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Preface

The mathematical characterization of traffic processes in highway engineering and,
more generally, in several areas of transportation engineering is widely known.

I have therefore found it convenient to deal, in a basic but hopefully systematic
manner, with a few essential notions on random process theory and to look at some
aspects related to traffic counts, vehicle time headway and speed processes at the
same time.

The mathematical treatment is purposely concise and simplified.
The book is organized as follows:
Chapter 1 starts with a plain introduction to random and traffic processes. The

first part of the chapter is then devoted to defining random processes and types of
random processes, while the remainder looks at the most common traffic processes
which play a central role in highway engineering.

Chapter 2 deals with the basic notions that characterize a random process in a
statistical sense. The properties of stationarity and ergodicity are also introduced,
and the numerical evaluation of random process characteristics is presented in a
concise manner.

Chapter 3 covers the basic mathematical definitions of common random pro-
cesses, which are interesting as such and used in later chapters. These processes
frequently recur in the solution of several traffic engineering problems. The
chapter also explores special random processes, autoregressive as well as moving
average processes.

Chapter 4 presents the basics of statistical equilibrium and traffic flow sta-
tionarity. A rigorous definition of flow rate is then provided. Also, some proce-
dures to detect stationarity periods in a traffic stream are described.

Chapter 5 deals with the basic counting distributions and Poisson random
processes. Common probability distributions for traffic counts and the relationship
between flow stationarity and counting process are given in outline.

Chapter 6 includes the topics to characterize statistically a process of time
intervals between vehicles in a traffic stream. Probability distributions for time
headways are presented and some aspects of the relationships between headways
and counting distributions are also outlined.
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Chapter 7 explores speed random processes. After focusing on probability
distributions for speed, three mathematical random models are developed for
speed random processes. These models have been shown to be consistent with
empirical data in several recent researches on motorway reliability.

Chapter 8 lists some concrete applications of the traffic process theory to
highway engineering and ends with a brief annotated bibliography on random
processes.

The text, however, provides numerical examples to better clarify the applica-
tions of the results presented, some fully developed statistical characterizations to
illustrate the peculiarities of specific modelling approaches and, finally, some
specific bibliographic references for in-depth thematic analysis. The material dealt
with covers only a few aspects of the study under uncertain traffic conditions. For
instance, the book does not contain the two core subjects of Markov chains and
transient phenomena.

As far as Markov chains are concerned, a great many excellent texts, even at a
basic level, are available in the literature.

As for transient states, instead, there are no well-organized syntheses of the
main applications in highway engineering. The topic is so complex that it requires
adequate definition and exposition, and has interested me for a long time.

I wish that the present study could be a useful, practical and educational tool as
well as provide stimulus and motivation to investigate subjects of such a strong
applicative interest.

I am deeply grateful to Marco Guerrieri, Ph.D. in Highway Engineering, for his
meticulous help in improving and editing the text.

This edition is based on the English translation by Giuseppina Zummo. Also,
she patiently and expertly revised the manuscript. I thank her for her dedication.

Finally, I wish to thank Famas System S.p.A.—Egna (Bolzano) for supporting
my recent research on traffic flow theory and control (Research Grant SAP UNITN
30102440, University of Trento).

Palma Campania (Naples)—Trento, Italy Raffaele Mauro
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Chapter 1
Introduction to Random and Traffic
Processes

The chapter gives a plain introduction to random and traffic processes.
The knowledge of random processes is an essential prerequisite to studying the

second part of this book, which is concerned with some fundamental topics in
traffic modelling.

In order to understand this and the other chapters, readers need some basics on
probability theory and mathematical statistics. These subjects are contained for
instance in [1].

1.1 Random Processes

Random functions constitute a generalization about the notion of random variable.
These functions have been introduced to provide probability models of phenomena
and systems which evolve under uncertain conditions [2].

Then, let E be a random experiment, and the arbitrary result of E be a real-
valued or complex-valued function of two variables x(x, t).

In x(x, t), x denotes an arbitrary point of the sample space X, referred to
experiment E. The variable t (process parameter) varies in a domain T (parametric
or index set). T is also called process duration.

