporal
optimization theory. Most of the specifications we present are indicators and treated
as such. The earlier results still hold true, but with added cumbersome notations and
additional results.

6.1.1 Numerical Relation

Introducing specific variables z and indicators y ∈ R implies that the new state space
is the space of elements (t, o, p, z, y) ∈ W × RwhereW := R × R+ × R

|p| × R
|z|.

In this new setting, the indicator plays the role of the ultimate macro variable y
added to the micro-variable (t, o, p) (time, duration, position). Partitioning these
variables in the form (t, o, p, z, y) = ((t, o, p, z), y) ⊂ W × R, subsets V ⊂ W ×
R are relations enjoying specific properties sinceR is endowedwith its total preorder
relations, allowing to use the lattice operations “min” and “max” and to open the

© Springer-Verlag Berlin Heidelberg 2017
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138 6 Valuation of Intertemporal Micro–Meso–Macro Systems

gates for adding optimization to viability requirements (optimization under viability
or state constraints).

Definition 6.1.1 (Numerical Relations) IfW denotes a vector space, we regard
any subset V ⊂ W × R as a numerical relation. We associate with it

1. the set-valued map V : W � R defined by

V(z) := {y such that (z, y) ∈ V} (6.1)

2. its minimal selection V � : z ∈ W �→ V �(z) := inf (y,z)∈V y ∈ R;
3. its maximal selection V � : z ∈ W �→ V �(z) := sup(y,z)∈V y ∈ R.

The domain Dom(V ) ⊂ W is the projection

Dom(V ) := {z such that ∃y satisying (z, y) ∈ V}

We observe that

1. the graph of the set-valued map V is the numerical relation V = Graph(V);
2. the epigraph of the numerical relation V is defined by

E p(V�) := {

(z, y) ∈ V such that y ≥ V �(z)
}

(6.2)

contained in the epigraph E p(V �) = V + {0} × R+ of the minimal selection V �;
3. the hypograph of the numerical relation V is defined by

Hyp(V�) := {

(z, y) ∈ V such that y ≤ V �(z)
}

(6.3)

contained in hypographHyp(V �) = V − {0} × R+ of the maximal selection V �.

Recall that Lemma 18.6.6, p. 746, ofViability Theory. NewDirections, [31, Aubin,
Bayen and Saint-Pierre], states thatwhenever the numerical relationV is closed, then

E p(V�) = E p(V �) and Hyp(V�) = Hyp(V �) (6.4)

6.1.2 Intertemporal Optimization of Lagrangians

We assume that the accelerations obey lower and upper thresholds1 l(t, o, p, z) and
m(t, o, p, z), so that the accelerations of the traffic evolution are constrained to

1We introduce these less informative notations l(t, o, p, z, c, ζ) := l�(t, o, p, z, c, ζ) and
m(t, o, p, z, c, ζ) := l�(t, o, p, z, c, ζ) for avoiding cumbersome formulas later on. In Sect. 3.1,
p. 39, we used Λ(t, o, p, z, c, ζ) := [−γ�, γ�] with constant acceleration thresholds.

http://dx.doi.org/10.1007/978-3-642-54771-3_3
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belong to

Λ(t, o, p, z, c, ζ) = [l(t, o, p, z, c, ζ), m(t, o, p, z, c, ζ)] (6.5)

Definition 6.1.2 (Lower and Upper Lagrangians) The additional data of a val-
uation relation are described by

1. two Lagrangian extended functions,

a. the lower Lagrangian l : (t, o, p, z, c, ζ) �→ l(t, o, p, z, c, ζ) ∈ R ∪
{+∞};

b. the upper Lagrangian m : (t, o, p, z, c, ζ) �→ m : (t, o, p, z, c, ζ) ∈
{−∞} ∪ R

such that l(t, o, p, z, c, ζ) ≤ m(t, o, p, z, c, ζ). We denote by

Λ(t, o, p, z, c, ζ) := [l(t, o, p, z, c, ζ), m(t, o, p, z, c, ζ)]

the Lagrangian map (or Lagrangian interval);
2. two cost functions

a. the lower constraint cost function k� : (t, o, p, z) �→ k�(t, o, p, z) ∈ R ∪
{+∞};

b. the upper constraint cost function k� : (t, o, p, z) �→ k�(t, o, p, z) ∈
{−∞} ∪ R

such that k�(t, o, p, z) ≤ k� : (t, o, p, z). We denote by

k(t, o, p, z) := [k�(t, o, p, z), k�(t, o, p, z)]

the cost constraint interval;
3. a departure cost function d : (t, p, z) ∈ D �→ d(t, p, z) ∈ R ∪ {+∞} such

that k�(t, 0, p, z) ≤ d(t, 0, p, z) ≤ k� : (t, 0, p, z).

We no longer mention explicitly the constraint map K , the celerity map M and
the acceleration L because we involved them implicitly in the definitions of those
functions:

⎧

⎨

⎩

L(t, o, p, c, z) := Dom(Λ) = {ζ such that Λ(t, o, p, z, c, ζ) �= ∅}
M(t, o, p) := {c such that L(t, o, p, z, c) �= ∅}
K (t, o) := Dom(k) = {(p, z) such that k(t, o, p, z) �= ∅}

(6.6)

Observe that when we assume that m(·) ≡ +∞ and k�(·) ≡ +∞, only the
lower Lagrangian l(·) and lower constraints k�(·) are involved, and that when we
assume that l(·) ≡ −∞ and k�(·) ≡ −∞, only the upper Lagrangian m(·) and upper
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constraintsk�(·) domatter. Thus intertemporalminimization andmaximization prob-
lems are particular cases of this study.

Theorems 5.2.4, p. 128 and 5.2.6, p. 130, can be easily adapted to micro–meso–
macro systems: they provide viability characterization and the construction of celer-
ity regulators. We prove only the viability properties specific to the macro variables
which allow to recover readily the Bellman dynamic optimality principle, stating
the existence of optimal evolutions and the mother of Hamilton–Jacobi–Bellman
partial differential equations.2 The “variational properties” specific to these opti-
mization problems and the Lax-Oleinik formula for regulating optimal evolutions
are addressed in Chap.7, p. 163.

We thus associate with these data the retrospective system governing the evolu-
tions (p(·), z(·), y(·)):

Definition 6.1.3 (Numerical Specific Evolutionary Systems) We denote
by ̂S(T,Ω, p, z, y) := S(l,k)[d](T,Ω, p, z, y) the subset of evolutions
(p(·), z(·), y(·))
1. governed by the system of differential inclusions

∀t ∈ [T − Ω, T ],
⎧

⎨

⎩

p′(t) ∈ M(t, t − (T − Ω), p(t))
z′(t) ∈ L(t, t − (T − Ω), p(t), z(t), p′(t))
y′(t) ∈ Λ(t, t − (T − Ω), p(t), z(t), p′(t), z′(t))

(6.7)
2. satisfying the specific cost constraints

∀t ∈ [T − Ω, T ], y(t) ∈ k(t, t − (T − Ω), p(t), z(t)) (6.8)

3. arriving at time T at position p, specification z with a value y starting from
T − Ω at position p(T − Ω), specification z(T − Ω) with a value

y(T − Ω) = d(T − Ω, p(T − Ω), z(T − Ω)) (6.9)

equal to the departure cost.

We remark that the evolution of the indicator is governed by a differential inclusion
and is equal to

2See the complete proofs in Chaps. 13, p. 523, 14, p. 563, and 17, p. 681, of Viability Theory. New
Directions, [31, Aubin, Bayen and Saint-Pierre].
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∀ t ∈ [T − Ω, T ], y(t) ∈ y(T − Ω)+
[∫ t

T−Ω

l(τ , τ − (T − Ω), p(τ ), z(τ ), p′(τ ), z′(τ ))dτ ,
∫ t

T−Ω

m(τ , τ − (T − Ω), p(τ ), z(τ ), p′(τ ), z′(τ ))dτ

]

(6.10)

We introduce the valuation relation:

Definition 6.1.4 (The Valuation Relation) We associate with these data the val-
uation relation V := V(l,k)[d] defined by

V :=
{

(T, Ω, p, z, y) such that ∃(p(·), z(·)) ∈ S(l,k)[d](T,Ω, p, z) satisfying

y(t) ∈ d(T − Ω, p(T − Ω), z(T − Ω))

+
∫ T

T−Ω
Λ(τ , τ − (T − Ω), p(τ ), z(τ ); p′(τ ), z′(τ ))dτ

}

(6.11)

The valuation relation is the graph of the (set-valued) valuation map V :=
V(Λ,k)[d]which associates with any (T,Ω, p, z) the subsetV(T,Ω, p, z) ⊂ R

of scalars y ∈ R such that (T,Ω, p, z, y) ∈ V .

We adjoin the minimal and maximal selections of the valuation map:

Definition 6.1.5 (Lower and Upper Valuation Functions) The lower and upper
valuation functions are respectively the lower and upper bounds of the valuation
relation:

⎧

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎨

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎩

V �(T,Ω, p, z) := inf
(T,Ω,p,z,y)∈V

y

= inf
(p(·),z(·))∈S(l,k)[d](T,Ω,p,z)

(d(T − Ω, p(T − Ω), z(T − Ω))

+
∫ T

T−Ω

l(τ , τ − (T − Ω), p(τ ), z(τ ), p(τ ), p′(τ ), z′(τ ))dτ

)

and
V �(T,Ω, p, z) := sup

(T,Ω,p,z,y)∈V
y

= sup
(p(·),z(·))∈S(l,k)[d](T,Ω,p,z)

(d(T − Ω, p(T − Ω), z(T − Ω))

+
∫ T

T−Ω

m(τ , τ − (T − Ω), p(τ ), z(τ ), p(τ ), p′(τ ), z′(τ ))dτ

)

(6.12)
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We observe that

V(T,Ω, p, z) ⊂ [V �(T,Ω, p, z), V �(T,Ω, p, z)] (6.13)

Remark Valuation and Value Functions We use the word “valuation function”
instead of “value function” as in optimal control theory in order to avoid confusion
between these closely related concepts: valuation functions (T,Ω, ·) �→ V (T,Ω, ·)
are parameterized by the terminal time T and the durationΩ of a retrospective tempo-
ral windows [T − Ω, T ]whereas value functions (t, ·) �→ V (t, ·) are parameterized
by current time t ∈ [0, T ] on a given prospective temporal window [0, T ] with fixed
initial time and horizon. �

The valuation relation is characterized as a viable capture basin:

Theorem 6.1.6 (Viability Characterization of the Valuation Relation) Let us
introduce the auxiliary characteristic system

⎧

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎨

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎩

←−τ ′(t) = −1
←−o ′(t) = −1
←−p ′(t) ∈ −M(←−τ (t),←−o (t),←−p (t))
←−z ′(t) ∈ −L(←−τ (t),←−o (t),←−p (t),←−z (t))

−m(←−τ (t),←−o (t),←−p (t),←−z (t),−←−p ′(t),−←−z ′(t))
≤ ←−y ′(t) ≤
−l(←−τ (t),←−o (t),←−p (t),←−z (t),−←−p ′(t),−←−z ′(t))

(6.14)

The valuation relation is equal to the viable capture basin:

V := V(l,k)[d] := Capt(6.14)(Graph(k),Graph(d)) (6.15)

under the characteristic system (6.14). Consequently, the valuation relation
and the valuation map inherit all the properties of capture basins and can be
computed by viability algorithms.

In other words, the valuation map V : (T,Ω, p, z) �→ ̂V(T,Ω, p, z) ⊂ R is
equal to

V(T,Ω, p, z) = {

y such that (T,Ω, p, z, y) ∈ Capt(6.14)(Graph(k),Graph(d))
}

(6.16)
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We observe that

k�(t, o, p, z) ≤ V �(t, o, p, z) ≤ d(t, p, z) ≤ V �(t, o, p, z) ≤ k�(t, o, p, z)
(6.17)

If we are only interested by the lower and upper valuation functions V � and V �,
the viability characterization is decomposed into two viability characterization as
viable capture basin under (6.18) and (6.19) respectively;

⎧

⎪

⎪

⎪

⎪

⎨

⎪

⎪

⎪

⎪

⎩

←−τ ′(t) = −1←−o ′(t) = −1←−p ′(t) ∈ −M(←−τ (t),←−o (t),←−p (t))←−z ′(t) ∈ −L(←−τ (t),←−o (t),←−p (t),←−z (t))←−y ′(t) ≤ −l(←−τ (t),←−o (t),←−p (t),←−z (t),−←−p ′(t),−←−z ′(t))

(6.18)

and
⎧

⎪

⎪

⎪

⎪

⎨

⎪

⎪

⎪

⎪

⎩

←−τ ′(t) = −1←−o ′(t) = −1←−p ′(t) ∈ −M(←−τ (t),←−o (t),←−p (t))←−z ′(t) ∈ −L(←−τ (t),←−o (t),←−p (t),←−z (t))←−y ′(t) ≥ −m(←−τ (t),←−o (t),←−p (t),←−z (t),−←−p ′(t),−←−z ′(t))

(6.19)

Corollary 6.1.7 (Viability Characterization of Lower and Upper Valuation
Functions) The lower and upper valuation functions are respectively equal to:

⎧

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎨

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎩

V �(T,Ω, p, z) = inf
(T,Ω,p,z,y)∈Capt(6.18)(Graph(k),Graph(d))

y

= inf
(p(·),z(·))∈S(l,k)[d](T,Ω,p,z)

(d(T − Ω, p(T − Ω), z(T − Ω))

∫ T

T−Ω

l(τ , τ − (T − Ω), p(τ ), z(τ ), p(τ ), p′(τ ), z′(τ ))dτ

)

V �(T,Ω, p, z) = sup
(T,Ω,p,z,y)∈Capt(6.19)(Graph(k),Graph(d))

y

= sup
(p(·),z(·))∈S(l,k)[d](T,Ω,p,z)

(d(T − Ω, p(T − Ω), z(T − Ω))

∫ T

T−Ω

m(τ , τ − (T − Ω), p(τ ), z(τ ), p(τ ), p′(τ ), z′(τ ))dτ

)

(6.20)

Therefore, the valuation relation and the lower and upper valuation functions enjoy
the properties of viable capture basins, which imply the construction of celerity
regulators advising not only viable evolutions, but evolutions which optimize the
Lagrangians l or m.
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6.1.3 The Dynamic Optimization Principle

For exploiting the viability properties of the viable capture basins, we have to assume
that the Lagrangian is a lower or an upper Marchaud function:

Definition 6.1.8 (Marchaud Interval Maps) We shall say that a Lagrangian
interval map Λ : (t, o, p, z, c, ζ) �→ [l(t, o, p, z, c, ζ), m(t, o, p, z, c, ζ)] is
Marchaud if there exists a finite positive constant μ > 0 for which

⎧

⎪

⎪

⎪

⎪

⎨

⎪

⎪

⎪

⎪

⎩

Dom(Λ(t, o, p, z, ·, ·)) ⊂ μ(|t | + |o| + ‖p‖ + ‖z‖ + ‖c‖ + ‖ζ‖ + 1)B
is closed and satisfies the following estimates

∀(c, ζ) ∈ Dom(Λ(t, o, p, z, ·, ·)),
Λ(t, o, p, z; (c, ζ)) ⊂ μ(|t | + |o| + ‖p‖ + ‖z‖ + ‖c‖ + ‖ζ‖ + 1)B

(6.21)
(where B is the unit ball) and

1. the lower Lagrangian l is lower semicontinuous and convex with respect to
(c, ζ);

2. the upper Lagrangianm it is upper semicontinuous and concave with respect
to (c, ζ).

We derive from Theorem 6.1.10, p. 153, the existence of optimal evolutions:

Theorem 6.1.9 (Existence and Properties of Optimal Evolutions) Assume that
the Lagrangian interval Λ is Marchaud, that the constraint functions k� and k�

are respectively lower and upper semicontinuous and that the departure cost
function d is continuous.

Then the valuation relation is closed, the minimal valuation function V � :=
V �

(Λ,k)[d] is lower semicontinuous and the maximal valuation function V � :=
V �

(Λ,k)[d] is upper semicontinuous. Furthermore,
1. V �(T,Ω, p, z) belongs to V(T,Ω, p, z), so that there exists at least one

optimal minimal evolution (p�(·), z�(·)) ∈ ˜S(T,Ω, p, z):

∀t ∈]T − Ω, T ],
V �(t, t − (T − Ω)) = d(T − Ω, p�(T − Ω), z�(T − Ω)), p�((t), z�(t))

+
∫ t

T−Ω

l(τ , τ − (T − Ω), p�(τ ), z�(τ ), p�′
(τ ), z�′

(τ ))dτ

(6.22)
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2. V �(T,Ω, p, z) belongs to ̂V(T,Ω, p, z), so that there exists at least one
maximal evolution (p�(·), z�(·)) ∈ ˜S(T,Ω, p, z):

∀t ∈]T − Ω, T ],
V �(t, t − (T − Ω)) = d(T − Ω, p�(T − Ω), z�(T − Ω)), p�((t), z�(t))

+
∫ t

T−Ω

m(τ , τ − (T − Ω), p�(τ ), z�(τ ), p�′
(τ ), z�′

(τ ))dτ

(6.23)

Therefore, the barrier property (5.9), p. 128, of Theorem 5.2.4, p. 128, holds true:
it is known as the dynamic optimality property or dynamical programming property
discovered in different contexts by Constantin Carathéodory, Rufus Isaacs, Richard
Bellman among other mathematicians.

Theorem 6.1.10 (The Dynamic Optimality Property) Let (T,Ω, p, z, y) ∈ V .
1. If y ∈ ]V �(T,Ω, p, z), V �(T,Ω, p, z)[, then for all evolutions (p(·), z(·)) ∈

˜S(T,Ω, p, z), the evolution

y(t) ∈ y −
∫ T

t
l(τ , τ − (T − Ω), p(τ ), z(τ ), p′(τ ), z′(τ ))dτ

satisfies: ∀t ∈ [T − Ω, T ],

V �(t, t − (T − Ω), p(t), z(t)) < y(t) < V �(t, t − (T − Ω), p(t), z(t))
(6.24)

2. If V �(T,Ω, p, z) ∈ V(T,Ω, p, z), we denote by

y�(t) = V �(T, Ω, p, z) −
∫ T

t
l(τ , τ − (T − Ω), p(τ ), z(τ ), p′(τ ), z′(τ ))dτ

where (p(·), z(·)) ∈ ˜S(T,Ω, p, z) and by Δ� := Δ(T,Ω, p, z, y�(·)) ∈
[0,Ω] the first time when y(Δ�) = k�(Δ�,Δ� − (T − Ω), p(Δ�), z(Δ�)).
Then the evolution y�(·) achieves the minimum and satisfies the dynamic
minimality principle

{

y�(t) > V �(t, t − (T − Ω), p(t), z(t)) if t ∈ [T − Ω, T − Δ�[
y�(t) = V �(t, t − (T − Ω), p(t), z(t)) if t ∈ [T − Δ�, T ]

(6.25)
3. If V �(T,Ω, p, z) ∈ ̂V(T,Ω, p, z), we denote by

y�(t) = V �(T, Ω, p, z) −
∫ T

t
l(τ , τ − (T − Ω), p(τ ), z(τ ), p′(τ ), z′(τ ))dτ

http://dx.doi.org/10.1007/978-3-642-54771-3_5
http://dx.doi.org/10.1007/978-3-642-54771-3_5
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where (p(·), z(·)) ∈ S(l,k)[d](T,Ω, p, z) andbyΔ� := Δ(T,Ω, p, z, y�(·))
∈ [0,Ω] the first timewhen y(Δ�) = k�(Δ�,Δ� − (T − Ω), p(Δ�), z(Δ�)).
Then the evolution y�(·) achieves the maximum and satisfies the dynamic
maximality principle

{

y�(t) < V �(t, t − (T − Ω), p(t), z(t)) if t ∈ [T − Ω, T − Δ�[
y�(t) = V �(t, t − (T − Ω), p(t), z(t)) if t ∈ [T − Δ�, T ]

(6.26)

6.1.4 Intertemporal Celerity Regulators

The tangential condition provided by the viability theorem implies the definition of
the regulation relation providing the celerity regulator:

Definition 6.1.11 (Intertemporal Celerity Regulator) The intertemporal rela-
tion ̂R(L ,M,K) is defined by

{

̂R(l,k); := {(t, o, p, z, c, ζ, y, η) such that η ∈ Λ(t, o, p, z, −c, −ζ) satisfies
(−1,−1, −c, −ζ, −η) ∈ TV (t, o, p, z, y)

}

(6.27)

It can be regarded as the graph of the intertemporal celerity regulator ̂R :=
̂R(L ,M,K) associating with each (t, o, p, z, ζ, y, η) the set ̂R(t, o, p, z, ζ, y, η)

of celerities c such that (t, o, p, z, c, ζ, y, η) ∈ ̂R.

The celerity regulation law becomes

∀t ∈]T − Ω, T ], p′(t) ∈ R(t, t − (T − Ω), p(t), z(t), z′(t), y(t)), y′(t))
(6.28)

We shall specify the regulation when y ∈]V �(T,Ω, p, z), V �(T,Ω, p, z)[, y =
V �(T,Ω, p, z) and y = V �(T,Ω, p, z).

Recall that the tangent cones to any closed numerical relationV ⊂ X × R satisfies
the property

∀y ∈ ]V �(z), V �(z)[, TV(z, y) = TDom(V)(z) × R (6.29)
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thanks to Lemma 18.6.18, p. 753, of Viability Theory. New Directions, [31, Aubin,
Bayen and Saint-Pierre].

The dynamic optimality property (see Theorem 6.1.10, p. 153), implies the fol-
lowing precisions on the regulation map:

Theorem 6.1.12 (Celerity Regulators of Valuation Relations) We posit the
assumptions of Theorem 6.1.9, p. 152. Let (T,Ω, p, z, y) ∈ V .
1. If y ∈]V �(T,Ω, p, z), V �(T,Ω, p, z)[, then the regulation map is defined

by
{

̂R(t, o, p, z, ζ, y, η) := {c such that
(−1,−1,−c,−ζ) ∈ TDom(V)(t, o, p, z)} (6.30)

and the evolutions are regulated by (6.28), p. 154:

∀ t ∈]T − Ω, T ], p′(t) ∈ ̂R(t, t − (T − Ω, p(t), z(t), z′(t)))

2. If V �(T,Ω, p, z) ∈ V(T,Ω, p, z), then the lower regulation map is defined
by

{

R�(t, o, p, z, ζ) = {c such that
(−1,−1,−c,−ζ,−l(t, o, p, z, c, ζ)) ∈ TV(t, o, p, z, V �(t, o, p, z))}

(6.31)
and any minimal evolution p�(·) is regulated by

∀ t ∈]T − Ω, T ], p�′
(t) ∈ R�(t, t − (T − Ω), p�(t), z�(t), z�′

(t))
(6.32)

3. If V �(T,Ω, p, z) ∈ V(T,Ω, p, z), then the upper regulation map is defined
by

{

R�(t, o, p, z, ζ) = {c such that
(−1,−1,−c,−ζ,−m(t, o, p, z, c, ζ)) ∈ TV(t, o, p, z, V �(t, o, p, z))}

(6.33)
and the maximal evolution p�(·) is regulated by

∀t ∈]T − Ω, T ], p�′
(t) ∈ R�(t, t − (T − Ω), p(t), z�(t), z�′

(t)) (6.34)
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6.2 Cournot Departure States

6.2.1 Selector of Cournot Departure States

Definition 6.2.1 (Departure State Selector) Let us consider the inward evo-
lutionary system S := S(K ,M) and a cost function c : (t, p) �→ c(t, p) ∈ R ∪
{+∞}. The departure state selector is defined by

V [c](T,Ω, p) := inf
p(·)∈S(T,Ω,p)

c(T − Ω, p(T − Ω)) (6.35)

The optimal evolutions p�(·) ∈ S(T,Ω, p) select the departure Cournot states
p�(T − Ω) ∈ C(T,Ω, p) with minimal cost since

c(T − Ω, p�(T − Ω)) = min
s∈C(T,Ω,p)

c(T − Ω, s) (6.36)

Examples 1. Let us consider a nominal or reference state a ∈ R
|p| and associate

with it the function c(t, p) := ‖p − a‖. Then any viable evolution achieving the
infimum of V [c](T,Ω, p) actually minimizes the distance d(a,C(T,Ω, p)) to
a of the departure states of the incoming evolutions p(·) ∈ S[C](T,Ω, p). If
a = 0, it provides the Cournot departure states with minimal norm.

2. Let us consider a departure map D and associate with it the function c[D] satis-
fying

c[D](t, p) = +∞ whenever p /∈ D(t) (6.37)

Then any evolution p(·) such that c[D](T − Ω, p(T − Ω)) < ∞ satisfies p(T −
Ω) ∈ D(T − Ω) and thus, p(T − Ω) ∈ C(T,Ω, p). Therefore

{

V [c][D](T,Ω, p)
:= inf p(·)∈S(T,Ω,p)c[D](T − Ω, p(T − Ω)) = mins∈C[D](T,Ω,p)c(T − Ω, s)

(6.38)

There are as many selection procedures of Cournot departure states as cost func-
tions c to minimize. �
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Theorem 6.2.2 (Selection of Departure Cournot States) Let us introduce

1. the characteristic system of differential inclusions

⎧

⎪

⎪

⎪

⎪

⎪

⎨

⎪

⎪

⎪

⎪

⎪

⎩

←−τ ′(t) = −1
←−o ′(t) = −1
←−p ′(t) ∈ −M(←−τ (t),←−o (t)),←−p (t)
←−y ′(t) = 0

(6.39)

2. the characteristic environment K := Graph(K ) × R
|p|;

3. the characteristic target Cc := {(t, o, p, y) such that o = 0, c(t, y) ≤ y}.
Then the Cournot selector is equal to

{

V [c](T,Ω, p)
:= inf p(·)∈S(T,Ω,p)c(T − Ω, p(T − Ω)) = inf (T,Ω,p,y)∈Capt(6.39)(K,Cc)y

(6.40)
and inherits the properties of viable capture basins.

Proof Let (T,Ω, p, y) belong to the capture basin Capt(6.39)(K, Cc). There exist a
time t� ≥ 0 and an evolution starting from (T,Ω, p, y)governedby the characteristic
system (6.39), p. 157, given by←−τ (t) = T − t ,←−o (t) = Ω − t ,←−p (t) and←−y (t) = y,
which is

1. viable in the graph of K , which means that

∀t ∈ [0, t�], ←−p (t) ∈ K (←−τ (t),←−o (t)) (6.41)

2. reaching the target at time t�, which means ←−o (t)� = 0 and c(t�,←−p (t�)) ≤←−y (t�) = y. This implies that t� = Ω .

We introduce the functions τ (t) := ←−τ (T − t) = t , o(t) := ←−o (T − t) = t − (T −
Ω), p(t) := p(T − t) and y(t) := y defined on the temporal window [T − Ω, T ].
They satisfy

∀t ∈ [T − Ω, T ],
{

p′(t) ∈ M(t, t − (T − Ω), p(t))
p(t) ∈ K (t, t − (T − Ω))

(6.42)

and
p(T ) = p and c(T − Ω, p(T − Ω)) ≤ y (6.43)
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This implies that

inf
p(·)∈S(T,Ω,p)

c(T − Ω, p(T − Ω)) ≤ inf
(T,Ω,p,y)∈Capt(6.39)(K,Cc)

y (6.44)

Conversely, for any ε > 0, there exists an evolution pε(·) ∈ S(T,Ω, p) such that
c(T − Ω, pε(T − Ω)) ≤ V [c](T,Ω, p) + ε. This implies that (T − Ω, pε(T −
Ω), V [c](T,Ω, p) + ε) belongs to the viable capture basin (6.39), so that

inf
(T,Ω,p,y)∈Capt(6.39)(K,Cc)

y ≤ V [c](T,Ω, p) + ε (6.45)

Letting ε converge to 0 implies the theorem. �

6.2.2 Width Indicators of Cournot Departure Sets

The first question which motivates this section is the viability characterization of the
diameter of the Cournot departure set C[D](T,Ω, p), defined by

Diam(C[D](T,Ω, p)) := sup
(s1,s2)∈C[D](T,Ω,p)

‖s1 − s2‖ (6.46)

or of the departure radius of largest ball B(p, r) of radius r containing the Cournot
subset C[D](T,Ω, p), defined by

Rad(C[D](T,Ω, p)) := sup
s∈C[D](T,Ω,p)

‖p − s‖ (6.47)

These are examples of the general class of width indicators:

Definition 6.2.3 (Width Indicator) Let us consider

1. two constraint maps Ki (t, o) with which we associate the product constraint
map

K(t, o) := K1(t, o) × K2(t, o) (6.48)

and the environment K := Graph(K) × R+;
2. two celerity maps M1(t, o, p) and M2(t, o, p) with which we associate the

product celerity map

M(t, o, p1, p2) := {(c1, c2) ∈ M1(t, o, p1) × M2(t, o, p2)} (6.49)

3. two departure maps Di (t) ⊂ Ki (t, o) with which we associate the departure
map
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D(t) := D1(t) × D2(t) (6.50)

and a function d : (t, p1, p2) ∈ R+ × D(t) �→ d(t, p1, p2) ∈ R+ with
which we associate the target C defined by

⎧

⎨

⎩

C := {(t, 0, p1, p2, y) such that (p1, p2) ∈ D1(t) × D2(t)
and

y ≤ d(t, p1, p2)}
(6.51)

We associate with these data the evolutionary system S(M,K)(T,Ω, p) of evo-
lutions (p1(·), p2(·))
1. governed by the system of differential inclusions

∀t ∈ [T − Ω, T ], (p′
1(t), p

′
2(t)) ∈ M(t, t − (T − Ω), p1(t), p2(t))

(6.52)
2. arriving at (p, p) ∈ K(T,Ω) at time T after a travel duration Ω;
3. satisfying the constraints

∀t ∈ [T − Ω, T ], (p1(t), p2(t)) ∈ K(t, t − (T − Ω)) (6.53)

4. the Cournot departure sets C[D](T,Ω, p) := C(M,K)[D](T,Ω, p) of
Cournot departure states (p1(T − Ω), p2(T − Ω)) ∈ D(T − Ω) when the
evolutions (p1(·), p2(·)) range over S(M,K)(T,Ω, p).

The width indicator is defined by

{

Δ[D, d](T,Ω, p)
:= sup(p1(·),p2(·))∈S(M,K)[D](T,Ω,p)d(T − Ω, p1(T − Ω), p2(T − Ω))

(6.54)

Examples 1. If d(t, p1, p2) := ‖p1 − p2‖, K1 = K2 = K , M1 = M2 = K and
D1 = D2 = K , we obtain an estimate of the diameter Diam(C[D](T,Ω, p)) :=
sup(s1,s2)∈C[D](T,Ω,p) ‖s1 − s2‖ of the Cournot departure set C[D](T,Ω, p);

2. If d(t, p1, p2) := ‖p1 − p2‖, K1 = K , K2(t, o) = ∅ for o < Ω , K2(t,Ω) =
K (t,Ω), M1 = M , M2(t, o, p) = {0}, D1 = D, and D2(t) = ∅, we obtain an
estimate of the radius Rad(C[D](T,Ω, p)) := sups∈C[D](T,Ω,p) ‖p − s‖ of the
ball around p containing Cournot departure set C[D](T,Ω, p). �

This width indicators of the Cournot departure sets share the properties of viable
capture basins and, in particular, can be computed by the viability algorithms, thanks
to their viability characterization:
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Theorem 6.2.4 (Viability Characterization) Let us consider the evolutionary
systemS[D](T,Ω, p) and theCournot departure setsC[D](T,Ω, p) and intro-
duce

1. the characteristic system of differential inclusions

⎧

⎪

⎪

⎪

⎪

⎨

⎪

⎪

⎪

⎪

⎩

←−τ ′(t) = −1←−o ′(t) = −1←−p ′
1(t) ∈ −M1(

←−τ (t),←−o (t)),←−p 1(t)←−p ′
2(t) ∈ −M2(

←−τ (t),←−o (t)),←−p 2(t)←−y ′(t) = 0

(6.55)

2. the characteristic environment K := Graph(K) × R+;
3. the characteristic target C ⊂ R × {0} × R

|p| × {0}, subset of states
(t, 0, p1, p2, 0) such that p1 ∈ D(1t), p2 ∈ D2(t) and y ≤ d(p1, p2).

Then the width indicator function is provided by the formula

Δ[D, d](T,Ω, p1, p2) = sup
(t,o,p1,p2,y)∈Capt(6.55)(K,C)

y (6.56)

The celerity regulator R[D, d] maps (t, o, p1, p2, y) to the set
R[D, d](t, o, p1, p2) of celerities (c1, c2) defined by

(1, 1, c1, c2, 0) ∈ TCapt(6.55)(K,C)(t, o, p1, p2, y) (6.57)

Proof Let us consider a traffic state (t, o, p1, p2, y) ∈ Capt(6.55)(K, C). This means
that there exist a time t� ≥ 0 and viable evolutions ←−p i (·) starting at (T,Ω, p) and
governed by the characteristic system (6.55), p. 160. They are defined by ←−τ (t) =
T − t , ←−o (t) = Ω − t , ←−p i (t) and

←−y (t) = y. Furthermore, these evolutions ←−p i (·)
1. are viable:

∀t ∈ [0, t�], ←−p i (t) ∈ Ki (
←−τ (t),←−o (t)) (6.58)

2. reach the target at time t�, which means that ←−o (t�) = 0, ←−p 1(t�) ∈ D1(t�),←−p 2(t�) ∈ D2(t�) and y ≤ d(t�,←−p 1(t�),
←−p 1(t�)). This implies that t� = Ω .

We introduce the functions τ (t) := ←−τ (T − t) = t , o(t) := ←−o (T − t) = t − (T −
Ω) and pi (t) := ←−p i (T − t) defined on the temporal window [T − Ω, T ]. They
satisfy

∀t ∈ [T − Ω, T ], for i = 1, 2,

{

pi (t) ∈ Ki (t, t − (T − Ω))

p′
i (t) ∈ Mi (t, t − (T − Ω), pi (t))

(6.59)
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and
⎧

⎨

⎩

pi (T ) = p
p1(T − Ω) ∈ D1(T − Ω) and p2(T − Ω) ∈ D2(T − Ω)

y ≤ d(T − Ω, p1(T − Ω), p2(T − Ω)) ≤ Δ[D, d](T,Ω, p1, p2)
(6.60)

Therefore
sup

(t,o,p1,p2,y)∈Capt(6.55)(K,C)

y ≤ Δ[D, d](T,Ω, p1, p2) (6.61)

For proving the opposite equality, we associate with any ε > 0 viable evolution
pε(·) = (p1ε

(·), p2ε
(·)) such that

d(T − Ω, p1ε
(T − Ω), p2ε

(T − Ω)) ≥ Δ[D, d](T,Ω, p1, p2) − ε (6.62)

This implies that (T,Ω, p, p,Δ[D, d](T,Ω, p1, p2) − ε) belongs to the viable cap-
ture basin Capt(6.55)(K, C), so that

Δ[D, d](T,Ω, p1, p2) − ε ≤ sup
(t,o,p1,p2,y)∈Capt(6.55)(K,C)

y (6.63)

Letting ε converges to 0 implies the equality (6.56), p. 160. �



Chapter 7
Variational Analysis of Traffic Evolutions

We provided several celerity regulators in the preceding chapter. This one adds
another approach to the viability one, the “variational” approach, going back to
Maupertuis, Lagrange, Hamilton and somany authors.We aim at describing the Lax–
Oleinik factory in Sect. 7.1, p. 164, for constructing celerity regulators feeding on the
“dual variables”. The Hamiltonian is built from the Lagrangian through the Fenchel
transform and we exploit its Legendre property. Once done, we focus our attention to
one-dimensional networks for exploiting these new results. Viability solutions hap-
pen to be the value function of the associated intertemporal optimization problem,
as well as the solution to Hamilton–Jacobi–Bellman partial differential equations
involving the Hamiltonian associated with the Lagrangian, and the mother of a celer-
ity regulator feeding on the dual variable. The first example presented in Sect. 7.2,
p. 173, deals with a Lagrangian depending upon the accumulation of vehicles in
evolving road sections. Section7.3, p. 179, analyses the properties of Lagrangians
associating accelerations with celerities, providing Hamiltonians defined on non-
negative celerities. This leads us to investigate in Sect. 7.4, p. 185, the Greenshields
Legacy, where the modelling inspired by fluid dynamics is based on first-order par-
tial differential equations involving Hamiltonians, in particular Hamilton–Jacobi–
Bellman equations. Since Lagrangians can be associated with Hamiltonians, we use
the Lax–Oleinik machinery for deducing that their solution is the valuation func-
tion associated with the Lagrangian. Some of them provide Lagrangians defined on
negative derivatives p′(t) of the optimal traffic evolutions. Guillaume Costeséque
presents in Sect. 7.5, p.k 199 other examples of Hamiltonian involving specifications
(or attributes) currently used in traffic studies, focusing on “Generic Second Order
Models”.
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7.1 Lax–Oleinik Factory for Constructing Celerity
Regulators

This section ismathematical in nature.However,Hamilton–Jacobi–Bellmanequation
and the Lax–Oleinik formula are the topics of a myriad of books and papers. We just
explain how this formula follows directly fromTheorem6.1.12, p. 155, expressing the
celerity regulators in terms of tangential conditions.Asmentioned in the introduction,
theLax–Oleinik formula appeals to theLegendre properties of theFenchel transforms
of the lower and upper Lagrangians. They are dual formulas of the ones based on
tangent cones in the sense they are based on their polar cones, called “normal cones”,
contained in the dual.We take a shortcut to arrive with the minimum of mathematical
luggage to our destination, the analytical construction of celerity regulators.We shall
give only direct proofs, and bypass the proofs of their converse statements based on
Theorem 11.2.7, p. 447, of Viability Theory. New Directions, [31, Aubin, Bayen and
Saint-Pierre]. Viability algorithms compute solutions to Hamilton–Jacobi–Bellman
equations (see Sect. 7.4.4, p. 195).

7.1.1 Fenchel Transform of Extended Functions

A long tradition has been inherited from the fact that the gradient of a differentiable
function is defined by the directional derivative when it is linear, as it is required in
(smooth) analysis. It thus involves the dual space as a convenient space for working
with gradients instead of their underlying directional derivatives. When the direc-
tional derivatives are no longer linear, this tradition was maintained by replacing
gradients which were singleton by subdifferentials which are closed convex subsets
of generalized gradients thanks to Moreau and Rockafellar.

Normal Cones

These duality relations are consequences of the Hahn–Banach Separation Theorem
which characterizes any nonempty closed convex subset K ⊂ X by its support
function σK : q ∈ X � �→ σK (q) defined on the dual X � of X by

∀ q ∈ X �, σK (q) := sup
v∈K

〈q, v〉 ∈ R ∪ {+∞} (7.1)

This theorem allows K to be defined by inequality constraints:

K := {

x ∈ X such that ∀ q ∈ X �, 〈q, v〉 ≤ σK (q)
}

(7.2)

http://dx.doi.org/10.1007/978-3-642-54771-3_6
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The polar cone of a subset K ⊂ X is the closed convex cone K − ⊂ X � defined by:

K − := {

q ∈ X � such that σK (q) ≤ 0
}

(7.3)

This is the reason why convexity is required and why we replaced tangent convex
TK (x) by their:

Definition 7.1.1 (Normal cones) The polar cone to the contingent cone TK (x)

is called the normal cone:

NK (x) := (TK (x))− = {

q ∈ X � such that σTK (x)(q) ≤ 0
}

(7.4)

The normal cone is always a closed convex cone in the dual X �.
The convexified tangent cone T ��

K (x) (or its closed convex hull) is the smallest
closed convex cone containing TK (x). It may be different from the tangent cone
TK (x). The Separation Theorem implies that

1. NK (x) = (TK (x))− = (T ��
K (x))−;

2. T ��
K (x) = (NK (x))−.

We state the following theorem announced by Guseinov, Subbotin and Ushakov
in 1985 and proved by Héléne Frankowska in 19901:

Theorem 7.1.2 (Convexity of Regulation Maps) The tangential condition
(4.14), p. 96, characterizing the viability of a closed environment under a Mar-
chaud map can be relaxed by replacing the tangent cone by its convexification

∀x ∈ V \C, RF
V (x) := F(x) ∩ T ��

V (x) �= ∅ (7.5)

which is equivalent to the normal condition

∀ x ∈ K , ∀ q ∈ NK (x), σ (F(x),−q) := sup
v∈−F(x)

〈q, v〉 ≥ 0 (7.6)

The images RF
V (x) of the regulation map are therefore closed and convex.

The reader can thus use formula (7.5) of the regulation map whenever the con-
vexity of the images of the regulation map is required.

1See the proof of Theorem 11.2.7, p. 447, of Viability Theory. New Directions, [31, Aubin, Bayen
and Saint-Pierre].

http://dx.doi.org/10.1007/978-3-642-54771-3_4
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When V : X �→ R ∪ {+∞} is a lower semicontinuous convex function, the
Legendre property states that the map x � ∂V (x) can be inverted and computed in
terms of the Legendre-Fenchel transform:

The Fenchel Transform of Convex Functions

Definition 7.1.3 (Conjugate Functions) Consider a nontrivial extended func-
tion V : X �→ R ∪ {+∞}. Its Fenchel conjugate function (or Fenchel convex
conjugate function) is the extended function V � : X � �→ R∪ {+∞} defined by

∀ q ∈ X �, V �(q) := sup
x∈X

(〈q, x〉 − V (x)) (7.7)

Therefore,

∀ q ∈ X �, ∀ x ∈ X, 〈q, x〉 ≤ V (x) + V �(q) (Fenchel Inequality) (7.8)

The biconjugate function V : X �→ R ∪ {+∞} is the extended function
V �� : X �→ R ∪ {+∞} defined by

∀ x ∈ X, V ��(x) := sup
q∈X �

(〈q, x〉 − V �(q)
)

When W : X �→ R ∪ {−∞} is an upper semicontinuous concave function,
its Fenchel concave conjugate function is the extended function W � : X � �→
R ∪ {+∞} defined by

∀ q ∈ X �, W �(q) := inf
x∈X

(〈q, x〉 − W (x)) (7.9)

which is always an upper semicontinuous concave function.

The Hahn–Banach Separation Theorem implies:

Theorem 7.1.4 (The Fenchel Theorem) A nontrivial function V : X �→ R ∪
{+∞} is convex and lower semicontinuous if and only if the function V = V ��

is equal to its biconjugate.
The same holds true for non trivial upper semicontinuous concave functions
W = W �.
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Legendre Property of the Fenchel Transform

Taking K := E p(V ) ⊂ X × R, the epigraph of V , we consider the normal cone
NE p(V )(x, V (x)) to the epigraph of an extended function V : X �→ R ∪ {+∞} at a
point (x, V (x)) of its graph2

Definition 7.1.5 (Subdifferential of Extended Functions) The subdifferential
∂V (x) ⊂ X � is the closed convex subset of elements ∂x ∈ X � (called subgradi-
ents) such that (∂x ,−1) ∈ NE p(V )(x, V (x)). This means that

∀ (u, v) ∈ TE p(V )(x, V (x)), 〈∂x , u〉 ≤ v (7.11)

When V : X �→ R ∪ {+∞} is a lower semicontinuous convex function, the sub-
differential ∂V (x) of a lower semicontinuous convex function can be characterized
in terms of the Fenchel transform. Therefore, we deduce at once from the Fenchel
Theorem the crucial Legendre property of subdifferentials stating that the inverse of
the set-valued map x � ∂V (x) is the set-valued map q � ∂V �(q):

Theorem 7.1.6 (Legendre Property of Subdifferentials) Let V : X �→ R ∪
{+∞} be a nontrivial lower semicontinuous convex function. Then the three
following conditions are equivalent:

⎧

⎨

⎩

(i) 〈∂x , x〉 = V (x) + V �(∂x )

(i i) ∂x ∈ ∂V (x)

(i i i) x ∈ ∂V �(∂x )

(7.12)

In other words, the inverse of the subdifferential x � ∂V (x) of the function V
is the subdifferential q � ∂V �(q) of its Fenchel conjugate V �:

(∂V (·))−1 = ∂V �(·)

For nontrivial upper semicontinuous concave functions W (·), the Legendre
property states that

⎧

⎨

⎩

(i)
〈

∂↓x , x
〉 = W (x) + W �(∂↓x )

(i i) ∂↓x ∈ ∂↓W (x)

(i i i) x ∈ ∂↓W �(∂↓x )

(7.13)

2When F : X � Y is set-valuedmap and DF(x, y) is its derivative, we can define the co-derivative
DF�(x, y) : Y � � X� by

∀ p ∈ Y �, q ∈ DF�(x, y)(p) if and only if (q,−p) ∈ NGraph(F)(x,y). (7.10)
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so that the inverse of the superdifferential x � ∂↓W (x) of the function W is
the superdifferential q � ∂W �(q) of its Fenchel concave conjugate W �(·):
(∂+W (·))−1(·) = ∂+W �(·).