With the previous assumptions the mapping x ? x(x, t) is called a random
function or random process.

A random process is also termed stochastic. Henceforth only the term random
process is used.

In the most general case, x(x, t) is a vector-valued function of vectors. No
restriction is placed on the nature of T: T can be an arbitrary abstract space.

Henceforth only the specific case of the real scalar-valued function x(x, t), with
T � R, will be examined.

x(x, t) can also be a multi-valued map.

� Springer International Publishing Switzerland 2015
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Figure 1.1 shows an experiment with four outcomes (or sample points),
X = {x1, x2, x3, x4}.

Once a point x* of X occurs, if t varies in T, a function x(x*, t) of time is then
determined (see Fig. 1.1).

x(x*, t) denotes a realization (or a member, or a sample path) of a random
process.

A set of random process realizations is denoted with K = {x(x, t)} (family of
realizations).

Henceforth for realizations of x(x, t) the arbitrary outcome x will be omitted.
The realizations associated to outcomes xi, i = 1, 2,…, n,… of experiment E will
merely be denoted with xi(t), i = 1, 2,…, n,…

Let t* be a value of t (see Fig. 1.1), a random variable (henceforth R.V.) X(x,
t*) is obtained from x(x, t).

X(x, t*) is termed a ‘‘cross-section’’ (or section) of the process at instant t = t*.
The realizations of X(x, t*) obviously come from the outcomes of the same
experiment E (of some sample space X) on which the random process is defined.

For the sake of simplicity, R.V. X(x, t) at an arbitrary point t is denoted only
with X(t) without x.

Finally, if we set x and t, x = x*, t = t*, a real number is obtained as such
x(x*, t*) = X(x*, t*).

x(x*, t*) = X(x*, t*) is called the state of the random process.
For instance, in Fig. 1.1 we see the state x(x2, t*) = X(x2, t*) obtained by

x = x2 and t = t*.

Example A box contains three symbols (flower, heart and star): x1 = flower,
x2 = heart, x3 = star.

Fig. 1.1 Random process: process realizations and process cross-section
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We remove each symbol ‘‘at random’’, in succession.
We define K = {x(x, t)} such that x1 = x(x1, t) = t; x2 = x(x2, t) = t2;

x3 = x(x3, t) = 1 + t. K is given by K = {x(x, t)} = {t; t2; 1 + t}. Thus, if we
define t on whole R in the plane (t; x(t)), the random process in question consists of
the bisector of the first and third quadrants, an upwards parabola with vertex at the
origin of coordinate axes and a straight line with intercepts (-1; + 1). In short, the
realizations of K are continuous on R in a finite number (three) and of unlimited
duration.

The section of the process, e.g. at t* = 2, is the random variable X(x, 2) and it
is represented by the values (states) X(x1, 2) = 2, X(x2, 2) = 4, X(x3, 2) = 3.

It is worth saying, however, that in general the functions constituting a random
process are not as regular as in the example. As a matter of fact, they cannot be
represented in a closed-form expression. Moreover, the members of K can also be
in an infinite number.

What observed so far can be summed up in the following definition:
Let E ðX;J ;PÞ be a probability space. Under the usual notations, X is the

sample space; J is a r-algebra of subsets of X; P is a probability measurement
on J . A map x(x, t) defined on X� R is called a random function or random (or
stochastic) process: (a) for t fixed— t 2 T � R—, x(x, t) is a random variable; (b)
for x fixed—x 2 X (or, if a trial has been carried out in X)—, x(x, t) is a function
of t; (c) for x and t fixed, x(x, t) is a real number. The class of t functions,
K ¼ xðx; tÞf g; obtained from x(x, t) when x varies in X, is defined family of
random process realizations.

It should be noted that:
as seen above, a random process can be regarded as a family of random vari-

ables X(x, t) indexed by a parameter t belonging to an index set T.
X(x, t) must thus be a measurable function with respect to J and to a Borel

field on the set X comprising admissible values of X(x, t).
If the family of functions K = {x(x, t)}, with t variable in T, is provided with a

structure of topological vector space, it is a function space.
In this case the random function x(x, t) maps the abstract space X to a function

space K

x 7! x x; tð Þ; X! Kf g

A more complex definition of random process than that suggested above
requires applying Functional Analysis as well as the notion of filtration.