7.1.2 The Rise of Hamiltonians and
Hamilton–Jacobi–Bellman Equations

Even though the celerity regulators are directly computed by the viability algorithms
using only the discretization of the Lagrangian, this study provideswhatwe could call
“qualitative mathematical stories”. They tell more mathematical information about
the celerity regulators in a language more familiar to analysts for characterizing the
celerity regulators in terms of the conjugate of the Lagrangian, which is regarded as
a Hamiltonian.

Our task is to derive the lower celerity regulator from the Lax–Oleinik formula,3

which, whenever the lower valuation function V � is differentiable, states that

(p′(t), z′(t)) ∈ ∂l�
(

t, t − (T − Ω), p(t), z(t),
∂V �(t, o, p, z)

∂p
,
∂V �(t, o, p, z)

∂z

)

(7.14)

and that V � is the solution to the Hamilton–Jacobi–Bellman equation

⎧

⎪

⎪

⎨

⎪

⎪

⎩

∂V �(t, o, p, z)

∂t
+ ∂V �(t, o, p, z)

∂o

= −l�
(

t, o, p, z,
∂V �(t, o, p, z)

∂p
,
∂V �(t, o, p, z)

∂z

) (7.15)

so that the optimal celerity regulator is equal to

⎧

⎨

⎩

R�(t, o, p, z, ζ ) = {c such that ∃ ζ satisfying

(c, ζ ) ∈ ∂l�
(

t, o, p, z,
∂V �(t, o, p, z)

∂p
,
∂V �(t, o, p, z)

∂z

)}

(7.16)

3We refer to Partial Differential Equations, [121, Evans], [127, 128, 129, Frankowska], Chaps. 11,
p. 437, and 18, p. 713 of Viability Theory. New Directions, [31, Aubin, Bayen and Saint-Pierre],
among many other books and articles for more details.
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Unfortunately, the lower valuation function is not necessarily differentiable,when-
ever viability constraints are involved, for example, but at least lower semicontinuous
when the Lagrangian is Marchaud.

Lax-Oleinik Factory
for Constructing Celerity Regulators

Valuation function V (t, p)

Position p(t)

Celerity p′(t)

q(t)

Values
v(t) ∈ R

Legendre Property
of Subdifferentials

∂V (t, p)

∂p Lagrangian l

Conjugate l�

∂l = (∂l�)−1∂l�

Figure 7.1.7 [The Lax-Oleinik Factory of Celerity Regulators] This symbolic
diagram describes how a celerity regulator mapping positions to celerities can be
obtained through the valuation function V (t, p) of an intertemporal optimization
problem associated with a Lagrangian l. The Lagrangian can be regarded as an
acceleration function or as any kind of cost function defined on celerities. The val-
uation function plays the role of a “variational potential function”. The valuation
function V is a solution to a Hamilton-Jacobi-Bellman partial differential equa-
tion involving the conjugate function l�, regarded as a Hamiltonian. The map is a
celerity regulator.

∂l�
(

∂V (t, p)

∂p

)

(7.17)

It associates with any position the partial derivative
∂V (t, p)

∂p
which is mapped to

celerities through the derivative ∂l� = (∂l)−1 of the conjugate of the Lagrangian,
equal to the inverse of the derivative ∂l of the Lagrangian thanks to the Legendre
property of the Fenchel conjugate transform. Hence, the Lagrangian is involved in
both the computation of the valuation function and the variational celerity regulator
through its (sub)differential. This approach is anchored in the celebrated Lax-
Oleinik formula
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Let V :=V � be the valuation function defined by (6.12), p. 149:

⎧

⎪

⎨

⎪

⎩

V �(T,Ω, p, z) = inf
(p(·),z(·))∈S(l,k)[d](T,Ω,p,z)

(d(T − Ω, p(T − Ω), z(T − Ω))

+
∫ T

T −Ω

l(τ, τ − (T − Ω), p(τ ), z(τ ), p(τ ), p′(τ ), z′(τ ))dτ

)

(7.18)

Theorem 7.1.8 (Lax–Oleinik formula) We posit the assumptions of Theo-
rem6.1.12, p. 155, and we introduce the Fenchel conjugate

l�(t, o, p, z, q, r) := sup
(c,ζ )

(〈q, c〉 + 〈r, ζ 〉 − l(t, o, p, z, c, ζ )) (7.19)

of the lower Lagrangian l and its subdifferential of ∂l�.
The Lax–Oleinik formula states that

(−1,−1, c, ζ, l(t, o, p, z, c, ζ )) ∈ TV(t, o, p, z, V (t, o, p, z)) (7.20)

if and only if

∀ (∂t , ∂o, ∂p, ∂z) ∈ ∂V (t, o, p, z), (c, ζ ) ∈ ∂l�(t, o, p, ∂p, ∂z) (7.21)

so that
{

R(t, o, p, z, ζ ) = {c satisfying (c, ζ ) ∈ ∂l�(t, o, p, ∂p, ∂z)

where (∂t , ∂o, ∂p, ∂z) ∈ ∂V (t, o, p, z)} (7.22)

Furthermore, the valuation function is the largest lower semicontinuous function
satisfying this Barron–Jensen/Frankowska solution to the Hamilton–Jacobi–
Bellman equation

∀ (∂t , ∂o, ∂p, ∂z) ∈ ∂V (t, o, p, z), 0 ≤ ∂t + ∂o + l�
(

t, o, p, z, ∂p, ∂z
)

(7.23)
satisfying the departure condition V (t, 0, p, z) = d(t, p, z) (see [55, Barron
and Jensen], [127, Frankowska]).

Sketch of the Proof Let us consider a viable evolution

∀ t ∈ [0,Ω], (←−τ (t),←−o (t),←−p (t),←−z (t),←−y (t)) ∈ E p(V ) (7.24)

http://dx.doi.org/10.1007/978-3-642-54771-3_6
http://dx.doi.org/10.1007/978-3-642-54771-3_6
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The tangential condition states that

{

(−1,−1,←−p ′(t),←−z ′(t),−l(←−τ (t),←−o (t),←−p (t),←−z (t),−←−p ′(t),−←−z ′(t)))
∈ TV(←−τ (t),←−o (t),←−p (t),←−z (t), V (←−τ (t),←−o (t),←−p (t),←−z (t)))

(7.25)
Setting p(t):=←−p (T − t), etc., we deduce that

{

(−1,−1,−p′(t),−z′(t),−l(t, t − (T − Ω), p(t), z(t), p′(t), z′(t)))
∈ TV (t, t − (T − Ω), p(t), z(t), p′(t), z′(t), V (←−τ (t),←−o (t),←−p (t),←−z (t)))

(7.26)

Consequently, by the very definition of the normal cone, we infer that4

{∀ (∂t , ∂o, ∂p, ∂z,−1) ∈ NV(t, t − (T − Ω), p(t), z(t), p′(t), z′(t)) − ∂t − ∂o

≤ 〈

∂p, p′(t)
〉 + 〈

∂z, z′(t)
〉 − l(t, t − (T − Ω), p(t), z(t), p′(t), z′(t)) ≤ 0

(7.27)
We observe that the Fenchel conjugate pops up:

⎧

⎨

⎩

∀ (∂t , ∂o, ∂p, ∂z) ∈ ∂V (), −∂t − ∂o ≤
sup(p′(t),z′(t))(

〈

∂p, p′(t)
〉 + 〈

∂z, z′(t)
〉

) − l(t, t − (T − Ω), p(t), z(t), p′(t), z′(t))
= l�

(

t, t − (T − Ω), p(t), z(t), p′(t), z′(t), ∂p, ∂z
)

(7.28)
Whenever the equality holds true in this equation, we infer that

⎧

⎨

⎩

〈

∂p, p′(t)
〉 + 〈

∂z,−z′(t)
〉

= l(t, t − (T − Ω), p(t), z(t), p′(t), z′(t))+
l�
(

t, t − (T − Ω), p(t), z(t), p′(t), z′(t), ∂p, ∂z
)

(7.29)

The Legendre properties imply that the following conditions are equivalent:

⎧

⎨

⎩

(∂p, ∂z) ∈ ∂l(t, t − (T − Ω), p(t), z(t), p′(t), z′(t))
or, equivalently
(p′(t), z′(t)) ∈ ∂l�(t, t − (T − Ω), p(t), z(t), ∂p, ∂z)

(7.30)

We deduce that the viability solution is a solution5 to

{∀ (∂t , ∂o, ∂p, ∂z) ∈ ∂V (t, t − (T − Ω), p(t), z(t)), −∂t − ∂o ≤
= l�

(

t, t − (T − Ω), p(t), z(t), ∂p, ∂z
) (7.31)

4Actually, if l is Lipschitz, the converse is true thanks to Theorem 11.2.7, p. 447, of Viability Theory.
New Directions, [31, Aubin, Bayen and Saint-Pierre].
5This is one of the two inequalities involved in the concept viscosity solution. Actually, under
stronger assumptions, the equality holds true and the viability solution boils down to the viscosity
solution in the sense of Barron, Jensen and Frankowska of the Hamilton–Jacobi–Bellman equation
(see [55, Barron and Jensen], [127, Frankowska]).
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When the equality is satisfied, V is the (Barron, Jensen and Frankowska viscosity)
solution to the Hamilton–Jacobi–Bellman equation. �

Interpretation: The valuation function play the role of a potential function. The

time derivative
dV (t, o(t)), p(t), z(t)

dt
is the sum

⎧

⎪

⎨

⎪

⎩

∂V (t, o(t), p(t), z(t))

∂t
+ ∂V (t, o(t), p(t), z(t))

∂o
, o′(t)

+
〈

∂V (t, o(t)), p(t), z(t)

∂p
, p′(t)

〉

+
〈

∂V (t, o(t)), p(t), z(t)

∂p
, z′(t)

〉 (7.32)

of terms usually interpreted in physics as

1. a flow (or a flux)
∂V (t, o(t), p(t))

∂t
;

2. a power

〈

∂V (t, o(t)), p(t)

∂p
, p′(t)

〉

, where
∂V (t, o(t)), p(t)

∂p
has the dimension

of an acceleration (or a force).

to which we add the contributions of
∂V (t, o(t), p(t))

∂o
which can be regarded as an

antiflow.6 �

Remark In the same way, for the upper celerity regulator defined by

{

R	(t, o, p, z, ζ ) := {c such that ∃ ζ satisfying
(−1,−1, c, ζ,m(t, o, p, z, c, ζ )) ∈ TV(t, o, p, z, V 	(t, o, p, z))} (7.33)

the Lax–Oleinik formula states that

{

R	(t, o, p, z, ζ ) = {c such that ∃ ζ satisfying (c, ζ ) ∈ ∂↓m�(t, o, p, ∂
	

↓p
, ∂

	

↓z
)

where (∂
	

↓p
, ∂

	

↓z
) ∈ ∂↓V 	(t, o, p, z)}

(7.34)
whenever

m�(t, o, p, z, q, r) := inf
(c,ζ )

(〈q, c〉 + 〈r, ζ 〉 − m(t, o, p, z, c, ζ )) (7.35)

where ∂↓m� is the superdifferential of m�. �

6In finance, the derivative of the value V (oou(t)):=V (T +Ωou − t) of an investment at future time
T + Ωou (exercise time) has no name, but a notation, the capital Greek Θ , since this prospective
derivative plays an important role for evaluating the sensitivity with respect to exercise time when
it is an uncertain variable.
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Macroscopic Hamilton-
Jacobi-Bellman Equations
⎧

⎪

⎪

⎨

⎪

⎪

⎩

∂V (t, o, p)

∂t
+ ∂V (t, o, p)

∂o
= h�

(

∂V (t,o,p)
∂p

)

V (t, o, p) ≤ d(t, o, p)

Celerity Regulation Law
p′(t) ∈

RV (t, t − (T − Ω), p(t))

Viability
Solution

V (T,Ω, x)

Intertemporal Optimization V (T,Ω, p) =

inf
p(·)∈S(T,Ω,p)

(

d(T − Ω, p(T − Ω)) +
∫ T

T −Ω

l(p′(τ ))dτ

)

Lax-Hopf Formula V (T, Ω, p) =

inf
υ

(d(T − Ω, p − Ωυ) + l(υ))

Micro-Macro
Legendre-Fenchel

Duality

Ce
le
rit
y
Re
gu
la
to
rVariational Principle

Figure 7.1.9 [From Duality to Trinity] This diagram describes the three problems
under investigation: the macroscopic approach through first-order partial differen-
tial equations, the microscopic version dealing with the regulation of celerities and
the intertemporal optimization problem. The links relating optimization problems
to Hamilton–Jacobi–Bellman equations and the regulation of control systems has
been extensively studied. The tools of viability theory allow us to show that the
viability solutions solve these three problems at once

7.2 Accumulation of Vehicles in Cohorts

In this section,we consider one-dimensional roads onwhichwedefine cohorts7 as the
set of mobiles on road segments [p(T −Ω), p(t)] between positions p(T −Ω) and
p(t) along a traffic evolution p(·) ∈ S(T,Ω, p) on the temporal window [T −Ω, T ].

7See more details in [27, Aubin]. In Caesar’s Gallic War, a cohort was a unit of soldiers made of 6
centuries (of 100 men), with 10 cohorts to a legion. The number six of centuries was a curious relic
of the duodecimal system in the decimal system favored by the Romans.
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We take for specification the accumulation8 z(t):=a(t) on the cohort measured
by

a(t) = a(T − Ω, p(·))(t) :=
∫ p(t)

p(T −Ω)

n(p)dp (7.36)

where n(p) ≥ 0 defines a counting measure n(p)dp, akin to traffic density because

∀ t ∈ [T − Ω, T ], a′(t) = n(p(t))p′(t) (7.37)

Given a Lagrangian l: (t, o, p, a, c) �→ l(t, o, p, a, c)measuring a traffic cost depen-
dent on time, duration, position,accumulation and celerity and a departure functiond,
our task is thus to regulate the traffic evolution p(·) by determining the celerity reg-
ulators depending on time, duration, position and accumulation of traffic on road
segments [p(T −Ω), p(t)] for minimizing the sum of a departure and of an intertem-
poral cost

d(T − Ω, p(T − Ω)) +
∫ T

T −Ω
l

(

t, t − (T − Ω), p(t),
∫ p(t)

p(T −Ω)
n(p)dp, p′(t)

)

dt (7.38)

7.2.1 Examples of Cohorts

Weborrow the definition of cohort to demographers, who consider subset of elements
sharing a given property on a temporal window. Cohorts appear also in other fields:

1. In evolutionary demography or population dynamics, the position of a population
is the resource summarized by a scalar p(t) and the instantaneous cohort associ-
ated with p(t) is the population of agents consuming this resource, described by
its number n(p(t)). Hence the accumulation denotes the measure of the cohort
of agents consuming these resources between p(T − Ω) and p(t), confronted
to viability constraints depending on time and resource. The problems is thus to
regulate the resources p(t) by increasing or decreasing the resources for keeping
the accumulated resources viable or optimal.

8We chose this terminology instead of congestion which became polysemous and could refer to
other meanings of this word. See among many studies [58, Blandin, Work, Goatin, Piccoli and
Bayen], [139, Goatin and Scialanga], [75, Cassidy and Bertini], and [1, Aggarwal, Colombo and
Goatin] in the framework ofmacroscopicHamiltonianmodels (see Sect. 7.5, p. 199) and [54, Baillon
and Carlier], [60, Brasco and Carlier] by minimization problems posed on measures on curves.
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2. In evolutionary economics, the cohort is the set of agents sharing the same income
p(t) at each time t ∈ [T − Ω, t] of a temporal window. The accumulation
constraint is regarded as a fairness constraint or an income profile imposing a
bound on the income p(t). Hence the regulation is an income policy informing
the “regulator” how to increase or decrease the income for complying to the
fairness constraints9 on income or employment, education, health, etc.

3. In other examples arising in environmental sciences, particularly, in ecology, a
“position” can be a resource of agents of a population and the cohort on a mobile
window the number of individuals (mobiles) consuming the allocated resources.
For instance, we may study the cohort of pigeons consuming given resources in
Paris during one year for bounding the pollution they generate.

4. Nowadays, the cohorts are derived from data provided by eCommerce platforms,
web applications, or online games, etc. �

7.2.2 Accumulation Valuation

We assume from now on that we know not only the celerity map M governing the
evolution of the traffic position, but also a counting measure n(p)dp, a departure
function d and a Lagrangian l for defining the accumulation valuation function of
intertemporal minimization problem involving accumulation:

Definition 7.2.1 (Accumulation Valuation) Let us consider

1. a celerity map (t, o, p) �→ M(t, o, p), a counting measure n(p)dp and
a constraint function k(t, o, p) with which we associate the evolutionary
system (T,Ω, p, a) � Sk(T,Ω, p, a) providing the set of viable traffic
evolutions p(·) governed by p′(t) ∈ M(t, t − (T − Ω)) satisfying

a. the terminal condition p(T ) = p and
∫ p(T )

p(T −Ω)

n(p)dp = a;

9See Chap. 7, p. 375, (and specifically, p. 423), of, [197, Piketty], and Chap. 6 of Le chômage,
fatalité ou nécessité ?, [69, Cahuc and Zylberberg]. The nature of this cohort regulator, from central
banks to the “Market” deity of our time (see Time and Money, [25, Aubin], and La valeur n’existe
pas. A moins que[...], [28, Aubin]), remains to be investigated mathematically in an evolutionary
perspective.
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b. the traffic constraints

∀ t ∈ [T − Ω, T ],
∫ p(t)

p(T −Ω)

n(p)dp ≤ k(t, t − (T − Ω), p(t))

(7.39)

2. a Lagrangian l : (t, o, p, a, c) � l(t, o, p, a, c) ∈ R ∪ {+∞}.
The accumulation valuation V : (T,Ω, p, a) �→ V (T,Ω, p, a) is defined by

⎧

⎪

⎪

⎪

⎨

⎪

⎪

⎪

⎩

V (T,Ω, p, a) := inf{
p(·)∈Sk(T,Ω,p,a) where p(T )=p and a = ∫ p(T )

p(T −Ω)
n(p)dp

}

(d(T − Ω, p(T − Ω))

+
∫ T

T −Ω

l
(

t, t − (T − Ω), (t),
∫ p(t)

p(T −Ω)

n(p)dp, p′(t)
)

dt

)

(7.40)

Our first task is to supply a viability characterization for computing this accumu-
lation valuation function:

Theorem 7.2.2 (Viability Characterization of the Accumulation Valuation
Function) We introduce

1. the characteristic system

⎧

⎪

⎪

⎪

⎪

⎨

⎪

⎪

⎪

⎪

⎩

(i) ←−τ ′(t) = −1
(i i) ←−o ′(t) = −1
(i i i) ←−p ′(t) ∈ −M(t←−τ (t),←−o (t),←−p (t))
(i i i) ←−a ′(t) = n(

←−p (t))←−p ′(t)
(iv)

←−y ′(t) = −l(←−τ (t),←−o (t),←−p ′(t),−←−p ′(t))

(7.41)

2. the environment K =: {(t, o, p, a, y) such that 0 ≤ a ≤ k(t, o, p)}
3. the target C =: {(t, 0, p, 0, y) ∈ K such that d(t, p) ≤ y}.
The accumulation valuation function (T,Ω, p, a) �→ V (T,Ω, p, a) is equal
to

V (T,Ω, p, a) := inf
(T,Ω,p,a)∈Capt(7.41)(K,C)

a (7.42)

Consequently, the accumulation valuation function inherits all the properties of
capture basins and can be computed by the viability algorithms.
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Proof The proof is a consequence of Theorem6.1.6, p. 150, where we notice that the

evolution ←−a (t):=a +
∫ ←−p (t)

p
n(p)dp is governed by ←−a ′(t) = n(

←−p (t))←−p ′(t) and

satisfies ←−a (Ω) = 0. This implies that a = −
∫ ←−p (Ω)

p
n(p)dp and thus, that

∀ t ∈ [0,Ω], ←−a (t):=
∫ ←−p (t)

←−p (Ω)

n(p)dp

so that, setting p(t):=←−p (T − t), the accumulation is equal to

a(t) := ←−a (T − t) =
∫ p(t)

p(T −Ω)

n(p)dp (7.43)

and satisfies a(T − Ω) and a(T ) = a. �

7.2.3 Accumulation Dependent Celerity Regulators

Weclose this section by the problemof regulating celerities in terms of time, duration,
position and accumulation.

Definition 7.2.3 (Accumulation Celerity Regulator) The accumulation celer-
ity regulator ̂R associates with each (t, o, p, a) the set ̂R(t, o, p, a) of
celerities c ∈ M(t, o, p) such that (−1,−1,−c,+n(p)c, V (t, o, p, a)) ∈
TE p(V )(t, o, p, a, V (t, o, p, a)).

Theorems6.1.9, p. 152, 6.1.10, p. 153, and 6.1.12, p. 155, imply the following
results:

Theorem 7.2.4 (Existence and Properties of Optimal Accumulation Evolu-
tions) Assume that the (lower) Lagrangian l is Marchaud, that the constraint
functions k respectively lower semicontinuous and that the departure cost func-
tion d is continuous.

Then the accumulation valuation relation is lower semicontinuous and there
exists at least one optimal minimal evolution (p(·), a(·)) ∈ ˜S(T,Ω, p, a):

http://dx.doi.org/10.1007/978-3-642-54771-3_6
http://dx.doi.org/10.1007/978-3-642-54771-3_6
http://dx.doi.org/10.1007/978-3-642-54771-3_6
http://dx.doi.org/10.1007/978-3-642-54771-3_6
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∀ t ∈]T − Ω, T ], V (t, t − (T − Ω), p(t), a(t))

d(T − Ω, p(T − Ω)) +
∫ t

T −Ω

l(τ, τ − (T − Ω), p(τ ), a(τ ), p′(τ ))dτ

(7.44)
satisfying the dynamic minimality principle:

{

y(t) > V (t, t − (T − Ω), p(t), a(t)) if t ∈ [T − Ω, T − �[
y(t) = V (t, t − (T − Ω), p(t), a(t)) if t ∈ [T − �, T ] (7.45)

The accumulation celerity regulation law becomes

∀ t ∈]T − Ω, T ], p′(t) ∈ R

(

t, t − (T − Ω), p(t),
∫ t

p(T −Ω)

n(p(t))

)

(7.46)

Introducing the Fenchel conjugate

l�(t, o, p, a, q) := sup
c∈M(t,o,p)

(〈q, c〉 − l(t, o, p, a, c)) (7.47)

of the Lagrangian l (restricted to M(t, o, p)), Theorem7.1.8, p. 170, implies that
under the assumptions of Theorem6.1.12, p. 155, the Lax–Oleinik formula implies
the following

Theorem 7.2.5 (Lax–Oleinik Formula for Accumulation Celerity Regulators)
Under the assumptions of Theorem7.2.4, p. 177, the accumulation celerity reg-
ulator is given by the Lax–Oleinik formula:

∀ (∂t , ∂o, ∂p, ∂a) ∈ ∂V (t, o, p, a), R(t, o, p, a) = ∂q l�(t, o, p, a, ∂p − n(p)∂a) (7.48)

Furthermore, the accumulation valuation function is the largest lower semicon-
tinuous Barron–Jensen/Frankowska solution to the Hamilton–Jacobi–Bellman
equation

{∀ (∂t , ∂o, ∂p, ∂a) ∈ ∂V (t, t − (T − Ω), p, a),

0 ≤ ∂t + ∂o + l�
(

t, o, p, a, ∂p − n(p)∂a
) (7.49)

satisfying the departure condition V (t, 0, p, 0) = d(t, p).

Proof Inequalities (7.50), p. 179, of the proof of Theorem7.1.8, p. 170, become

http://dx.doi.org/10.1007/978-3-642-54771-3_6
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⎧

⎨

⎩

∀ (∂t , ∂o, ∂p, ∂a) ∈ ∂V (t, t − (T − Ω), p(t), a(t)), −∂t − ∂o ≤
supp′(t)(∂p − n(p)∂a, p′(t)) − l(t, t − (T − Ω), p(t), a(t), p′(t))
= l�(t, t − (T − Ω), p(t), a(t),−∂p − n(p)∂a)

(7.50)

So, the rest of the proof implies that the accumulation celerity regulator is defined
by (7.48), p. 178. �

Remark (Using Mutational Equations) For higher dimensional network, the road
segments are no longer cohorts. We may assume the cohort t � P(t) ⊂ K (t, t −
(T − Ω)) are derived directly from a mutational equation

∀ t ∈ [T − Ω, T ], ◦
P (t) � M(t, t − (T − Ω), p(t), P(t)) (7.51)

This is a kind of differential equations governing the evolutions of subsets instead of
vectors.Given anypositive set functionμ : P � μ(P)onnonempty compact subsets
P ⊂ R

|p| (for instance, Lebesguemeasures)μ : P ⊂ R
|p| �→ μ(P) ∈ R+, we obtain

a concept of accumulation a(t):=μ(P(t)). Therefore, we need to differentiate tubes
t � P(t) and measures t �→ a(t) := μ(P(t)). In both cases, this requires to
define mutations (set velocities) of tubes and of measures P �→ μ(P), and thus, a
differential calculus on the Hausforff metric space of nonempty compact subsets of
a vector spaces.10, by Thomas Lorenz. The extension of the incoming accumulation
maps to this case remains an open problem. �

7.3 Dynamic Valuation Function

We study in this section the one-dimensional case, so that positions, celerities and
accelerations are scalar. We adapt the results of Sect. 5.4, p. 134, where we take the
celerity as an example of specification, so that the Lagrangian provides the scalar
acceleration.

For simplicity of the exposition, we assume that the upper and lower Lagrangians
do not depend on time, duration and position, which play the role of parameters, but
only on celerities c, chosen as specifications, because the main assumptions concern
the convexity properties with respect to the celerities.

10See the monographs Mutational and Morphological Analysis: Tools for Shape Regulation and
Morphogenesis, [18, Aubin], and Mutational Analysis. A Joint Framework for Cauchy Problems in
and Beyond Vector Spaces, [178, 179, Lorenz] Thomas Lorenz.

http://dx.doi.org/10.1007/978-3-642-54771-3_5
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celerity

acceleration

l(0)

(c�, −γ�)

c� c‖

m(0)

(c�, γ�)

c�

Hyp(m)

Ep(l)

[Dynamic Lagrangian] The dynamic La-
grangian is the interval-value map

∀ u ∈ [0, c‖], Λ(u) = [l(u),m(u)] (7.52)

when c‖ is a speed limit and the lower and
upper Lagrangians satisfy

1. l is a lower semicontinuous convex;
2. m is an upper semicontinuous concave,

and associate accelerations with velocities.
The traffic evolution p(·) is governed by
second-order differential inclusion

∀ t ∈ [T − Ω, T ], p′′(t) ∈ Λ(p′(t)) (7.53)

The simplest Lagrangian map is the map Λ(u):=[−γ �, γ 	] with constant accel-
eration thresholds studied in Sect. 3.1, p. 39.

We introduce two

1. cost functions

a. the lower constraint cost function k� : (t, o, p, c) ∈ K �→ k�(t, o, p, c) ∈
R ∪ {+∞};

b. the upper constraint cost function k	 : (t, o, p, c) ∈ K �→ k	(t, o, p, c) ∈
R ∪ {+∞}

such that k�(t, o, p, c) ≤ k	 : (t, o, p, c). We denote by

k(t, o, p, c):=[k�(t, o, p, c),k	(t, o, p, c)]

the cost constraint interval;
2. a departure cost function d : (t, p, c) ∈ D �→ d(t, p, c) ∈ R∪ {+∞} such that

k�(t, 0, p, c) ≤ d ≤ k	 : (t, 0, p, c).

Let us consider the associated retrospective characteristic system

⎧

⎪

⎪

⎨

⎪

⎪

⎩

←−τ ′(t) = −1←−o ′(t) = −1←−p ′(t) = u(t)←−p ′′(t) ∈ l(−u(t))

(7.54)

starting at (T,Ω, p, c).

http://dx.doi.org/10.1007/978-3-642-54771-3_3
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The combination of Definitions 5.4.1, p. 135, and 6.1.4, p. 149, defines a dynamic
valuation relation V:=V(l,k)[(d)], characterized as the viable capture basin V =
−Capt(7.54)(Graph(k),−Graph(d)) thanks to Theorem6.1.6, p. 150.

The tangential condition reads

{∀ c ∈ V(t, o, p), ∃ γ ∈ Λ(c) such that
(−1,−1,−c, γ ) ∈ TGraph(V)(t, o, p, c)

(7.55)

We assume that

1. l achieves its minimum −γ � at some c� ∈ [0, c‖];
2. m achieves its maximum γ 	 at some c	 ∈ [0, c‖].
and we choose once and for all

{

−q�
0 ∈ ∂l(0) and q�

‖ ∈ ∂l(c‖)
q	
0 ∈ ∂↓m(0) and −q	

‖ ∈ ∂↓m(c‖)
(7.56)

We extend these functions from the interval [0, c‖] to R (without changing their
notations) by setting

l(u) =
⎧

⎨

⎩

l(0) − q�
0u if u ≤ 0

l(u) if [0, c‖]
l(c‖) + q�

‖u if u ≥ c‖
(7.57)

and

m(u) =
⎧

⎨

⎩

m(0) + q	
0u if u ≤ 0

m(u) if [0, c‖]
m(c‖) − q	

‖u if u ≥ c‖
(7.58)

We introduce the Fenchel conjugates l� of l and m� of m defined by

1. the convex lower semicontinuous Fenchel conjugate function l�(q):= supu
(〈q, u〉 − l(u)), the Legendre properties of which implying that l�(·)
a. achieves its minimum −l(0) at some −q�

0 ∈ ∂l(0) and 0 ∈ ∂l�(−q�
0)

since l(0) + l�(−q�
0) =

〈

−q�
0, 0

〉

= 0 and 0 ∈ ∂l(−q�
0);

b. satisfies l�(0) = γ � and c� ∈ ∂l�(0)
since l�(0) + l(c�) = 〈

0, c�
〉 = 0 and 0 ∈ ∂l(c�);

c. l�(·) is defined on the interval [−q�
0, q�

‖];
2. the concave upper semicontinuous Fenchel conjugate function m�(q) := infu

(〈q, u〉 − m(u)), the Legendre properties of which implying that m�(·)

http://dx.doi.org/10.1007/978-3-642-54771-3_5
http://dx.doi.org/10.1007/978-3-642-54771-3_6
http://dx.doi.org/10.1007/978-3-642-54771-3_6
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a. achieves its maximum −m(0) at some q	
0 ∈ ∂m(0) and 0 ∈ ∂m�(q	

0)

since m(0) + m�(q	
0) =

〈

q	
0, 0

〉

= 0 and 0 ∈ ∂m(q	
0);

b. satisfies m�(0) = −γ 	 and c	 ∈ ∂m�(0)
since m�(0) + m(c	) = 〈

0, c	
〉 = 0 and 0 ∈ ∂m(c	);

c. m�(·) is defined on the interval [−q	

‖, q	
0].

The above properties are symbolized in this diagram:

0 q

−q�
0

−l(0)

q	
0

−m(0)

+∞

−∞

−q	

‖ q�

‖

l�(·) m�(·)

Figure 7.3.1 [Conjugates of Lower and Upper Convex and Concave
Lagrangians] The graphs of the convex Fenchel conjugate l� and of the con-
cave Fenchel conjugate m� are displayed in red and blue respectively. Since the
celerities range on the interval [0, c‖], the domains of the conjugate functions are
the intervals [−q�

0, q�

‖] and [−q	

‖, q	
0] respectively. When there is no speed lim-

its, these intervals are the half-lines. The constraint that c ≥ 0 is not negative
implies that the conjugate functions are increasing on their domains. Otherwise,
these conjugates could be defined on sub-intervals of ] − ∞,−q�

0] and [q	
0,+∞[

and decreasing on these sub-intervals.
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The conjugate of the simplest Lagrangian map the map Λ(u) := [−γ �, γ 	] with
constant acceleration thresholds satisfies

{∀ q ≤ 0, l�(q) = γ �

∀ q ≥ 0, m�(q) = −γ 	 (7.59)

When the power and upper Lagrangians are piecewise affine (without speed limits),
we obtain:

celerity

acceleration

(0, l(0))

(c�,−γ�)

c�

(0,m(0))

(c�, γ�)

c�
q

−q�
0

γ�

−l(0) q�
0

−γ�
−m(0)

Figure 7.3.2 [Piecewise Affine Lagrangian Functions and Their Conjugates]
[Left].The figure displays the graph of the Lagrangian map when l is piecewise
affine and convex and m is piecewise affine and concave starting from the origin.
[Right]. The values of the convex conjugate l�(q) = +∞ is infinite for all q > 0
since the Lagrangian is constant after c� and the values of the concave conjugate
m�(q) = −∞ for all q < 0 for the same reason.
The simplest Lagrangian map Λ(u) := [−γ �, γ 	] with constant acceleration
thresholds is displayed by dashed lines.

In the above examples,we chose the speed limit c‖ ≥ c� for the lowerLagrangian l,
for instance. But this is not mandatory, the speed limit can be smaller than c�. This
changes nothing except that q�

‖ ≤ 0 is no longer positive. This is illustrated in this
example, when the Lagrangian decreases from a positive acceleration l(0) > 0 to its
(non positive) minimum l(c‖) ≤ 0 when the speed limit is reached:
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celerity

acceleration

l(0)

l(c‖)

c‖

−l(c‖)

−l(0)

−q�
0

q�
0

l(0)− l(c‖)

Figure 7.3.3 [Lower Lagrangian and its Hamiltonian]
[Left]. Graph of l decreasing from acceleration threshold l(0) to deceleration
threshold l(c‖) ≤ 0 before it reaches its minimum.
[Center]. Graph of the Fenchel conjugate l� defined on [−q�

0, 0]
[Right]. Graph of the Hamiltonian h(q) := −l�(−q) − l(c‖) defined on [0, q�

0],
increasing from h(0) = 0 at 0 up to h(c‖) with a slope equal to c‖ (see Fig.1.3.1,
p. 6 for c‖ := c� and l′(c‖) = 0)

This examplewill be comparedwith theLagrangian derived from theGreenshields
type fundamental diagrams.

The purpose of this study is to characterize these valuations as solutions to partial
differential equations associated with the Fenchel conjugates l� of l and m� of m.

The partial derivatives of the valuation functions with respect to the position
provide the argument of the celerity regulators provided by the Lax–Oleinik formula

∂l�
(

∂V �(t, o, p)

∂p

)

and ∂m�
(

∂V 	(t, o, p)

∂p

)

(7.60)

Remark Away for producing analytical examples of convex lower Lagrangians and
concave upper Lagrangians is to build them by translating

1. non negative lower semicontinuous convex lower Lagrangian u ∈ R �→ λ(u) ∈
R+ achieving its minimum and vanishing at 0 (λ(0) = 0 and λ′(0) = 0);
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2. non positive upper semicontinuous concave upper Lagrangian u ∈ R �→ μ(u) ∈
R+ achieving its maximum and vanishing at 0 (μ(0) = 0 and μ′(0) = 0).

The classical examples are quadratic, triangular and trapezoidal functions.

We thus associate with them

1. parameters c� and γ � the lower Lagrangian l(u) := λ(u − c�) − γ �. If q ∈
∂l(u) = ∂λ(u − c�), then

l�(q) = λ′(u − c�) · c� − λ(u − c�) + γ � (7.61)

and ∂l�(q) = ∂λ�(q) + c�. Since 0 ∈ ∂l�(λ(−u�)), the convex function l�(·)
reaches its minimum at λ′(−u�) and l� is increasing for q ≥ λ′(−u�).

2. parameters c	 and γ 	 the upper Lagrangian m(u) := μ(u − c	) − γ 	. If
q ∈ ∂↓m(u) = ∂↓μ(u − c	), then

m�(q) = μ′(u − c	) · c	 − μ(u − c	) + γ 	 (7.62)

and m�(q) = ∂μ�(q) + c	.
Since 0 ∈ ∂↓m�(μ(−c	)), the concave function m�(·) reaches its maximum at
μ′(−c	) and m�(·) is decreasing for q ≤ μ′(−c	). �

7.4 The Greenshields Legacy

7.4.1 Hamiltonians Instead of Lagrangians as Corner Stones

We started with acceleration functions l for taking into account accelerations u �→
γ = l(u) depending upon celerities in one-dimensional systems. We derived that the
celerity regulator u ∈ ∂↓h(q)was obtained through the derivative of theHamiltonian
h associated with the Lagrangian l.

However, historically, traffic studies were based on Hamiltonians, not on
Lagrangians. Hamiltonians were derived directly on the basis of experimental mea-
surements of relations between densities and flows. Lagrangianswere thus associated
with them, allowing the use of the method of characteristics.

Such an Hamiltonian was the very first function which was taken as a primi-
tive datum ever since 1933 when Greenshields used for the first time photographic
measurement methods for describing a phenomenological law of traffic.
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Figure 7.4.1 [Original 1933 Greenshields’ Fundamental Diagrams] The two
first diagrams are the historical Greenshields’ diagrams (see [142, Greenshields])

The network is a half-line representing a one-dimensional straight single-lane
road section. The question that was raised by Greenshields was: where does the
density on which is defined the celerity regulator come from? He suggested that the
flux was derived from a traffic specification, the density q ∈ [0, q†] of the traffic, as
a function h : q �→ h(q). This function is called an Hamiltonian and its graph is the
fundamental diagram.

We thus start the analysis with the Greenshields type of fundamental diagram
h defined on non negative densities, such as the one Fig. 1.3.1, p. 6. However, the
Hamiltonian we used in Sect. 7.3, p. 179, is the restriction to the ascending part of
the fundamental diagram, for guaranteeing that the associated Lagrangian is defined
only on non negative derivatives p′(t) of the evolution. This allowed us to interpret
these derivatives as celerities, the velocities advised to the vehicles passing at p(t).

8 [The Greenshields Legacy] The Greenshields legacy is based on the
assumption that the celerity regulator is the supdifferential q �→ ∂↓h(q)

of a nonnegative concave function. This is a phenomenological law. This
Hamiltonian h(q) := max

(

h↑(q),h↓(q)
)

is equal to the supremum of

1. the demand part q �→ h↑ defined on the interval [0, q0], where q0 > 0 is the
critical density, increasing from h(0) = 0 to γ := h(q0);

2. the supply part h↓ defined on the interval [q0, q†], where q† > q0 is the jam
density, decreasing from γ := h(q0) to 0 = h(q†)

according to Jean-Patrick Lebacque. We denote by c‖ ∈ ∂↓h(0) the smallest
supgradient of h at null density (equal to its derivative from the left) and −c† ∈
∂↓h(q†), the largest supgradient of h at jam density q† (equal to its derivative
from the right).
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Note that the “characteristic method” for solving these two partial differential
equations involves the same Lagrangian l, which just plays a crucial role, even though
they are not used as a primitive of the above problems involving the Hamiltonian in
their formulation.

At Greenshields’ time, the fundamental diagram was described by a quadratic
relation q ∈ [0, q†] �→ q0(q† − q)q. This simple quadratic form was fit for analytic
computation useful before the apparition of computers. Ever since, there has been a
whole industry of experimental Hamiltonians h (Figs. 7.4.2, 7.4.3, 7.4.5 and 7.4.6).

celerity c0

E

A

B

celerity −c†

D

CF
γ

(q0, γ)

q0 q†
celerity

acceleration

l(0) = γ

(−c†, l(−c†))

(c‖, l(c‖) = 0)−c†

γ�

Figure 7.4.2 [Fundamental Trapezoidal and Greenshields’ Diagrams] [Left].
This diagram displays the graphs of a generic concave fundamental diagram and
three examples. Their demand parts are in red and the supply parts in violet. Their
derivatives at 0 are equal to q0 := l′(0) and at c† equal to q† := l′(c†). The
trapezoidal diagram is described by (ABC D) whereas (AB F) is the graph of its
restriction to [0, q0] and the triangular one (suggested by Daganzo) by (AE D).
[Right]. The graph of the associated generic Lagrangian is the represented by
the curve linking (−c†, l(−c†)) to (c‖, l(c‖)) where l(c‖) = 0. The graph of the
Lagrangian of the trapezoidal is the piecewise affine function linking (−c†, l(−c†))
to (c‖, l(c‖)) and passing through (0, l(0)) where l(0) = γ and the one of the
triangular diagram is the affine function (−c†, l(−c†)) to (c‖, l(c‖))
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The Edie and Newell fundamental diagrams are other fundamental diagrams
described in Fig. 7.4.7, p. 196.

This Hamiltonian q �→ h(q) can be used for answering several questions, among
which

1. the definition of the constant cumulated number function V (t, p) solution func-
tional, a solution to the Hamilton–Jacobi–Moskowitz partial differential equation

∂V(t, p)

∂t
− h

(

−∂V(t, p)

∂p

)

= 0 (or equal to any given right–hand side)

(7.63)
It is also the value function of an optimal control problem involving the associated
Lagrangian l defined as a Legendre transform l(u) := −h�(−u);

2. the celerity regulator q �→ ∂↓h(q) can be used for computing density function
Q(t, p) as a solution to the first-order Lighthill, Whitham and Richards partial
differential equation (a conservation law):

∂ Q(t, p)

∂t
+ ∂ Q(t, p)

∂p
∂↓h

(

∂ Q(t, p)

∂p

)

= 0

ever since nicknamed the LWR equation (see Definition 7.4.4, p. 190).

The constant cumulated number function provides two different ways for piloting
traffic evolutions:

1. Constant number traffic evolutions p(·) such that,

∀ t ∈ [T − Ω, T ], V (t, p(t)) = V (T − Ω, p(T − Ω)) (7.64)

governed by another celerity regulator

∀ t ∈ [T − Ω, T ], p′(t) = h(q(t))

q(t)
(7.65)

whenever the Hamiltonian framework is taken into consideration;
2. Optimal traffic evolutions whenever the cumulative number function is regarded

as the valuation function of the optimal control problem

V (T,Ω, p) := inf
p(·)∈S(T,Ω,p)

(

d(T − Ω, p(T − Ω)) +
∫ T

T −Ω

l(p′(t))dt

)
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whenever the Lagrangian framework is taken into consideration and are governed
by the same celerity regulator.

∀ t ∈ [T − Ω, T ], p′(t) ∈ ∂↓h(q(t)) (7.66)

Figure 7.4.3 [Derivation of Two Celerity Regulators] These figures due to Guil-
laume Costesèque symbolize the celerity regulators.

• [Left]. When the function V is regarded as a constant cumulated number function

and the celerity regulator governs the level line by p′(t) = h(q(t))

q(t)
.

• [Right]. When function V is regarded as a the valuation function and the celerity
regulator governs the optimal evolutions by p′(t) = ∂↓h(q(t))

The first interpretation provides positive velocities which vanish at jam density.
However, most experimental fundamental diagrams display fewer and fewer values
for densities larger that critical densities and no values at all for densities close to
jam densities (see for instance Fig. 1.3.1, p. 6).

The second interpretation regards the derivatives of the fundamental diagram as
advised velocities. It is not consistentwith the supply side of the fundamental diagram
which provides negative celerities. In this case, only the increasing or “demand” side
of the fundamental diagram fits the mathematical variational idealization.

7.4.2 The Lighthill, Whitham, Richards Equation

The route followed by Greenshields and his successors assumed instead than the

celerity regulator is a function of the density through the derivative u = ∂ Q(t, p)

∂p
of a map Q : (t, p) � Q(t, p) associating with time a position a subset Q(t, p) of
densities q. This density map Q was introduced in the middle of the years 1950 by
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Lighthill, Whitham and Richards.11 They derived it from mass balance accounting
relation stating that the total number of vehicles in the control volume Q(t, p)dp
is equal to the flux Q(t, p + dp)dt entering the control volume on the interval of
infinitesimal duration dt .