A filtration ðJ tÞt2T is a family of sub-r-algebras of J non decreasing in t.
This approach is beyond the aims of our treatment. In that regard, a classical

reference is [3].
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1.1.1 Types of Random Processes

A random process can be classified according to the nature of the domain T � R

and the co-domain (i.e. state space) of x(x, t).
Thus, if T is an interval of R, the process x(x, t) is said to be a continuous-time1

process. Should T be discrete, T = {t1, t2, t3,…,tn}—with n variable in set Z—,
the process is said to be a discrete-time process. In the latter case, at times, instants
tn [ T also result to be equispaced: tn = n0, where 0 is a constant time.

Finally, if the co-domain of x(x, t) is of continuous type, the process is said to
be a continuous-valued process. Should the co-domain x(x, t) be discrete, the
process is said to be a discrete-valued process.

Table 1.1 shows the classification proposed above. Figure 1.2 shows some
examples of realizations of the various process types identified.

If we now consider a finite part of a single realization xi(t) of a random process
x(x, t) with t monotonically increasing, we obtain a time (or historical2) series.
Also this series is as classifiable as the random process from which it comes (see
Table 1.1).

For example, the part of xi(t) shown in Fig. 1.2a ranging between instants tj and
tk is a continuous-time and continuous-valued time series, recorded during
T = tj - tk.

In considering empirical contexts, the following postulate will be thought as
valid:

The result of a (finite) measurement sequence in time of a quantity whose value
depends upon chance, ordered on the basis of an increasing parameter, is a time
series.

The postulate is equivalent to taking the measurement sequence as coming from
a random process, whose probability characteristics (statistical structure) will then
be determined. The identification of a random process starting from an empirical
process is topic of time series statistical analysis [4] (see the following point
Sect. 3.3).

Table 1.1 Random process types

Processes With continuous value With discrete value

With
continuous
time

Continuous-time and continuous-valued
processes (Fig. 1.2a)

Continuous-time and discrete-
valued processes (Fig. 1.2b)

With discrete
time

Discrete-time and continuous-valued
processes (Fig. 1.2c)

Discrete-time and discrete-valued
processes (Fig. 1.2d)

1 The parameter t is usually assumed as monotonically increasing and for this reason it is called
generalized time, irrespective of its physical meaning, or simply time, without any further
adjective.
2 If the process is defined for t 2 T � R, the realization is clearly a time series.
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Fig. 1.2 Random process realizations (sample paths): a continuous-time and continuous-valued;
b continuous-time and discrete-valued; c discrete-time and continuous-valued; d discrete-time
and discrete-valued
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1.2 Common Traffic Processes

Some random processes directly connected to traffic measurements will be defined
below.

They are taken with reference to traffic streams at a point or along a length.
In this section we consider vehicle counts, spot speeds, vehicle densities and

time headways.

1.2.1 Arrival Process and Traffic Counting Process

We observe a traffic stream in single file at a road cross-section S for a time
interval T.

We consider the experiment as described below. Starting from an initial instant
t0 = 0 during T, we mark off on axis t the times t1, t2,…,tn, when vehicles pass S
(see Fig. 1.3a). Instants ti are obviously random. The correspondence between
vehicle arrivals at S (random flow of events [5]) and instants ti defines the point
arrival random process with regard to the experiment in question.

Fig. 1.3 Random flow of events and traffic counting process on a single lane: a flow of events;
b connected impulsive signal; c counting process (or counter process)
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In correspondence to each ti we draw a segment of the same length (an
‘‘impulse’’) which exactly denotes an arrival (see Fig. 1.3b). We obtain the signal
y(t), isomorphic to the point arrival process

y(t) ¼
Xn

i¼1

dðt� tiÞ t, ti 2 T i ¼ 1; 2;. . .; n ð1:1Þ

y(t) consists of unit-area impulses d(�) (Dirac delta function), each of them is
centred in a random arrival instant ti (Fig. 1.3b).