Definition 7.4.4 (The Lighthill, Whitham, Richards Map)
Let h : q ∈ [0, ω] �→ h(q) ≥ 0 be an Hamiltonian, the graph of which is called
the fundamental diagram. The Lighthill, Whitham, Richards (or LWR) density
map Q : (t, p) ∈ R+ × R � Q(t, p) is the set-valued map defined as the
“solution” to the LWR partial differential equation

∂ Q(t, p)

∂t
+ ∂ Q(t, p)

∂p
∂↓h

(

∂ Q(t, p)

∂p

)

= 0 (7.67)

satisfying the initial condition Q(0, p) = Q0(p) where Q0 : p �→ Q0(p) is
the initial condition.

This attempt to explain the behavior of congested traffic became the seminalmodel
for numerous highway traffic flow studies available in the literature today (see for
instance the review in Sect. 7.5, p. 199, written by Guillaume Costeséque)

Let us introduce the characteristic system associated with the LWR partial differ-
ential equation:

⎧

⎨

⎩

←−τ ′(t) = −1←−p ′(t) = −∂↓h(q(t))←−q ′(t) = 0
(7.68)

where the second equation is the celerity regulator providing a priori the celerity as
a function of the density instead of being given derived from a differential equation
p′(t) ∈ −M(t, p(t)).

The viability approach allows us to prove that the graphGraph(Q) ⊂ R+×R×R+
of the density map Q : (t, p) � Q(t, p) is a viable capture basin

Graph(Q) = Capt(7.68)(R+ × R × R+,Graph(Q0)) (7.69)

of the graphGraph(Q0) of the initial condition under the characteristic system (7.68).
See for instance [29, Aubin, Bayen and Saint-Pierre] and Chap.16, p. 631, of Via-
bility Theory. New Directions, [31, Aubin, Bayen and Saint-Pierre], which provides
more information obtained in the framework of viability techniques, on the simplest

11[176, Lighthill and Whitham], [200, Richards], Fundamentals of transportation and traffic oper-
ations in [104, Daganzo], Concise Encyclopedia of Traffic & Transportation Systems, [194, Papa-
georgiou], among a vast literature.
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prototype of conservations laws, the Burgers partial differential equation,12 shared
by the LWR partial differential equation.

Unfortunately, knowing the graph of the “solution” Q(t, p) does not imply that
this solution is single-valued: it may be set-valued, so that “shocks”, designing the
values Q(t, p) which are not single-valued, may emerge. This holds true as it was
observed by Riemann, even in the case of the simplest example when the LWR equa-
tion boils down to a Burgers partial differential equation. This was a “mathematical
shock” as long as set-valued maps were not rehabilitated13 because a set-valued
map or even a nondifferentiable single-valued map cannot be a solution to a partial
differential equation.

However, the introduction of graphical derivatives of set-valued maps can over-
come this peculiarity by giving a mathematical meaning to set-valued solutions to
first-order partial differential equations.

Observe that this characteristic system in not a micro-macro system since the
dynamics of the micro variable p involve the macro variable q. This is the very
reason why the density function may be set-valued. The graph of its inverse would
be the viable capture basin under the characteristic system

⎧

⎨

⎩

←−τ ′(t) = −1←−q ′(t) = 0←−p ′(t) ∈ −∂↓h(q(t))

which is a micro-macro system since the micro variable is now the density, inde-
pendent of the macro variable, which is the position, contrary to the characteristic
system (7.68), p. 190. The inverse of Q is a single-valued map.

Actually, what really matters is the relation (p, q) between positions and densi-
ties, described by a graph. To decide that density depends on positions and not that
positions depend on density is an extra-mathematical decision, which, in this case,
happens to be set-valued when densities depend on positions and single-valued when
positions depend on densities.

Therefore the Viability Theorem implies that the graph of the LWR density map
is characterized by tangential conditions. These tangential conditions can thus be
translated in terms of graphical derivatives of this density map. This provides a
precise formulation of the concept of set-valued solution to a partial differential
inclusion.

12Burgers equations appear also in the study for modelling the “endowment provider” of means of
payments. Excel is sufficient to compute the solutions to Burgers equations with the viable capture
basin algorithm (see Fig. 16, p. 40, of Chap. 2, p. 31 of Time and Money, [25, Aubin]).
13At the dawn of xxth century, the founders of set theory after Georg Cantor, Felix Hausdorff ,
Maurice Fréchet, Kazimierz Kuratowski, René Baire, to name a few, used the concept of set-
valued map and relations. Nicolas Bourbaki has abandoned its use to replace them by single-valued
maps from spaces to hyperspaces (families of subset of a space, called also “power spaces”).
Unfortunately, hyperspaces do not inherit structures of the underlying spaces. Thiswas not a problem
as long as motivations for taking into consideration the set-valued character of maps popping up
were ignored at the time and for such a long time.
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Wedo not need to solve this partial differential equation anyway, since the viability
algorithms allow us to compute this solution:

Figure 7.4.5 [Viability Solution to the LWR Equation] This figure displays the
graph of a set-valued solution to the Lighthill, Whitham and Richards equation
computed in 2003 thanks to the viability algorithms by Patrick Saint-Pierre.
[Left]. The figure displays the graph of the LWR density map when the time is in
abscises, the positions in ordinates and the density in height.
[Right]. For a fixed time, the figure displays the graph of the solution when positions
are in abscises and densities in ordinates.

For the sake of comparison,we present below the computation of the same solution
using partial differential equation algorithms for solving the solution of the LWR
partial differential equation.

Figure 7.4.6 [Solution to the LWR
Equation Computed with the
Godunov Algorithm] This figure
displays the graph of a set-valued
solution to the Lighthill, Whitham and
Richards partial differential equation
computed by Guillaume Costesèque
with the Godunov algorithm. See
explanations in Sect.7.5.5, p. 205
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7.4.3 The Hamilton–Jacobi–Moskowitz Partial Differential
Equation

For avoiding shocks,Gordon Newell introduced the concept of “cumulative number”
of vehicles passing at a given position after a given time on a one-dimensional road,
since density was the prevalent concept at the time (see Traffic Flow On Transporta-
tion Networks, [188, Newell]). He acknowledged that Karl Moskowitz, an engineer
from the California Department of Transportationwho did not bother to publish, used
this concept for some time to investigate properties of traffic (see [185, Moskowitz
and Newan]). Next, Jon Luke and Gordon Newell14 discovered that these cumulative
number functions are solutions to a Hamilton–Jacobi partial differential equation
(that we shall name Hamilton–Jacobi–Moskowitz equation) and a variational prin-
ciple. Carlos Daganzo, who took over these equations for studying them mathemat-
ically in 2004 (see [100, 101, 105, 106, Daganzo]), wrote: “Luke (1973) and Newell
(1993) proposed the minimum operation as a way of selecting the unique and correct
value at every point in space-time without proving it. It should be remembered in
this respect that a “correct”, i.e. physically meaningful, solution of the problem [...].
He also wrote in another paper that “The least cost to reach a point is the vehicle
number”.

The “congestion variational principle” discovered by these authors states that
the traffic function is the value function of an optimal control problem. Its optimal
solutions are referred to as “waves” in the literature: they are our optimal traffic
evolutions derived from the convex acceleration functions regulated by the optimal
celerity regulator advising celerities.

The cumulative number function was informally introduced as a primitive of the
density function:

V (t, p) :=
∫ p

pΩ

Q(t, π)dπ (7.70)

providing the number of vehicles on a road segment [pΩ, p]. One can prove that this
function is a valuation function of an intertemporal minimization problem that we
describe.

Since the fundamental diagram is the graph of the upper semicontinuous concave
function h, we associate with it the Lagrangian l defined by

l(t, p, u) := sup
q

[h(t, p, q) − 〈q, u〉] (7.71)

which is a lower semicontinuous convex function related to the Hamiltonian by the
relation

l�(t, p, q) = −h(t, p,−q) (7.72)

14See [189, 190, Newell]. He quoted Jon Luke: “Witham sent me the reprint of a paper by J.C. Luke
on erosion of soil”. See [180, Luke].
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The cumulative number function

V (T, p) := inf
Ω≥0

inf
p(·)

[

d(T − Ω, p(T − Ω)) +
∫ T

T −Ω

l(t, p(t), p′(t))dt

]

(7.73)

satisfying V (0, p) = d(0, p) is associated with the valuation function by

V (T, p) := inf
Ω≥0

V (T,Ω, p) (7.74)

Hence the results of Sect. 7.1, p. 164, hold true, even in the case when the
Hamiltonian, and thus, the Lagrangian depend on time, duration, position and celer-
ity. Introducing the characteristic system

⎧

⎨

⎩

←−τ ′(t) = −1←−p ′(t) = −←−u (t)←−y ′(t) = −l(←−τ (t),←−p (t),←−u (t))
(7.75)

Theorem6.1.6, p. 150, implies that the cumulative number function is characterized
by15

V (T, p) = inf
(T,p,y)∈Capt(7.75)(Dom(l),Graph(d))

y (7.76)

We recall that whenever V is differentiable, it is the viability solution to the
Hamilton–Jacobi–Moskowitz partial differential equation

∂V (t, p)

∂t
+ l�

(

t, p,
∂V (t, p)

∂p

)

= 0 (7.77)

satisfying the initial condition satisfying V (0, p) = d(0, p). Therefore, the celerity-
specification regulator is provided by the Lax–Oleinik formula

p′(t) ∈ ∂l�
(

t, p(t),
∂V (t, p(t))

∂p

)

(7.78)

Whenever the Lagrangian is independent of time, duration and position and
depends only on the celerity, the Lax–Hopf formula (see Theorem4.2.4, p. 100)
can be used: it yields

V (T, p) = inf
Ω≥0

inf
π

[

d(T − Ω,π) + Ωl
(

p − π

Ω

)]

(7.79)

15See also Theorem 14.4.2, p. 581; of Viability Theory. New Directions, [31, Aubin, Bayen and
Saint-Pierre].

http://dx.doi.org/10.1007/978-3-642-54771-3_6
http://dx.doi.org/10.1007/978-3-642-54771-3_4
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For optimal evolution (Ω, p(·)), we obtain the relation

V (T, p) − V (T − Ω, p(T − Ω))

Ω
= l

(

p(T ) − p(T − Ω)

Ω

)

(7.80)

between average increase of the valuation function and the average celerity on the
temporal window [T − Ω, T ].

When the fundamental diagram is a congestion diagram (without Lebacque’s
supply decreasing part), the characteristic system underlying the Hamilton–Jacobi–
Moskowitz equation involves the Lagrangian l defined by the convex acceleration
function (when the acceleration threshold γ

�

‖ = 0). In this case, celerities are posi-
tive and vanish at critical congestion. Otherwise, when supply sides are involved, the
convex acceleration function is extended to negative celerities. In this case, optimal
constant traffic evolutions may recede whereas constant number traffic evolutions
move forward, and stop only at jam densities. We thus needs to appeal to other inter-
pretations of the derivatives p′(·) of the traffic evolution p(·) of positions hidden in
the characteristic equation of the solutions to Hamilton–Jacobi–Bellman partial dif-
ferential equations, reviewed and summarized by Guillaume Costeséque in Sect. 7.5,
p. 199.

We do not duplicate here the results on Hamilton–Jacobi–Moskowitz equations
obtained by using viability techniques presented in Chap. 14, p. 563, of Viability
Theory. New Directions, [31,Aubin, Bayen andSaint-Pierre]. They provide a detailed
study of cumulative number V ; (T, p) �→ V (T, p) obtained in the framework of
viability techniques used in this book. We complement these results by studying the
case when the Hamiltonian and the Lagrangian depend on both position and celerity,
so that the Lax–Hopf formula do no longer apply. We must appeal to viable capture
basin algorithms to solve the cumulative number function V .

7.4.4 Position-Dependent Hamiltonian

We assume that the departure cost function is a combination of Cauchy, Dirichlet
and Lagrangian traffic conditions on one hand, and when the fundamental diagram
is position-dependent on the other one.

We only single-out two examples based on the classical and familiar position-
dependent Greenshields’ fundamental diagrams and on Edie’s diagram and refer to
[112, Désilles] for more details and examples of position-dependent fundamental
triangular and Newell diagrams.
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Figure 7.4.7 [Edie and Newell Diagrams] This figure displays fundamental dia-
grams and the numerical approximations of their associated Lagrangian which do
not enjoy analytical formulas. The first pair was proposed by Edie:

e(q) =

⎧

⎪

⎪

⎨

⎪

⎪

⎩

νqe
−q · e

ω if 0 ≤ q ≤ ω

e
ν
e q ln

(

ω

q

)

if
ω

e
< q ≤ ω

(7.81)

and the second pair was by Newell:

∀ q ∈ [0, ω], h(q) = νq

(

1 − e
−ω w

ν

(

1
q − 1

ω

)
)

(7.82)

1. The departure function d is defined by

d(t, p) = min(d0(t, p),dd(t, p),dl(t, p)) (7.83)

where

• the function d0(t, p) corresponds to the Cauchy initial condition

d0(t, p) =
{

C0(6 − p), if t = 0
+∞, otherwise

(7.84)

• the function dd(t, p) corresponds to the Dirichlet boundary condition

dd(t, p) =
{

6C0 + t · g(C0), if p = 0
+∞, otherwise

(7.85)

• the function dl(t, p) corresponds to the Lagrangian internal condition

cl(t, p) =
{

C0(6 − p0), if t ∈ [0, 2.5], p =0 +t
+∞, otherwise

(7.86)



7.4 The Greenshields Legacy 189

2. The Greenshields fundamental diagram (Hamiltonian) is defined by

∀ q ∈ [0, ω], g(ν, ω; q) := ν

ω
q(ω − q) (7.87)

It is independent of time and position, and parameterized by the “free velocity”
ν > 0 and the jam density ω > 0, its critical density being equal to ω/2.

Its associated Lagrangian is

∀ u ∈ [−ν, ν], l(ν, ω; u) = ω

4ν
(ν − u)2, (7.88)

(which is defined on negative u)
In this example, we associate with it a fundamental diagram h : (p, q) �→

h(ν, ω; p, q) depending on positions p ∈ [0, 6] defined by

h(ν, ω; p, q) :=
⎧

⎨

⎩

g(νmax , ω/2; q) if p ∈ [2.5, 3.5]
g(ν, ω; q) if p ∈ [0, 2.5[

g(νmax , ω; q) otherwise
(7.89)

Figure 7.4.8 [Time-Dependent Greenshields’ Diagram] These figures symbolize
the position-dependent Greenshields’ fundamental diagram (7.89) and its associ-
ated Lagrangian

We denote by V (ν, ω; t, p) the traffic evolution associated with this position-
dependent Greenshields fundamental diagram, which is also a solution to the
Hamilton–Jacobi–Moskowitz partial differential equation

∂V (ν, ω; t, p)

∂t
− h

(

ν, ω; p,−∂V (ν, ω; t, p)

∂p

)

= 0 (7.90)
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satisfying the traffic conditions

V (ν, ω; t, p) ≤ d(t, p) (7.91)

Figure 7.4.9 [Valuation Function for a Position-Dependent Greenshields Dia-
gram] The figures display the three-dimensional graph of the function V : (t, p) �→
V (t, p) when the speed limit is fixed to ν = 1.6 ([Left]) and ν = 3 ([Right]). The
time-position (t, p) ∈ [0, 6]2 (t in abscissa, p in ordinate)

The software provides also constant number traffic evolutions:

Figure 7.4.10 [Constant Number Traffic
Evolutions] The figure provides the trajec-
tories of the constant number traffic evolu-
tions for free velocities ν = 1.6 and ν = 3.
This comparison shows clearly the homog-
enization effect of the speed limit reduc-
tion. One can even observe that the travel
times are reduced for the congestion zone
in the case of the smaller speed limit

In the second example, we replace the position-dependent Greenshields’ diagram
by a position-dependent Edie’s fundamental diagram (7.81), p. 196. Assume that the
free-flow speed is a parameter that can vary in the range ν ∈ [νmin, νmax ] = [1.5, 3.0].
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Figure 7.4.11 [Time-Dependent
Edies’ Diagram] This figures sym-
bolize the position-dependent Edie’s
fundamental diagram h(ν, ω; p, q)

defined by

{

e(ν, ω; q) if p ∈ [0, 3[
e(νmax , ω; q) otherwise

(7.92)
where e(ν, ω; q) is the Edie’s diagram

We thus find the valuation function associated with a position-dependent Edie’s
diagram and compute constant number evolutions, even though the Lagrangian is
numerically approximated by lack of analytical formulas.

Figure 7.4.12 [Valuation Function and Trajectories for Edies’ Diagram] [Left]:
the figure displays the three-dimensional graph of the valuation function associated
with a position-dependent Edie’s fundamental diagram computed by the viable
capture basin algorithm.
[Left]: the figure provides the trajectories of the constant number traffic evolutions
for two values of the free velocity

7.5 A Panorama on Macroscopic Hamiltonian Models

In this section, written by Guillaume Costeséque, some insights coming from the
traffic flow engineering world are summarized. More precisely, we present different
Hamiltonian approaches that have been developed to make the seminal LWR model
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(see Sect. 7.4, p. 185) more realistic or more easily usable. For more coherence with
the book, we do not adopt the classical notations in use in the mathematical traffic
community: their readers will easily recognize their favorite concepts.

7.5.1 General Background

For day-to-day operations, traffic managers use macroscopic traffic flow models.
Thesemodelsmust be simple, robust, allowing to get solutions at a low computational
cost. The main macroscopic models are based on conservation laws or hyperbolic
systems (see [151, Hoogendoorn and Bovy] or Chap. 5 in [135, Gartner, Messer and
Rathi] for traffic aspects and [134, Garavello and Piccoli] for mathematical aspects).
The seminal LWR model (for Lighthill–Whitham and Richards) was proposed in
[176, Lighthill], [200, Richards] as a single conservation law with unknown the
vehicle density. This model based on a first order partial differential equation is
very simple and robust but it fails to recapture some empirical features of traffic.
Indeed, it assumes that all the vehicles are in an equilibrium meaning that their
accelerating is constant. Thus, it does not allow to take into account out-of-the-
equilibrium evolutions that are responsible for the set-valuedness of the flow-density
fundamental diagram mainly observed in congested situations (see Fig. 1.3.1, p. 6,
for instance). More sophisticated models referred to as higher order models were
developed to encompass kinematic constraints of real vehicles or also thewide variety
of driver behaviors, even at the macroscopic level. Some examples are given in this
section where we deal with models of the Generic Second Order Models (GSOM)
family [170, 171, Lebacque]. Even if these models are more complicated to deal
with, they permit to reproduce traffic instabilities (such as the so-called stop-and-go
waves, the hysteresis phenomenon or the capacity drop) which move at the traffic
speed and differ from kinematic waves [216, Zhang] (see also [171, Lebacque] and
references therein). As these models combine the simplicity of the LWRmodel with
the dynamics of driver specific attributes, we are able to recapture more specific
phenomenon with a higher accuracy.

7.5.2 The Hamiltonians of Generic Second Order Models

General GSOM Formulation

Any model of the GSOM family can be stated in conservation form (and in Eulerian
coordinates) as follows
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⎧

⎪

⎪

⎪

⎪

⎨

⎪

⎪

⎪

⎪

⎩

∂

∂t
q + ∂

∂p
(qu) = 0 Conservation of vehicles,

∂

∂t
(qz) + ∂

∂p
(quz) = qψ(z) Dynamics of the driver attribute z,

u = U (q, z) Speed-density fundamental diagram,

(7.93)

where q stands for the density of vehicles, u for the flow speed (equal to the mean
spatial velocity of vehicles), p and t for position and time. The variable z is a
specific driver attribute or specification which can represent for example the driver
aggressiveness, the driver destination, the vehicle class or a combination of such
information. The flow-density fundamental diagram is defined by

h : (q, z) �→ qU (q, z).

The function ψ leads the dynamics of the attribute z. Its expression depends on the
choice of the modeling.

Examples of Models from the GSOM Family

The GSOM family recovers a wide range of existing models:

• The LWR model itself is simply a GSOM model with no specific driver attribute
(z is the same for any driver), expressed as follows

⎧

⎨

⎩

∂

∂t
q + ∂

∂p
(qu) = 0 Conservation of vehicles,

u = Ue(q) Speed-density fundamental diagram.

(7.94)

The fundamental diagram for the LWR model h : q �→ ϕ = qUe(q) states that
traffic flow is always at an equilibrium state (no acceleration or deceleration for
instance). It is commonly assumed that the flow is an increasing function of density
between zero (corresponding to an empty section) and a critical density and then
the flow decreases until the jam density (corresponding to a bumper-to-bumper
situation). However the fundamental diagram shape is always a subject of debates
(see for instance [122, Fan and Seibold]) and there exists a wide variety of them
in the literature encompassing concave and triangular flow functions (see the first
row of Fig. 7.5.1, p. 205, and, also, Chap. 3 of [134, Garavello and Piccoli] for
additional examples).

• The LWR model with bounded acceleration proposed in [167, 168, Lebacque],
[173, Leclercq] is also a GSOM model in which the propagated driver attribute is
simply the speed of vehicles.

• The ARZ model (standing for [51, Aw and Rascle], [52, Aw, Klar, Rascle and
Materne] and [216, Zhang]) for which the driver attribute is taken as the gap
between the current speed and the equilibrium speed (given by the LWR model)
z = u − Ue(q), that gives us U (q, z) = z + Ue(q).

• The Generalized ARZ model proposed in [123, Fan, Herty and Seibold] that can
be also seen as a particular case of the model described in [217, Zhang]. These
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models introduce an interaction mechanism between two different fundamental
diagrams to distinguish equilibrium and non-equilibrium states.

• Multi-commodity models (multi-class, multi-lanes) of [156, Jin and Zhang], [53,
Bagneriniv and Rascle] or [149, Herty, Kirchner, Moutari and Rascle]. It encom-
passes also the model of [162, Klar, Greenberg and Rascle].

• The Colombo 1-phase model deduced in [171, Lebacque] from the 2-phase model
of [85, Colombo]. In this case, the driver attribute z is a scalar which is non-trivial
in congested situation. In fluid area, the model follows the classical LWR model.

• The stochastic GSOM model of [161, Khoshyaran and Lebacque]. The driver
attribute z is a random variable depending on the vehicle index V and on the
random event ω such that z = z(V, t, ω). The random perturbations do not affect
the vehicle dynamics but affect the driver perception and its behavior.

The interested reader is referred to [172, Lebacque] and references therein for more
details on examples.

7.5.3 The Three-Dimension Representation of Traffic Flow

Let us introduce the Lagrangian coordinate

V (t, p) :=
∫ ∞

p
q(t, ξ)dξ

which stands for the (continuous) label of the vehicle (or the cumulated vehicle count
as presented above) at position p and at time t . Lagrangian coordinates are fixed to
a given fluid particle and move with it in space-time. Note that in the continuum,
v = V (t, p) is not necessarily an integer.

The Lagrangian system of coordinates has been used first in the case of gas
dynamics in Supersonic flow and shock waves by [93, Courant and Friedrichs], [94,
Courant, Friedrichs and Lewy], and in traffic flow theory by [174, Leclercq, Laval
and Chevallier], [78, Chevallier and Leclercq], [80, Chiabaut, Leclercq and Buisson],
[64, Buisson C., Lesort J.-B. and Lebacque], [65, Buisson and Ladier]; [66, Buisson
and Lesort], etc.

The term Eulerian refers to the “classical” framework t − p. Eulerian data stand
for data coming from fixed equipment giving records of occupancy or flow of vehi-
cles on a freeway section. This kind of measurements come from e.g. fixed inductive
loop detectors, Radio Frequency Identification (RFID) transponders, radars or video
cameras. Conversely, the term Lagrangian is used to characterize a moving frame-
work. Data coming from sensors which move within the measured field of interest
are called Lagrangian data. Lagrangian data are provided by on board mobile sensors
such as Global Positioning Systems (GPS) or GPS-enabled smartphones.
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We define the headway (the average time gap between vehicles), the spacing (the
average spatial gap between vehicles) and the pace (the average time used to travel
a unit distance) respectively as follows:

h = 1

ϕ
, s = 1

q
, r = 1

u

where ϕ, q and u denote respectively the flow, the density and the speed. Considering
the different systems of coordinates for the three representations of traffic, we obtain
the following systems of equations to solve (see Table1, p. 203):

Eulerian Lagrangian Lagrangian-space
t − p t − v v − p

Variables q density s spacing r pace
ϕ flow u speed h headway

First equation: ∂q

∂t
+

∂ϕ

∂p
= 0 ∂s

∂t
+

∂u

∂v
= 0

∂r

∂v
− ∂h

∂p
= 0Conservation law

Second equation: ∂z

∂t
+ u

∂z

∂p
= ψ(z) ∂z̃

∂t
= ψ(z̃)

∂ž

∂p
= rψ(ž)Attribute dynamics

1 [Coordinate Systems, Variable Definitions and Equations for
The Three Representations]

The three-dimension representation of traffic flow has been firstly proposed by in
[182,Makigami, Newell and Rothery]. The Eulerian framework is the mostly used in
the traffic flow community while Lagrangian system of coordinate has been proved
to provide a very good framework for specific applications like treating moving
constraints (the so-calledmoving bottleneck problem). The last system of coordinates
is attracting more and more attention (see for instance [87, Costesèque and Duret]
and references therein).

7.5.4 The Three Kinds of Hamiltonians

It has been shown in [165, Laval and Leclercq] that one can define

• V (t, p) the (continuous) label of the vehicle located at position p at time t
• P(t, v) the position of the vehicle labeled v at time t
• Ω(v, p) the passing time of vehicle labeled v at position p (or the travel duration
between a reference position and p)
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such that one has
⎧

⎪

⎪

⎨

⎪

⎪

⎩

ϕ = ∂V

∂t
, (flow)

q = − ∂V

∂p
, (density)

,

⎧

⎪

⎪

⎨

⎪

⎪

⎩

u = ∂ P

∂t
, (speed)

s = − ∂ P

∂v
, (spacing)

,

⎧

⎪

⎪

⎨

⎪

⎪

⎩

h = ∂Ω

∂v
, (headway)

r = ∂Ω

∂p
. (pace)

Then, it is easy to show that the conservation laws presented in Table1, p. 203, can
be recast as follows (see Table2, p. 203):

Eulerian Lagrangian Lagrangian-space
t − p t − v v − p

First equation: ∂V

∂t
− h

(
− ∂V

∂p
, z

)
= 0

∂P

∂t
− h

(
− ∂P

∂v
, z̃

)
= 0

∂Ω

∂v
− h

(
∂Ω

∂p
, ž

)
= 0Hamilton-Jacobi

Second equation: ∂z

∂t
+ u

∂z

∂p
= ψ(I)

∂z̃

∂t
= ϕ(z̃)

∂ž

∂p
=

∂Ω

∂p
ϕ(ž)Attribute dynamics

2 [Coordinate Systems, Variable Definitions and Equations for
the Three Representations]

where the following Hamiltonian h have been designed as follows (for sake of clar-
ity, we only consider the LWR case i.e. with no specific driver attribute)—see also
Fig. 7.5.1, p. 205:

1. In the Eulerian case, h maps densities q to flows ϕ = h(q). The derivative h′(q)

is interpreted as a velocity of traffic waves (say the velocity of the characteristics

such as shock waves). The traffic mean spatial speed is given by u = ϕ

q
whenever

q �= 0. One can distinguish:

a. The demand side associates with densities the maximal upstream flux that
wishes to flow through a position. It matches the non-decreasing part of the
Hamiltonian denoted by h↑;

b. The supply side associates with densities the maximal flux that can be locally
accommodated downstream It matches the non-increasing part of the Hamil-
tonian denoted by h↓.

2. In the Lagrangian case, h maps the spacing (or interdistance between vehicles)

s := 1

q
to speed u := h (s). The derivative h′ (s) is homogeneous to a flux. The

traffic flux is computed as ϕ = u

s
. One can distinguish:

a. The demand side associates with the interdistance the wished maximal speed
allowed to the vehicle. The demand function reduces to the horizontal asymp-
tote u = umax ;

b. The supply side associates with the interdistance the actual maximum speed
allowed to the vehicle by downstream traffic conditions. It exactly matches
the Hamiltonian.
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3. In the spatial Lagrangian case, h maps rhythm or (pace, frequency) r := 1

u
to

the headway h := h(r) corresponding to the inverse of flow ϕ. The derivative

h′ (r) is homogeneous to a spacing. The traffic spacing is given by s = h

r
. One

can distinguish:

a. The demand side associates with the pace the minimal headway at which the
driver wishes to circulate. It matches the non-increasing part of the Hamil-
tonian denoted by h↓;

b. The supply side associates with the pace the minimal headway allowed by
downstream traffic conditions. It matches the non-decreasing part of the
Hamiltonian denoted by h↑.

Figure 7.5.1 [Illustrations of Some Hamiltonians] This figure displays the
graphs of the following Hamiltonians h: [Left]. Greenshields’ diagram, [Center].
Triangular diagram and [Right]. Exponential diagram
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Naturally, theHamiltonians can depend also on time, duration and position, on one
hand, as well as specification or attributes z and their velocities z′ on the other one.

7.5.5 Numerical Schemes for the Hamiltonian Approach

This section is devoted to the presentation of the most classical (and the most used)
numerical scheme for solving partial differential equations in traffic flow research
and engineering. We restrict our attention to the LWR model, standing for Lighthill,
Whitham and Richards [176, 200, Richards] (see Fig. 7.4.6, p. 192). In this model,
the traffic density q ∈ R at a location p and time t satisfies to a scalar conservation
law

∂

∂t
q + ∂

∂p
h(q) = 0, for any (t, p) ∈ [t0,+∞[ × [p0,+∞[, (7.95)

where q �→ ϕ = h(q) is the flow function, also called the flow-density fundamental
diagram in the traffic flow literature. This function is also a Hamiltonian as it has
been shown in the above sections. Assume moreover that the initial densities are
known

q(t = t0, p) = g(p), for any p ∈ [p0,+∞[. (7.96)

Existence and uniqueness of the solution of (7.95)–(7.96) can be obtained underweak
assumptions on h and g (see [94, Courant, Friedrichs and Lewy], [62, Bressan], [63,
Bressan Canic, Garavello, Herty and Piccoli] for instance). We simply assume that
h is concave and C1 differentiable and that g is Lipschitz continuous. We denote by
h↑ (resp. h↓) the increasing (resp. decreasing) part of h.

To solve such an equation, Daganzo and Lebacque proposed independently
a numerical scheme in the mid of the nineties [100, 101, 103, Daganzo], [166,
Lebacque]. This is a finite volume scheme, explicit in time, which was first pub-
lished by Serguei Godunov in 1959 [136, Godunov]. Let us introduce a time and
space discretization with respectively �t and �p > 0 the finite steps. We denote by
qi

j , for any (i, j) ∈ N × Z, a numerical approximation of the continuous solution q
of the Cauchy problem (7.95)–(7.96)

qi
j := 1

�p

∫ p
j+ 1

2

p
j− 1

2

q(ti , ξ)dξ,

with p j := p0 +
(

j − 1

2

)

�p and ti := t0 + i�t .

Then the Godunov scheme reads as follows

qi+1
j = qi

j +
�p

�t

[

F
(

qi
j−1, qi

j

) − F
(

qi
j , qi

j+1

)]

, for any (i, j) ∈ N×Z, (7.97)
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with
F (q1, q2) := min

{

h↑ (q1) ,h↓ (q2)
}

.

In order to ensure the stability of the numerical scheme (7.97) (and thus the con-
vergence of the scheme thanks to Lax theorem), one needs to satisfy the Courant–
Friedrichs–Lewy condition, [94, Courant, Friedrichs and Lewy],

�t

�p
≥ sup

q∈Dom(h)

∣

∣h′(q)
∣

∣ . (7.98)

The condition (7.98) teaches us that the numerical scheme has to be greater or equal
to the maximal characteristic speed of the “fluid”. One characteristic wave cannot
go through more than one cell [ti , ti+1] × [p j , p j+1] at each time step.

Obviously, this numerical scheme can be applied for another conservation laws
for instance for the LWR equation recast in Lagrangian ors Lagrangian-space frame-
works (see Sect. 7.5.3 p. 202).



Chapter 8
Mathematical Appendixes

We gather and summarize in this heteroclite chapter some definitions and results
used in this book for easing its reading: Sect. 8.1, p. 211, Set-Valued Maps, defines
them and provides the definitions of continuity, which are extended in Sect. 8.2, p.
216, to relations. Section8.3, p. 218, Kernels and Basins, complements Sect. 4.1,
p. 91, Viability Survival Kit, by presenting more details needed to prove the Barrier
Theorems 8.4.3, p. 225, and 8.4.4, p. 228, for deepening the viability properties of
viable capture basins. Section8.5, p. 230, Temporal Selections, describes the nature
or temporal selections, whereas a short summary of set-valued and nonsmooth analy-
sis is the topic of Sect. 8.6, p. 233, Differentiating Set-Valued Maps and Extended
Functions.

8.1 Set-Valued Maps

We provide a more elaborate definition:

Definition 8.1.1 (Set-Valued Map) A set-valued map F : X � Y associates
with any x ∈ X a subset F(x) ⊂ Y (which may be the empty set ∅). The symbol
“�” denotes set-valuedmapswhereas the classical symbol “ �→” denotes single-
valued maps.

The graphGraph(F) of a set-valuedmap F is the set of pairs (x, y) ∈ X × Y
satisfying y ∈ F(x). Its domain Dom(F) is the subset of elements x ∈ X such
that F(x) is not empty and its image Im(F) =

⋃

x∈X
F(x) is the union of the

values F(x) of F when x ranges over X . The inverse F−1 of F is the set-valued
map from Y to X defined by

x ∈ F−1(y) ⇐⇒ y ∈ F(x) ⇐⇒ (x, y) ∈ Graph(F)

© Springer-Verlag Berlin Heidelberg 2017
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We add a few other concepts and state some more statements of properties, and
refer to [42, Aubin and Frankowska] or [203, Rockafellar and Wets] for additional
results, their proofs and a bibliography.

Definition 8.1.2 (Images, Inverse Images and Cores) Let F : X � Y be a set-
valued map, P(X) and P(Y ) their hyperspaces. We introduce the following
hypermaps:

1. canonical extension F : P(X) �→ P(Y ) of F : x � F(x) defined by:

∀ A ∈ P(x), F(A) :=
⋃

x∈A

F(x)

where F(A) is called the (direct) image of A under F ;
2. canonical inverse extension F−1 : P(Y ) �→ P(X) of F−1 defined by:

∀ B ∈ P(Y ), F−1(B) :=
⋃

y∈B
F−1(y) = {x | B ∩ F(x) �= ∅} ∈ P(Y )

where F−1(B) is called the inverse image of B under F ;
3. the core F�1 : P(Y ) �→ P(X) of F defined by

∀ B ∈ P(Y ), F�1(B) := {x | F(x) ⊂ B}

where F�1(B) is called the core of B by F .

The “uncertainty” introduced by the inverse images and cores of a set-valued
maps involves the two main concepts associated with the quantifiers1 “∃ ” and “∀ ”
because

1The logician Wilfred Hodges and specialist of game theory used the sad story of the logician
monk of the xiith century, Pierre Abélard, the “tychastic” player, nicknamed “∀belard”, who was
cruelly punished for seducing the future abbess of Argenteuil, Eloise (Héloïse), the “contingent
regulator” nicknamed “∃loise”. She was at that time his young student attracted by an inclination
that logic does not know, but biology does. While working on logics, the young Pierre-Astrolabe
was born as the fruit of their love. His punishment was the reverse retaliation of his “sin” and the
transgression of ecclesiastical canons. Driven from their paradise by a singular punishment, ∃loise
and ∀belard could have given way to “∀dam” and “∃va”, also punished for wanting to “know” and
being the culprits for the sins of all of us. The author thanks Allen Mann for informing him that
Wilfred Hodges had proposed in 1985 to name these two players in Building models by games,
[150, Hodges], discovered in his book Building models by games Independence-Friendly Logic: A
Game-Theoretic Approach [183, Mann, Sandu and Sevenster], in collaboration withGabriel Sandu
andMerlijn Sevenster. They made the link between a disembodied logic and (human) game theory.
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1. the contingent choice of x ∈ F−1(B) means that the contingent player “Eloise”
chooses x such that

∃ y ∈ F(x) such that property y ∈ B holds true (8.1)

2. the tychastic choice of x ∈ F�1(B) means that the tychastic player “Abélard”
chooses x such that

∀ y ∈ F(x), then property y ∈ B holds true (8.2)

Definition 8.1.3 (Graphical Restriction) The graphical restriction F |BD of F :
X � Y to D × B ⊂ X × Y is defined by:

(F |BD)(x) :=
{

F(x) ∩ B if x ∈ D
∅ if x /∈ D ∩ Dom(F)

If B := Y , we also use the classical notation F |D := F |YD .

Therefore it inverse (F |BD)−1 = (F−1)|DB is equal to

(F−1)|DB (y) :=
{

F−1(y) ∩ D if y ∈ B ∩ F(D)

∅ if y /∈ (B ∩ F(D))

In particular,

∀ y ∈ F(D), (F |D)−1 = (F−1)|DX (y) = F−1(y) ∩ D (8.3)

Limits of sets have been introduced by Paul Painlevé in 1902 before the for-
malization of metric spaces by Fréchet in 1910, and thus, without the concept of a
topology on the hyperspace P(E) derived from a topology on the underlying set E .
They have been popularized by Kuratowski in his famous book Topologie and thus,
often called Kuratowski lower and upper limits of sequences of sets.

Definition 8.1.4 (Limits of Sets) Let (Kn)n∈N be a sequence of subsets of a
metric space E . We say that the subset

Limsupn→∞Kn :=
{

x ∈ E | lim inf
n→∞ d(x, Kn) = 0

}

is the Painlevé–Kuratowski upper limit of the sequence Kn and that the subset
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Liminfn→∞Kn := {x ∈ E | limn→∞d(x, Kn) = 0}

is its Painlevé–Kuratowski lower limit. A subset K is said to be the Painlevé–
Kuratowski limit or the set limit of the sequence Kn if

K = Liminfn→+∞Kn = Limsupn→+∞Kn =: Limn→+∞Kn

Lower and upper limits are obviously closed. We also see at once that

Liminfn→+∞Kn ⊂ Limsupn→+∞Kn

and that the upper limits and lower limits of the subsets Kn and of their closures Kn

do coincide, since d(x, Kn) = d(x, Kn).
Any decreasing sequence of subsets Kn has a limit, which is the intersection of

their closures:

if Kn ⊂ Km when n ≥ m, then Limn→+∞Kn =
⋂

n≥0

Kn

An upper limit may be empty (no subsequence of elements xn ∈ Kn has a cluster
point).

It is easy to check that:

Proposition 8.1.5 (Limits of Subsets) If (Kn)n∈N is a sequence of subsets of a
metric space, then Liminfn→∞Kn is the set of limits of sequences xn ∈ Kn and
Limsupn→∞Kn is the set of cluster points of sequences xn ∈ Kn, i.e., of limits
of subsequences xn′ ∈ Kn′ .

In other words, upper limits are “thick” cluster points and lower limits are “thick”
limits.

Closedness of the graph of a set-valued map is the “degree 0” of any continuity
property. It is sufficient for derivingmanyproperties, as for the definition ofMarchaud
maps (see Definition 4.1.7, p. 96) under which the Viability Theorem 4.1.9, p. 96, is
true.

However, other results require more restrictive definition of continuity of set-
valued maps which generalize the definition of continuous single-valued maps:

http://dx.doi.org/10.1007/978-3-642-54771-3_4
http://dx.doi.org/10.1007/978-3-642-54771-3_4
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Definition 8.1.6 (Lower Semicontinuous and Upper Semicompact Maps) Let
us consider a set-valued map F : X � Y and x ∈ Dom(F). It is said to be

• lower semicontinuous at x if for any y ∈ F(x) and for any sequence of ele-
ments xn ∈ Dom(F) converging to x , there exists a sequence of elements
yn ∈ F(xn) converging to y;

• upper semicompact at x if for every sequence xn ∈ Dom(F) converging to x
and for every sequence yn ∈ F(xn), there exists a subsequence ynp converging
to some y ∈ F(x);

• upper semicontinuous at x if for every ε > 0, there exists η(ε, x) ≤ ε such
that

∀y ∈ B(x, η(ε, y)), F(y) ⊂ B(F(x), ε)

It is said lower semicontinuous, upper semicompact and upper semicontinuous
if these properties hold true for every x ∈ Dom(F) respectively.

We need to know how the marginal functions of optimization theory can inherit
continuity properties:

Definition 8.1.7 (Marginal Functions) Consider a set-valued map F : X �
Y and a function u : Graph(F) �→ R. We associate with them the marginal
function v� : X �→ R defined by

v�(x) := sup
y∈F(x)

u(x, y)

We deduce the continuity properties of the marginal maps.

Theorem 8.1.8 (MaximumTheorem)Letmetric spaces X, Y , a set-valuedmap
F : X � Y and a function u : Graph(F) �→ R be given.

1. If u is lower semicontinuous and F is lower semicontinuous, so is the
marginal function v�.

2. If u is upper semicontinuous and F is upper semicontinuous, so is the
marginal function v�.
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Proof See the proof of Theorem 1.4.16 of Set-Valued Analysis, [42, Aubin and
Frankowska]. �

If a set-valued map F is lower semicontinuous (resp. upper semicompact), then
the function (x, y) �→ d(y, F(x)) is upper semicontinuous (resp. lower semicontin-
uous).

8.2 Relations

Set-valued analysis and viability theory use systematically the graphical approach
for dealing with set-valuedmaps (or the epigraphical approach for studying extended
numerical functions). An abundant literature concerns this view point (see among
many monographs Set-valued analysis, [42, Aubin and Frankowska], Variational
Analysis, [203, Rockafellar andWets], Viability Theory. New Directions, [31, Aubin,
Bayen and Saint-Pierre], etc.). The idea of maps is so entrenched in our minds that it
seems difficult to go from the number two2 to higher numbers of elements without
separating variables in only two categories, inputs and outputs, top and down, left
or right. However, ternary relations have been studied (particularly in linguistics).
We overcome this restriction by defining relations, generalizing graphs of set-valued
maps, regarded as binary relations.

Definition 8.2.1 (Relations of aProduct of Sets)Let us consider a set Iof indices
and the product X := ∏

i∈I Xi of sets Xi . We denote by P(Xi ) the family of
subsets of the space Xi , called the hyperspace of Xi .

A relation is a subset M ⊂ ∏

i∈I Xi .

A relationM induces the hyperrelation
︷︸︸︷

M ⊂ ∏

i∈I P(Xi )made of families
(Ai )i=1,...,� of subsets Ai ⊂ Xi such that

∏

i∈I Ai ⊂ M.

The Boolean operations on subsets induce the same operations on the relations, in
particular the intersectionM ∩ N of two relations and the restrictionM ∩ ∏

i∈I Ai

to the product of the subset Ai ⊂ Xi .
Since the closedness of the graph of set-valuedmaps is the “degree 0” of continuity

relations, closedness of relations is as important, so that the closure of a relation is
often a minimal requirement on relations, sufficient to derive topological properties
in many cases.

2At this stage, mathematics are in the same situation than the yamonamö (see Footnote19, p. 20)
who have a name for the number two only, as we have a name only for maps, which are binary
relations, whereas general relations are not currently used.
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We mention several other operations on relations which adapt corresponding
operations on set-valued maps (and thus, single-valued maps):

Definition 8.2.2 (Operations on Relations)

1. Permutation of a Relation If σ : I �→ I is a permutation, we set Xσ :=
∏

i∈I Xσ(i) and the relationMσ := {(xσ(i))i∈I}x∈M is called the permutation
of a relation M under σ.