Formula (1.1) defines a continuous-time and discrete (integer)-valued process.
By means of formula (1.1) we can calculate the values of a t function, N(t),

which represents the number of vehicles crossing S in the time interval (0, t),
(0, t) ( T.

Then we choose the initial observation time t0 = 0 such that no vehicle arrival
is recorded in that instant (i.e. no vehicle crosses S).

N(t) can be determined only after the experiment in question has been carried
out. It is an integer-valued function (a step-function type). More precisely, just at
each instant ti recording a vehicle arrival, N(t) increases by one unit (see
Fig. 1.3c).

From formula (1.1) we have

N(t) ¼
Z t

t0¼0

y(u) du t 2 T � R ð1:2Þ

As defined so far, the functional (1.2) is, in short, continuous at intervals (see
Fig. 1.3c), with a countable set of first-kind discontinuities (jump discontinuities).
N(t) is therefore a càdlàg type.3

The time series in Fig. 1.3c is a realization example of (1.2). N(t) defines the
arrival counter random process N(x, t), which is a continuous-time and discrete
(integer)-valued process. Such a process is also known as traffic counting process.

From formula (1.2) the ratio q is then calculated between the vehicle number
N = N(t) and the observation time interval T:

q ¼ N
T

ð1:3Þ

q is called traffic volume (or, simply flow) measured in a road cross-section S in an
interval T.

Now we divide the observation period T into consecutive equal time subin-
tervals Dti, i = 1, 2, 3…, n, Dti = Dt, T = RiDti = nDt.

3 From French ‘‘continue à droite, limitée à gauche’’.
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By counting the vehicle number N(Dti) = xi passing each Dti, with (1.3) we
obtain the sequence

qi ¼ xi=Dti i ¼ 1; 2; 3;. . .; n ð1:4Þ

Formula (1.4) defines the random process of flows q(x, t).
q(x, t) is a discrete-time and discrete-valued random process.
The Cartesian representation of (1.4) is a piecewise-linear obtained by attrib-

uting the i-th flow qi to the instant ti =
Pi

k¼1

Dtk, i = 1, 2, 3,…, n.

Figure 1.4 shows an example of time series extracted from the process of flows
recorded in an observation interval T of about 90 min. T has been subdivided into
subintervals of length Dt = 20 s.

The values qi in Fig. 1.4 are expressed in equivalent hourly flow (vehicles/
hour : veh/h).

The random process of flows (1.4) is fundamental to highway engineering, in
that it allows to rigorously define the traffic flow rate, as later shown (see Chap. 4).

Arrival random processes involving more than one lane, and generally car-
riageways, are analysed through such modalities as inferred from the following
example.

Figure 1.5 refers to a dual carriageway with two lanes in each direction. The
flows of events (arrivals) related to an arbitrary road cross-section S of a motorway

Fig. 1.4 Time series of flows
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are marked off on a time axis for every lane. These flows of events (F1, F2, F3, F4)
are superimposed by means of a readily understandable procedure which can be
inferred from the same Fig. 1.5, thus obtaining the total flow of events F.

For the road cross-section S of the dual carriageway in question, by means of
the total flow F we can immediately obtain the impulse signal (1.1), which allows
to easily determine counting random processes (1.2) and total rate random pro-
cesses (1.4).

Counting process has several practical applications in highway engineering, e.g.
in analysing waiting phenomena [6].

For instance Fig. 1.6 concerns a single-channel queuing system, with a ‘‘first
in–first out’’ (FIFO) service, and shows the cumulative arrival counts A(t) and
cumulative departure counts D(t). These cumulants are approximate in a contin-
uous manner (fluid approximation). It is perfectly understandable that A(t) and
D(t) are counting random process realizations. More specifically, A(t) is recorded
upstream from the queue, and D(t) from the service point (departure section from
the waiting system).

Figure 1.6 shows, moreover, instants ti and tf when the queue starts and finishes
respectively.

In addition, just at the arbitrarily selected instant t [ [ti; tf], we can estimate
length Lc(t) = A(t) - D(t) of a queue at t, and waiting time d(t) = wc(t) in the
queue for the vehicle arrived at the waiting system at the same instant t.