2. Projections of a Relation For any x ∈ M and for any k ∈ K ⊂ I, the
sequence xK := (xk)k∈K ∈ πK(M) ⊂ ∏

k∈K Xk is called itsKth projection
πK.
WhenK := {k}, we denoteMk := πk(M) ⊂ Xk the projection of the rela-
tion onto the factor space Xk , so that

M ⊂
∏

k∈I
Mk (8.4)

3. Partition of a Relation We associate with any partition I = ⋃

∅ j∈J
K j

by disjoint subsets K j the partition of the relation M stating that any
sequence x = (xi )i∈I ∈ M can be written in the form of a relation x =
(̂x j := πK j x) j∈J ⊂ ∏

j∈J πK j (M).
4. Composition of Two Relations Let us consider two relationsM ∈ ∏

i∈I Xi

and L ∈ ∏

k∈K Xk such that L := I ∩ K is not empty. Let us consider the
partitions I := (I \ L) ∪∅ L and K := L ∪∅ (K \ L).
Then the composition L ◦ M of the relations L and M is the set of
sequences (π(I\L)x,π(K\L)y) when x ∈ M, y ∈ L and πLx = πKy.

These operations on relations extend the corresponding operations on set-valued
maps. If I := {1, 2}, then a relation F ⊂ X1 × X2 is the graph Graph(F) := F of
set-valuedmap F : X1 � X2.We recover the familiar operations on set-valuedmaps:

1. Inverse of a Set-ValuedMap If σ : (1, 2) �→ (2, 1), then the relationFσ ⊂ X2 ×
X1 is the graph of the set-valued map F−1 : X2 � X1, the inverse F−1 of F .

2. Domain and Images of a Set-Valued Map If π : {1, 2} = {1} ∪ {2} and if F :=
Graph(F), then π1(F) := Dom(F) and π2(F) := Im(F).

3. Composition of Two Relations If I := {1, 2} and K := {2, 3} with {1, 2} ∩
{2, 3} = {2} and if F := Graph(F) ⊂ X1 × X2 where F : X1 � X2 and G :=
Graph(G) ⊂ X2 × X3 where G : X2 � X3, then G ◦ F = Graph(G ◦ F).
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Since the graphs of derivatives of set-valuedmaps are defined as the tangent cones
to their graphs, relations enjoy also a differential calculus:

Definition 8.2.3 (Derivatives of Relation) Let us consider a relation M ⊂
∏

i∈I Xi and x = (xi )i∈I ∈ M. Then the tangent cone TM(x) ⊂ ∏

i∈X :=I
Xi

defines a relation D(M) ⊂ X × X defined by

D(M) := {(x, u) = ((xi )i∈I, (ui )i∈I) such that u ∈ TM(x)} (8.5)

which can be interpreted as the graph of the derivative u �→ DM(x)(u) of the
relation M at x ∈ M.

Therefore, we can associate with

1. a relation K ⊂ ∏

i∈I Xi defining viability constraints;
2. a relation F ⊂ ∏

i∈I Xi × ∏

i∈I Xi defining the evolutionary system F : x(t) �
x ′(t) ∈ F(x(t)),

the graphR := D(K) ∩ F ⊂ ∏

i∈I Xi × ∏

i∈I Xi of the regulatorR : x(t) � x ′(t) ∈
R(x(t)), which, under the assumptions of the viability theorem, regulates the evo-
lutions governed by F : x(t) � x ′(t) ∈ F(x(t)) satisfying the viability constraints.
This is the approach we followed implicitly in the examples addressed in this book.

8.3 Kernels and Basins

This section provides complements to Sect. 4.1, p. 91, Viability Survival Kit, which
are needed to prove theBarrier Theorems 8.4.3, p. 225 and 8.4.4, p. 228 for deepening
the viability properties of viability kernels and viable capture basins.

Evolutions x(·) : t ∈ R �→ x(t) ∈ X are governed by an evolutionary system S :
x ∈ X � S(x) ⊂ C(R, X) associatingwith any initial state x a subset of continuous3

evolutions x(·) ∈ S(x) defined on a given temporal window [T − Ω, T ] of duration
Ω ≥ 0. The domain of the evolutionary system is the subset of initial states from
which start at least one evolution. The size of the subsetsS(x)measures the degree of
uncertainty of the evolutionary system. It is called deterministic if S : x �→ S(x) =
{x(·)} is single-valued on its domain and non deterministic in the opposite case.

3We do not mention here the case of discrete time systems nor punctuated evolutions of impulse
systems (see Sect. 12.3, p. 503 of Viability Theory. New Directions, [31, Aubin, Bayen and Saint-
Pierre]).

http://dx.doi.org/10.1007/978-3-642-54771-3_4
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8.3.1 Definitions

With a given subset H ⊂ C(0,∞; X) of evolutions (sharing the properties of being
inH), we associate at least these two subsets of initial states x ∈ X :

1. the inverse image S−1(H) ofH under S, being the subset of initial states such at
least one evolutions x(·) ∈ S(x) ∩ H governed by the evolutionary system and
satisfying the properties of H;

2. the coreS�1(H) ofH underS, being the subset of initial states such all evolutions
x(·) ∈ S(x) ⊂ H governed by the evolutionary system satisfy the properties ofH;

Actually, we emphasize the case when K ⊂ X denotes an environment (defined
by viability constraints) and a target C ⊂ K . We introduce the subset

1. H := V(K ,C), the set of evolutions x(·)
a. viable in K in the sense that x(t) ∈ K ;
b. either forever or until it reaches the target C at finite time Ω ≥ 0 in the sense

that x(Ω) ∈ C ;

2. H := K(V,C) ⊂ V(V,C), the set of evolutions x(·) such that there exists a
finite duration Ω := Ω(x(·)) such that

a. the evolution x(·) is viable in K on the interval [0,Ω] in the sense that

∀ t ∈ [0,Ω], x(t) ∈ K (8.6)

b. until it reaches the target C at time Ω in the sense that

x(Ω) ∈ C (8.7)

Definition 8.3.1 (Kernels and Basins) LetS be an evolutionary system, K ⊂ X
a (nonempty) environment and C ⊂ K be a target.

1. the inverse images of V(K ,C) andK(K ,C) under the evolutionary system
are called respectively the

a. viability kernel ViabS(K ,C) := S−1(V(K ,C)) of K with target C ;
b. capture basin CaptS(K ,C) := S−1(K(K ,C)) of the target C viable in

the environment K .

2. the cores of V(K ,C) andK(K ,C) under the evolutionary system are called
respectively the

a. invariance kernel InvS(K ,C) := S−1(V(K ,C)) of K with target C ;
b. absorption basin AbsS(K ,C) := S�1(K(K ,C)) of the target C invari-

ant in the environment K ;
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When the target C = ∅ is empty, then the duration for reaching the empty set is
infinite, and V(K ) := V(K ,∅) is the subset of evolutions always viable in K in the
sense that

∀ t ∈ [0,∞[, x(t) ∈ K (8.8)

In this case, we define

1. The viability kernel ViabS(K ) := ViabS(K ,∅) of the environment K ;
2. The invariance kernel InvS(K ) := InvS(K ,∅) of the environment K ;

These concepts are exchanged by complementarity:

�(CaptS(K , V )) = InvS(�V, �K ) and �(AbsS(K , V )) = ViabS(�V, �K )

(8.9)

We assumed once and for all in this book the repelling assumption stating that all
evolutions starting from K\C are leaving K\C in finite time:

ViabS(K \ C) = ∅ (8.10)

since it implies that the viability kernel ViabS(K ,C) of the environment K is equal
to the capture basin CaptS(K ,C): ViabS(K ,C) = CaptS(K ,C).

Since infinite durations are not realistic in life sciences, the concepts of viability
kernels and invariance kernels, although they were the first to be studied after 1985,
are less important than capture and absorption basins. They had to wait 2000 to
discover the repelling assumption (8.10), p. 220, under which the results we shall
present hold true. Fortunately, this assumption is satisfied whenever time and/or
duration are involved in the evolutionary systems.

The themes of viability theory turn around the properties of the “hypermaps”
(S, K ,C) �→ CaptS(K ,C), (S, K ,C) �→ CaptS(K ,C) and their complements.

The results of viability theory can be divided between

1. results valid at the level of general evolutionary systems.4 Here, we focus our
attention on the invariance properties of “the barrier” of the capture basin, the
intersection of its boundary and the interior of its environment, and its application
to intertemporal optimization (optimal control) and to localize evolutions;

2. results valid only in each class of evolutionary system, here, differential inclu-
sions. They concern viability characterization of the capture basins by tangential
conditions on the boundary of the capture basin. These theorems (the so-called
“viability theorems”) provide the tools for characterizing the traffic celerity reg-
ulators, which are the main objectives of our study. The viability theorems are
the difficult and important ones. However, in the same way that the fixed point

4See Chap.9, p. 319, of Viability Theory. New Directions, [31, Aubin, Bayen and Saint-Pierre], for
the case of and Chap.10, p. 375, for results specific to differential inclusions.
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theorems are accepted as an ultimate foundation of nonlinear analysis, these via-
bility theorems play the same role in viability theory. Whenever environment and
targets are the graphs of set-valued map or epigraphs of numerical functions, their
capture basins are graphs of maps or function which are solutions of first-order
partial differential equations obtained by translating the tangential conditions
characterizing the capture basins. We just mention these results, since they are
not essential to our objective: provide the traffic and celerity regulators. Anal-
ogous theorems have been proved for differential inclusions with memory (see
[143, 144, 145, Haddad] and [44, 45, Aubin and Haddad]), mutational equations
(see [18, Aubin] and [179, Lorenz]), stochastic differential inclusions (see [37,
38, Aubin and Da Prato], [39, Aubin, Da Prato and Frankowska], [41, Aubin and
Doss], [97, 98, 99, Da Prato and Frankowska], [120, Doss]), hybrid systems (see
[47, Aubin, Lygeros, Quincampoix, Sastry and Seube], developed in [44, Aubin
and Haddad] and other studies) and operational differential inclusions, due to
[205, Shi Shuzhong] (see also Chap.13, p. 407, of Viability Theory, [13, Aubin]).

The same bilateral fixed point property of Proposition 4.1.2, p. 92, holds true for
absorption basins, viability kernels and invariance kernels.

Consequently, the boundary ∂CaptS(K , V ) := CaptS(K , V ) ∩ �CaptS(K , V ) is
equal to

∂CaptS(K , V ) := CaptS(K , V ) ∩ InvS(�V, �K ) (8.11)

8.3.2 Viability of Intersections and Inverse Images

Weprovide a simple estimate of the capture basin of a target viable in an environment
of the form K ∩ V−1(L) when V : X �→ Y is Lipschitz, K ⊂ X and L ⊂ Y . The
simplest examples are V (x) := 1

2‖x‖2 or V (x) := 1
2 inf i=1,...,n

(‖x − xi‖2
)

, etc.
By Definitions 4.1.5, p. 127, and 5.2.1, p. 189, of Set-Valued Analysis, [42, Aubin

and Frankowska], the adjacent cone T �

K (x) is defined by

T �

K (x) :=
{

v ∈ such that lim
h→0+

d (x + hv, K )

h
= 0

}

(8.12)

the adjacent derivative D�V (x)(u) of V at x in the direction u is

1. when V is Fréchet differentiable, equal to D�V (x)(u) = V ′(x)u;
2. when V is Lipschitz, equal to

D�V (x)(u) :=
{

v ∈ Y such that lim
h→0+ d

(

v,
V (x + hu) − V (x)

h

)

= 0

}

(8.13)

http://dx.doi.org/10.1007/978-3-642-54771-3_4
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3. when V is Lipschitz and Y := R, equal to

D�V (x)(u) :=
{

v ≥ D�

↑V (x)(u) := lim sup
h→0+

V (x + hu) − V (x)

h

}

(8.14)

Recall that Theorem 5.3.2, p. 197, of Set-Valued Analysis, [42, Aubin and
Frankowska], implies that whenever t �→ x(t) is Lipschitz, then t �→ V (x(t)) being
Lipschitz, is differentiable almost everywhere (thanks to the Rademacher Theorem)
and satisfies

for almost all t,
d

dt
V (x(t)) ∈ D�V (x(t))(x ′(t)) (8.15)

Lemma 8.3.2 (Viability of Intersections and Inverse Images) Let us consider
two set-valued maps F : X � X and G : Y � Y and two subset K ⊂ X and
Y ⊂ F. Let V : X �→ Y be Lipschitz. We associate with it the differential inclu-
sion x ′(t) ∈ H(x(t)) defined by

H(x) := {

u ∈ F(x) such that D�V (x)(u) ⊂ G(V (x))
}

(8.16)

or, when Y := R and L = R−, by

H(x) :=
{

u ∈ F(x) such that D�

↑V (x)(u) ≤ G(V (x))
}

(8.17)

Then

CaptF (K ,C) ∩ V−1(InvF (L)) ⊂ CaptH (K ∩ V−1(L),C) (8.18)

and

T �

CaptF (K ,C)(x) ∩ (D�V (x))−1(T �

InvG (L)(V (x)) ⊂ TCaptH (K∩V−1(L),C)(x))
(8.19)

Proof Let us consider x ∈ CaptF (K ,C) ∩ V−1(InvG(L)). Then, there exist one evo-
lution x(·) ∈ SF (x) and T < +∞ such that, x(t) ∈ K on [0, T ] until it reaches the
targetC ar x(T ) ∈ C at time T . On the other hand, let us set y(t) := V (x(t)). Hence,
y(t) ∈ DV (x(t))(x ′(t)) ⊂ G(V (x(t))) = G(y(t)), so that y(·) ∈ SG(y), and thus,
∀ t ≥ 0, y(t) ∈ L since L is invariant under G. Consequently, x(·) is a solution
to differential inclusion (8.17) viable in CaptF (K ,C) ∩ V−1(L) until it reaches
C ∩ V−1(L) at time T . Hence x ∈ CaptH (K ∩ V−1(L),C ∩ V−1(L ∩ V (C))) ⊂
CaptH (K ∩ V−1(L),C).
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Let us point out the following estimate of the adjacent cone to the capture basin:

⎧

⎪

⎨

⎪

⎩

T �

CaptF (K ,C)(x) ∩ (D�V (x))−1(T �

InvF (L)(V (x)))
⊂

T �

CaptF (K ,C)∩V−1(InvF (L))
(x)

(8.20)

so that

T �

CaptF (K ,C)(x) ∩ (D�V (x))−1(T �

InvF (L)(V (x))) ⊂ T �

CaptH (K∩V−1(L),C)
(x) (8.21)

Hence we obtained sufficient conditions for characterizing “computable” subsets of
the capture basin viable in CaptH (K ∩ V−1(L),C) and of its tangent cone. �

8.3.3 Stability Properties of Evolutionary Systems

To proceed further, we single-out some topological assumptions5 on the evolutionary
system.

Definition 8.3.3 (Stability Properties of Evolutionary Systems) We shall say
that an evolutionary system S is

1. upper stable if, for any pair (C, K ) where C ⊂ K ,

CaptS(K ,C) = CaptS(K ,C) (8.23)

2. lower stable if, for any pair (D, L) where D ⊂ L ,

InvS(L , D) = InvS(L, D) (8.24)

Theorems10.3.10, p. 388, and10.3.11, p. 389, ofViability Theory.NewDirections,
[31, Aubin, Bayen and Saint-Pierre] provide examples when upper and/or lower
stability hold true:

5Actually, the upper and lower stability assumptions involve the Painlevé–Kuratowski limits (see
Definition 8.1.4, p. 213) and are defined respectively by

{

Limsupn �→+∞CaptS(Kn,Cn) = CaptS(Limsupn �→+∞Kn,Limsupn �→+∞Cn)

Liminfn �→+∞InvS(Kn,Cn) = InvS(Liminfn �→+∞Kn,Liminfn �→+∞Cn)
(8.22)
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Theorem 8.3.4 (Stability Theorems) If the evolutionary system S is

1. upper semicompact, then the upper stability holds true;
2. lower semicontinuous, then the lower stability holds true.

When the evolutionary system S := SF is derived from a differential inclusion
x ′(t) ∈ F(x(t)) where the right hand side F : X � X is a set-valued map from a
finite dimensional vector space to itself, we need the following assumptions:

Definition 8.3.5 (Lipschitz Maps)We say that the map F : X �→ X is Lipschitz
with Lipschitz constant λ if

∀ (x, y) ∈ Dom(F), F(x) ⊂ F(y) + λ‖x − y‖B (8.25)

where B denotes the unit ball of x .

Theorems 10.3.3, p. 384, and 10.3.6, p. 386, of Viability Theory. New Directions,
[31, Aubin, Bayen and Saint-Pierre], imply

Theorem 8.3.6 (Topological Properties of Marchaud and Lipschitz Maps) If
the set-valued map F is

1. Marchaud, then the evolutionary system is upper semicompact;
2. Lipschitz, then the evolutionary system is lower semicontinuous.

8.4 The Barrier Property of Capture Basins

For any closed subset V ⊂ X , the boundary ∂V of V is disjoint from its interior
Int(V ). When V ⊂ K is closed subset of a closed subset K , the interplay between
the boundaries ∂V and ∂K is described by partition

V = (∂V \ ∂K ) ∪∅ (∂V ∩ ∂K ) ∪∅ Int(V ) (8.26)

of V . The members of this partition have been given the following names in control
and viability theory:
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Definition 8.4.1 (Barrier of a Subset) Let V ⊂ K and K be closed subsets.

1. The barrier of V in K is the subset B(K , V ) := ∂V \ ∂K = ∂V ∩
Int(K );

2. The critical set of V in K is the intersection of boundaries ∂V ∩ ∂K ;
3. The continuation set of V in K is the complement of the barrier in K , equal

to Int(V ) ∪ (∂V ∩ ∂K ).

When S is an evolutionary system, we investigate the properties of the barrier
with respect to the evolutionary system:

Definition 8.4.2 (TheBarrier Property) Let us consider an evolutionary system
S, an environment K and a closed subset V ⊂ K .

We shall say that the subset V satisfies the barrier property under S if

1. Starting from x ∈ B(K , V ) in the barrier, all evolutions x(·) ∈ S(x) are
viable in the barrier until they reach the critical set ∂V ∩ ∂K at the first
time (called the critical time)Δ := Δ(x(·))when x(Δ) ∈ ∂V ∩ ∂K (semi-
permeable barrier property);

2. Starting from x ∈ K \ B(K , V ) in the continuation set, all evolutions are
viable until they reach the critical set at which they either possibly may
(but not necessarily must) enter the barrier or continue to be viable in the
continuation set.

In particular, if the viable capture basin is contained in the interior of K , the
barrier property means that the boundary ∂V of V and its interior Int(V ) are
disjoint invariant subsets under S. This is the case when K = X (case without
constraints).

The capture basin V = CaptS(K ,C) of a target C ⊂ K viable in an environment
K under the evolutionary system S satisfies the barrier property under upper and
lower stability of the evolutionary system:

Theorem 8.4.3 (The Barrier Theorem) Assume that

1. the evolutionary system S : x ∈ X � S(x) ⊂ C(0,+∞, V ) is both upper
and lower stable;

2. the environment K and the target C ⊂ K are closed;
3. the subset K \ C := K ∩ �C is a repeller (for all x ∈ K \ C, all evolutions

x(·) ∈ S(x) leave K \ C in finite time).
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Then the barrier property holds true.
Consequently, if the initial state x ∈ V = CaptS(K ,C), any evolution x(·) ∈

S(x) is viable in V until it reaches the targetC at the first durationΩ := Ω(x(·))
(called minimum time or hitting time) satisfies

1. if C ∩ B(K ,CaptS(K ,C)) �= ∅, then Ω(x(·)) < Δ(x(·)) since it reaches
the target before leaving the barrier;

2. if C ∩ B(K ,CaptS(K ,C)) = ∅, then
a. if C ∩ ∂K �= ∅, then Ω(x(·)) = Δ(x(·));
b. if C ⊂ Int(K ), then Δ(x(·)) < Ω(x(·)).

Proof We use the definition of barrier when

V := CaptS(K ,C) = CaptS(V,C) = CaptS(K , V ) ⊂ K

is the capture basin of the target C viable in K under an evolutionary system S and
deduce the barrier theorem from the double fixed point property of the capture basin
(Proposition 4.1.2, p. 92).

We first observe that for any initial state x ∈ V := CaptS(V,C), there exists at
least one evolution viable x(·) viable in V until it reaches the target C at the first
time Ω := Ω(x(·)). This is naturally the case when x ∈ K \ B(K , V ).

Assume now that the x ∈ B(K , V ). Since

�V = �(CaptS(K , V )) = InvS(�V, �K ) (8.27)

we infer that whenever the evolutionary system S is both upper and lower stable,

∂V := CaptS(K , V ) ∩ InvS(�(V ), �(K )) = CaptS(K , V ) ∩ InvS(�(Int(V )), �(Int(K )))

(8.28)

Hence, taking x ∈ B(K , V ) := ∂V \ ∂K , we deduce that all evolutions x(·) ∈
S(x) starting from x are viable in �(Int(V )) until the first time Δ := Δ(x(·)) such
that x(Δ) ∈ ∂V ∩ ∂K :

{∀ t ∈ [0,Δ[, x(t) ∈ �(Int(V ) ∩ Int(K ))

x(Δ) = limt→Δ−x(t) ∈ ∂V ∩ ∂K
(8.29)

Thismeans that any viable evolution starting from the barrierB(K ,CaptS(K ,C))

on [0,min(Δ,Ω)[ is actually viable in the barrier until it reaches ∂K or, at least, the
target C . �

http://dx.doi.org/10.1007/978-3-642-54771-3_4
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Therefore, if x ∈ B(K ,CaptS(K ,C)) and x(·) ∈ S(x) is viable in K until it
reaches the target C , then

1. case when Δ < Ω:
{∀ t ∈ [0,Ω(x(·))[, x(t) ∈ B(K ,CaptS(K ,C))

for t = Ω(x(·)) x(Ω(x(·))) ∈ C
(8.30)

2. case when Δ ≥ Ω:

⎧

⎪

⎪

⎨

⎪

⎪

⎩

∀ t ∈ [0,Δ(x(·))[, x(t) ∈ B(K ,CaptS(K ,C))

for t = Δ(x(·)) x(Δ(x(·))) ∈ ∂K ∩ ∂CaptS(K ,C)

∀ t ∈]Δ(x(·)),Ω(x(·))[, x(t) ∈ CaptS(K ,C)

for t = Ω(x(·)) x(Ω(x(·))) ∈ C

(8.31)

Recall that if an evolution leaves the barrier before hitting time Ω(x(·)), it may
return to the barrier at some other critical duration through the critical set before
reaching C . Then, either the evolution reaches C before the next critical time or, else
wait on the barrier until the evolution leaves the barrier. �

Remark Barrier of a Viability Kernel—When the target is empty, the barrier of the
viability kernel V := ViabS(K ) is the subset

(∂ViabS(K ) ∩ InvS(�K )) \ ∂K (8.32)

Whenever K is closed and S is upper and lower stable in the sense that both
ViabS(K ) = ViabS(K ) and InvS(L) = InvS(L), the viability kernel of a closed
subset satisfies the barrier property. When ViabS(K ) ⊂ Int(K ), both the boundary
∂ViabS(K ) and its interior Int(ViabS(K )) are disjoint invariant subsets. �

Remark Viabilist Oscillators—The barrier property can generate oscillating or hys-
teresis evolutions whenever V := Viab∂(K ) and

∂V \ ∂K ⊂ CaptS(V, ∂V ∩ ∂K ) and ∂V ∩ ∂K ⊂ CaptS(K , ∂V \ K ) (8.33)

Then, from any x0 ∈ ∂V \ ∂K , there exist a finite time Δ1 > 0 and one evolution
x0(·) ∈ S(x0) viable in ∂V \ ∂K until it reaches c1 := x0(Δ1) ∈ ∂V ∩ ∂K .

Next, there exist a finite time Δ2 > 0 and one evolution x2(·) ∈ S(c1) viable
in V until it reaches x2 := ←−x 2(c1) ∈ ∂V \ ∂K . Hence the concatenation x(·) of
the evolutions xn(·) generates a viable cyclic evolution6 mapping successively even
elements x2p ∈ ∂V \ ∂K to odd elements c2p+1 ∈ ∂V ∩ ∂K . �

6See Sects. 6.5, p. 233 and 7.2, p. 248 of Viability Theory. New Directions, [31, Aubin, Bayen and
Saint-Pierre] for more details on this important topic.
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The barrier property of viability kernels has been proved7 byMarc Quincampoix
for viability kernels when the evolutionary system is associates with a differential
inclusion where F is both Marchaud and Lipschitz:

Theorem 8.4.4 (The Quincampoix Barrier Theorem) Let us consider two
closed subsets C ⊂ K ⊂ X and a Marchaud and Lipschitz set-valued map
F : X � F(x) ⊂ X governing evolutions x(·) ∈ SF (x) solutions of the differ-
ential inclusion x ′(t) ∈ F(x(t)) and satisfying the initial condition x(0) = x.
Then the capture basinCaptSF

(K ,C) and the viability kernelViabSF (K ) satisfy
the barrier property.

Micro–meso systems (see Chap.5, p. 123) are particular system of differential
inclusions where the variables are split in two classes, the micro and meso ones, the
evolutions of micro-variables being independent of the evolution of meso-variables.
An adaptation of the barrier property holds true without assuming that the evolu-
tionary system is lower semicontinuous. Intertemporal optimal selections of viable
evolutions ofmicro-variables provide themain examples of suchmicro–meso–macro
systems where the macro-variable is the scalar criterion.

Definition 8.4.5 (Micro–Meso Systems) A system

{

(i) x ′(t) ∈ F(x(t))
(i i) y′(t) ∈ G(x(t), x ′(t)) (8.34)

governing the evolution of pairs (x(t), y(t)) ∈ X × Y is called a micro–meso
system whenever the dynamics governing the evolution x(·) of the state does
not depend on the macro variable y(·), whereas the evolution of the macro
variable depends upon the state variable through its differential inclusion or
trough constraints linking micro and macro variables.

Since the micro–meso states range over the product X × Y , an environment
(denoted by) K ⊂ X × Y is a subset of X × Y , as well as a target C ⊂ K ⊂ X × Y ,
so that the viable capture basin V := VK[C] := Capt(8.34)(K, C) ⊂ X × Y of the tar-
get C viable in K is a subset of X × Y . Therefore, we can associate with the subsets
C, V and K the set-valued maps C, V := V

K[C] and K graphically defined by

⎧

⎨

⎩

(i) Graph(C) := C
(i i) Graph(K) := K
(i i i) Graph(V) := Graph(VK[C]) := Capt(8.34)(K, C)

7See [199, Quincampoix].

http://dx.doi.org/10.1007/978-3-642-54771-3_5
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satisfying

∀ x ∈ X, C(x) ⊂ V
K[C](x) ⊂ K(x)

Proposition4.1.2, p. 92 states that the set-valuedmapVK[C] is the unique set-valued
map from X to Y satisfying the above inclusions and the fixed map property

V
V

K[C][C](x) = V
K[C](x) = V(x) := V

K[VK][C](x)

The set-valued mapVK[C] associates with any x the subset of elements y ∈ V(x)
such that there exist a duration Ω := Ω(x(·), y(·)) and a micro–meso evolution
(x(·), y(·)) governed by (8.34), p. 228, such that y(t) ∈ K(x(t)) for all t ∈ [0,Ω]
and y(Ω) ∈ C(x(Ω)).

The (micro–macro) barrier BK[V] is the set-valued map associating with any x
the set

B
K[V](x) := ∂V(x) \ K(x) (8.35)

Theorem 8.4.6 (The Barrier Theorem) Assume that

1. the set-valued map F and G are Marchaud;
2. the graphs of the set-valued maps K and the target C ⊂ K are closed;
3. the subsetK \ C is a repeller (for all x ∈ Dom(K), for all y ∈ K(x) \ C(x),

for all evolutions (x(·), y(·)) ∈ SF×G(x, y), there exists a duration Δ ≥ 0
such that y(Δ) /∈ K(x(Δ))).

Then the barrier property holds true.
Consequently, if the initial states x and y ∈ ∂V(x), any evolution

(x(·), y(·)) ∈ SF×G(x, y) is viable in ∂V until it reaches y(Ω) ∈ C(x(Ω)) at
the smallest duration Ω := Ω(x(·), y(·)) ≥ 0 satisfies

1. if y ∈ C(x) ∩ B(x), thenΩ(x(·), y(·)) < Δ(x(·), y(·)) (since it reaches the
target before leaving the barrier);

2. if C(x) ∩ B(CaptS(K ,C), K )(x) = ∅, then:
a. if C(x) ∩ ∂K(x) �= ∅, then Ω(x(·), y(·)) = Δ(x(·), y(·));
b. if C(x) ⊂ Int(K(x)), then Δ(x(·), y(·)) < Ω(x(·), y(·)).

Proof Let us consider y ∈ ∂V(x). Since the graphs of K and C are closed and
since the maps F and G are closed, there exist a micro–macro evolution (x(·), y(·))
governed by (8.34), p. 228, and a duration Ω := Ω(x(·), y(·)) ≥ 0 such that y(t) ∈
K(x(t)) for all t ∈ [0,Ω] and y(Ω) ∈ C(x(Ω)).

http://dx.doi.org/10.1007/978-3-642-54771-3_4
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Since y belongs to the boundary ∂V(x) of V(x), it can be approximates by ele-
ments yε ∈ Int(K(x)) ∩ �V(x). Consequently, (x, yε) ∈ K \ V . Let us set

yε(t) ∈ yε +
∫ t

0
G(x(τ ), x ′(τ ))dτ (8.36)

Then yε(t) /∈ V(x(t)) as long as yε(t) ∈ K(x(t)). Let Δε the first time Δ ≥ 0
when yε(Δε) ∈ K

∂(Δε).

• Either there exists a subsequence Δεn converging to +∞ when εn converges to 0,
in which case we infer that

∀ t ≥ 0, yε(t) ∈ �(V(x(t))) (8.37)

In this case, by letting εn converge to 0, we deduce that

∀ t ∈ [0,Ω], y(t) ∈ ∂V(x(t)) and y(Ω) ∈ ∂V(x(Ω)) ∩ V(x(Ω)) (8.38)

y(t) ∈ ∂V(x(t)) so that Ω(x(·), y(·)) ≤ Δ(x(·), y(·)).
• Or all subsequences converge to some cluster value Δ. Let us choose the smallest
one Δ∂ < +∞ and a subsequence Δεn converging to it.
We thus infer that

∀ t ∈ [0,Δ∂[, yεn (t) ∈ �(V(x((t)))) for n large enough (8.39)

and that y(Δ∂) ∈ �K(x(Δ∂)). �

8.5 Temporal Selections

Ideally, a feedback should be continuous to guarantee the existence of a solution to the
differential equation x ′ = f (x, r(x)). In this case, the Viability Theorem4.1.9, p. 96,
states that K is viable outside C under the differential equation x ′ = f (x, r(x)).

The problem is to find continuous selections of the regulation map RK :

Definition 8.5.1 (Selections) A selection of a set-valued map U : X � U is a
single-valued map ũ : x �→ ũ(x) such that

∀x, ũ(x) ∈ U (x)

But this is not always possible. However, the Michael Selection Theorem states
that if RK is lower semicontinuous with closed convex images, then there exists a

http://dx.doi.org/10.1007/978-3-642-54771-3_4
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continuous selection of RK , and thus, of a continuous viable feedback. However, the
Michael Selection Theorem is not constructive in the sense that it does not tell how
to find such a continuous selection.

The question arises whether one can find constructive selections of the regulation
map. The simplest example is the minimal selection r◦ of RK associating with any
x ∈ K\C the control r◦(x) ∈ RK (x)with minimal norm (which exists whenever the
image RK (x) is closed and convex thanks to the Projection Theorem). This holds
true for Marchaud systems, but the problem is that this constructive selection is not
necessarily continuous. However, despite this lack of continuity, this feedback still
provides viable evolutions, under the very same assumptions than the ones of the
Michael Selection Theorem:

Definition 8.5.2 (Slow Feedback) We posit the assumptions of Theorem 4.1.9,
p. 96. The slow feedback r◦

K ∈ RK is the selection with minimal norm of the
regulation map RK . The system

x ′(t) = f (x(t), r◦
K (x(t)))

governs the evolution of slow solutions.
If the regulation map RK is lower semicontinuous on K\C , for every ini-

tial state x ∈ K\C , there exists a slow evolution governed by the differential
equation x ′ = f (x, r◦(x)) viable in K outside C .

Slow feedbacks are a particular case of selection procedures of the regulation
map:

Definition 8.5.3 (Selection Procedure) A selection procedure of a set-valued
map F : X � Y is a set-valued map SF : X � Y satisfying

{

(i) ∀x ∈ Dom(F), S(F(x)) := SF (x) ∩ F(x) �= ∅
(i i) the graph of SF is closed

The set-valued map S(F) : x � S(F(x)) is called the selection of F .

http://dx.doi.org/10.1007/978-3-642-54771-3_4
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We provide sufficient conditions implying that a selection procedure of a regula-
tion map governs viable evolutions:

Theorem 8.5.4 (Selection Procedures of a Regulation Map) Assume that the
control system is Marchaud and K \ C is locally viable. Let SRK be a selection
of the regulation map RK . Suppose that the values of SRK are convex. Then, for
any initial state x0 ∈ K, there exists an evolution starting at x0 viable in K until
it reaches C which is regulated by the selection S(RK ) of the regulation map
RK , in the sense that

u(t) ∈ S(RK )(x(t)) := RK (x(t)) ∩ SRK (x(t))

Proof Since the convex selection procedure SRK has a closed graph and convex
values, we can replace the original control system by the control system

{

(i) x ′(t) = f (x(t), u(t))
(i i) u(t) ∈ U (x(t)) ∩ SRK (x(t))

(8.40)

which satisfies also the assumptions of the Viability Theorem. It remains to check
that K is still viable under this new system. But by construction, we know that for all
x ∈ K , there exists u ∈ S(RK )(x), which belongs to the intersectionU (x) ∩ SRK (x)
and which is such that f (x, u) belongs to TK (x).

Hence the new control system enjoys the viability property, so that, for all initial
states x0 ∈ K , there exist a viable solution and a viable regulator of the control system
(8.40) which, for almost all t ≥ 0, are related by

{

(i) u(t) ∈ U (x(t)) ∩ SRK (x(t))
(i i) f (x(t), u(t)) ∈ TK (x(t))

Therefore, u(t) belongs to the intersection of RK (x(t)) and SRK (x(t)), i.e., to the
selection S(RK )(x(t)) of the regulation map RK . �

The selection procedure S◦
F of a closed convex valued set-valuedmap F defined by

S◦
F (x) := {y ∈ Y | ‖y‖ ≤ d(0, F(x))}

provides slow evolutions, so that Definition 8.5.2, p. 231, ensues.
We can easily provide other examples of selection procedures through optimiza-

tion thanks to the Maximum Theorem 8.1.8, p. 215.
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8.6 Differentiating Set-Valued Maps and Extended
Functions

At the beginning, in 1637, Pierre de Fermat was the first to introduce the concept of
derivatives using “tangents8”: the graphs of the functions from t ∈ R to x = f (t) ∈ R

were defined as the tangents9 to the graph of the function: the original definition of
the differential f ′(t) : dt �→ dx = f ′(t)dt of a function f : R �→ R, which can be
rewritten in contemporary language in the form

Graph( f ′(t)) = TGraph( f )(t, f (x)) (8.41)

8.6.1 Differentiating at Any Price

Since a set-valued map, even a single-valued selection, is rarely differentiable in the
classical sense, one cannot declare that it is a solution of a partial differential equation!
The solution to this cul de sac was just to change the definition of derivatives.

Many suggestions paved theway of a longmarch for differentiating functions, set-
valued map, distributions, which are not differentiable. This triggered dissent from
the venerable Cauchy definition of differentiable functions, by providing amenagerie
of “generalized” or “weak” derivatives, each of them designed for solving distinct
proverbs.

So, the efforts of mathematicians were devoted to define “weak” or “general-
ized” partial derivatives of non differentiable numerical functions, non differentiable
single-valued maps or even set-valued maps to interpret these functions and maps
as “solutions” of these partial differential equations. The “Graal of the Ultimate
Derivative10” started in 1884 with Giuseppe Peano. The story was uncovered by
Szymon Dolecki and Gabriele Greco, who wrote in the abstract of their paper11 that
“At the end of 19th century Peano discerned vector spaces, differentiability, convex

8Later,Gottfried Leibniz characterized them in terms of limits of differential quotients. Limits were
fuzzily defined until Cauchy proposed a rigorous definition, actually precise but too demanding.
Since then, the history of differential calculus has been punctuated by revolutions relaxing Cauchy
requirements by taking weaker and weaker concepts of limits to obtain more and more “differen-
tiable” functions. Such attempts started with Giuseppe Peano in the case of functions, followed by
Laurent Schwartz for distributions, later for set-valued maps (graphical derivatives) and maps from
a metric space to another one, replacing the linear structure by a mutational one. This was the route
ever since used with the success we all know. See Sect. 18.9, The Graal of the Ultimate Derivative,
p. 765, of Viability Theory.New Directions, [31, Aubin, Bayen and Saint-Pierre].
9Parameterized their slope in this simplest case.
10See Sect. 18.9, p. 765 of Viability Theory. New Directions, [31, Aubin, Bayen and Saint-Pierre]
for more details.
11[118, Dolecki and Greco], [140, Greco, Mazzucchi and Pagani]. We refer only to the books
Applicazioni geometriche del calcolo infinitesimale, [195, Peano], and Formulario Mathematico,
[196, Peano], by Giuseppe Peano.
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sets, limits of families of sets, tangent cones, and many other concepts, in a modern
perfect form. He applied these notions to solve numerous problems. The theorem
on necessary conditions of optimality is one of these. The formal language of logic
that he developed, enabled him to perceive mathematics with great precision and
depth. Actually he built mathematics axiomatically based exclusively on logical and
set-theoretic primitive terms and properties, which was a revolutionary turning point
in the development of mathematics.”

Introduced by Giuseppe Peano, Paul Painlevé rediscovered the lower and upper
limits of sets in 1902 before the formalization of metric spaces by Fréchet in 1906.
They have been popularized by Kazimierz Kuratowski in his famous book Topologie
and thus, often called Painlevé–Kuratowski limits of sequences of sets. Francesco
Severi and Georges Bouligand rediscovered independently the concept of tangent
cones in 1930.

The subdifferentials of lower semicontinuous convex functions were introduced
by Jean Jacques Moreau and Terry Rockafellar in the early 1960’s motivated respec-
tively by mechanics and optimization. They used the conjugate transform discovered
by Werner Fenchel to adapt to the lower semicontinuous convex case the Legendre
property stating that the inverse of the subdifferential of a lower semicontinuous
convex function is the subdifferential of its Fenchel Transform, property which was
involved in the definition of the Legendre transform.

A manifold12 of “generalized gradients” of non convex lower semicontinuous
functions were introduced later by many authors. They constitute the topic of non-
smooth or variational analysis motivated by optimization theory, non linear analysis
and partial differential equations: they are involved in both viscosity and viability
solutions of Hamilton–Jacobi–Bellman equations.

Graphical derivatives of set-valuedmapswere introduced in 1981 and “mutations”
ofmaps betweenmetric spaces in 1992 for extending of differential calculus tometric
spaces in the framework of mutational analysis and define morphological evolutions
of closed subsets.13

This historical sketch underlines the amount of work achieved by so many math-
ematicians for more than one century to give a meaning to derivatives, without
forgetting the weak derivatives of Serge Sobolev and the derivatives of distributions
of Laurent Schwartz who dared to introduce them for solving partial differential
equations. This has been the topic of an abundant literature.

In our study, tangent cones played a crucial role for characterizing and constructing
celerity regulators. It is possible to translate the above results gathered so far by
translating tangent cones to graphs of set-valued maps as graphs of “derivatives”
of set-valued maps.

12Or a zoo...
13See Set-ValuedAnalysis, [42,Aubin andFrankowska],Variational Analysis, [203,Rockafellar and
Wets], Mutational and Morphological Analysis: Tools for Shape Regulation and Morphogenesis,
[18, Aubin], and Mutational Analysis. A Joint Framework for Cauchy Problems in and Beyond
Vector Spaces, [179, Lorenz].
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8.6.2 Derivatives of Set-Valued Maps

We associate with the concept of tangent cone the concept of contingent derivative
DF(x, y) of a set-valued map F : X � Y at a pair (x, y) ∈ Graph(F) of its graph,
graphically defined by

Graph(DF(x, y)) := TGraph(F)(x, y) (8.42)

following the very first definition (8.41), p. 233 of a derivative by Pierre de Fermat
(see [11, Aubin]).

This means that v ∈ DF(x, y) if and only if there exit sequences hn → 0+,
un → u and vn → v such that

vn ∈ F(x + hnun) − y

hn
(8.43)

In other words, the contingent derivative is the set of limits of “set-valued differential
quotients”, the point of view adopted by Gottfried Leibniz.

The retrospective contingent derivative
←−
D F(x, y) of a set-valued map F : X �

Y at a pair (x, y) ∈ Graph(F) of its graph is graphically defined by

Graph(
←−
D F(x, y)) := −TGraph(F)(x, y) (8.44)

This means that ←−v ∈ ←−
D F(x, y)(←−u ) if and only if there exist sequences hn → 0+,←−u n → ←−u and ←−v n → ←−v such that

←−v n ∈ y − F(x − hn
←−u n)

hn
(8.45)

We observe that

∀ u ∈ X,
←−
D F(x, y)(u) = −DF(x, y)(−u) (8.46)

If F is single-valued and differentiable, the retrospective and prospective coincide.
This is a reason why they were not often considered. They emerge naturally in set-
valued and nonsmooth analysis.

Since we are only using convexified tangent cones in the construction of traf-
fic regulators, we are lead to introduce convexified (prospective and retrospective)
contingent derivatives D��F(x, y) and

←−
D ��F(x, y) : X � Y of a set-valued map

F : X � Y at a pair (x, y) ∈ Graph(F) of its graph graphically defined by
⎧

⎪

⎨

⎪

⎩

Graph(D��F(x, y)) := T ��
Graph(F)(x, y)

and

Graph(
←−
D ��F(x, y)) := −T ��

Graph(F)(x, y)
(8.47)
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We observe that

←−
D ��F(x, y)(u) = −D��F(x, y)(−u) (8.48)

Definition 8.6.1 (Derivatives of Set-Valued Maps) Since we are using only
convexified prospective and retrospective contingent derivatives, we shall call
them simply “derivatives” and denote them by D�� and

←−
D ��.

8.6.3 Epiderivatives of Extended Function

Extended functions V : X �→ {−∞} ∪ R ∪ {+∞} are characterized either by their
epigraphs or hypographs defined respectively by

{E p(V ) := {(x, y) ∈ X × R such that y ≥ V (x)}
Hyp(V ) := {(x, y) ∈ X × R such that y ≤ V (x)} (8.49)

We define epi and hypo derivatives D↑V (x) and D↓V (x) by
⎧

⎨

⎩

E p(D↑V (x)) := TE p(V )(x, V (x))
and

Hyp(D↓V (x)) := THypp(V )(x, V (x))
(8.50)

One can check that

⎧

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎨

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎩

−→
D ↑V (x)(−→u ) := lim inf

h→0+,
−→un �→−→u n

V (x + h−→u n) − V (x)

h
(epiderivative of V )

−→
D ↓V (x)(−→u ) := lim sup

h→0+,
−→un �→−→u n

V (x + h−→u n) − V (x)

h
(hypoderivative of V )

←−
D ↑V (x)(←−u ) := lim inf

h→0+,
←−un �→←−u n

V (x) − V (x − h←−u n)

h
= −−→

D ↓V (x)(−←−u )

←−
D ↓V (x)(←−u ) := lim sup

h→0+,
←−un �→←−u n

V (x) − V (x − h←−u n)

h
= −−→

D ↑V (x)(−←−u )

(8.51)

We associate with them the convexified prospective epi and hypo derivatives
defined by

⎧

⎨

⎩

E p(D��
↑ V (x)) := T ��

E p(V )(x, V (x))
and

Hyp(D��
↓ V (x)) := T ��

Hypp(V )(x, V (x))
(8.52)
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They are lower semicontinuous convex or upper semicontinuous and concave. These
are the four prospective and retrospective epi and hypo derivatives that are used
for defining viability solutions of Hamilton–Jacobi–Bellman evolutions. We refer to
Set-Valued Analysis, [42, Aubin and Frankowska] for more detailed consequences
of these concepts.
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