Fig. 1.5 Superposition of four flows of events
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1.2.2 Time Headway Process

We observe a traffic stream in single file at a road cross-section S for a time
interval T.

We consider the experiment as described below.
Starting from an initial instant t0, we measure the time headways si (s1, s2,…, sn)

between pairs of vehicles crossing S during T4 (see Fig. 1.7). The correspondence
between the vehicle arrival times at S and the random intervals si (see Fig. 1.7)
defines the random process H(x, t) of vehicle time headways related to the
experiment in question.

A realization of this process can be ordered as a time series in two ways: (a) by
referring to vehicles in transit; (b) by associating the si to conventional instants ti
(i = 1, 2,…, n), all mutually equispaced.

Fig. 1.6 Fluid approximation of arrival and departure counter process realization for a single-
channel (i.e. single server) queuing system

Fig. 1.7 Flow of events and vehicle time headways s

4 In the technical practice s are generally measured between the arrival times of corresponding
parts (front bumpers or back bumpers) of successive vehicles crossing S.
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In the former mode the i-th headway between the i-th vehicle and the (i+1) of a
traffic stream is denoted with si. It is attributed to the (i+1)-th vehicle. Thus, a
piecewise-linear can be formed with the available measurements (see Fig. 1.8).

Figure 1.8 is obtained from the time headway dataset of Table 1.2 which is
related to 60 vehicles passing a road cross-section in T = 5 min.

In the latter mode of representation, si denotes the i-th measurement of n
obtained. si is attributed to a conventional time abscissa ti (i = 1, 2,…, n).

Thus (see Fig. 1.9), we obtain the signal on T isomorphic to the sequence of si

centred in ti

sðt) ¼
Xn

i¼1

si dðt� tiÞ t, ti 2 T i ¼ 1; 2;. . .; n ð1:5Þ

where d(�) is, as in Eq. (1.1), the Dirac impulse function.
Formula (1.5) defines a discrete-time and continuous-valued random process.
Figure 1.9 shows data of Table 1.2 again, reported on the basis of expression

(1.5).

Looking at Fig. 1.8 again, the dotted line shows the average value �s, �s ¼
P59

i¼1

si=59 ffi 5:0 s:

Fig. 1.8 Piecewise-linear of vehicle time headways corresponding to dataset of Table 1.2
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The dotted line allows to detect which vehicles drive at lower headways than
�s ¼ 5 s, thus forming platoons which represent vehicular concentrations propa-
gating over time as a wave.

Fig. 1.9 Signal associated to time series of time headways in Table 1.2

Fig. 1.10 Superposition of four time headway processes
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The detection of a value �s to compare with the measured headways s is known
as threshold criterion. This criterion is used in applications as the easiest mode to
discriminate free-moving vehicles from constrained vehicles.

Defined as such, a single time headway process, as well as an arrival process
(see Sect. 1.2.1), can clearly be obtained by considering more than one traffic
stream in single file, with the same or different direction.

Figure 1.10 refers to arrival flows of Fig. 1.5 and shows what has just been said.
The above headway process type has been defined by considering time intervals

s between pairs of successive vehicles in the traffic stream.
We proceed, instead, by starting from an observed arrival and considering only

the successive (k+1)-th vehicle (while omitting in-between vehicles). The corre-
spondence between this flow of random events and the sequence in time of
headways si between the vehicles in question (see Fig. 1.11) defines the random
process of time headways of the k-th order.

From the k-th order headway process, said Erlang’s, we can obtain the Erlang
probability distribution which plays a central role in traffic engineering applica-
tions [8].

1.2.3 Speed Processes

We observe again a traffic stream in single file at a road cross-section S during a
time T.

We consider the experiment as described below.
Starting from an initial instant t, we measure the spot speeds v1, v2,…, vn of

vehicles crossing S during T.
The correspondence between successive vehicle arrival times at S and the

sequence of speeds vi defines the (spot) speed random process V(x, t) referred to
the experiment in question (see Fig. 1.12).

V(x, t) is a discrete-time and continuous-valued random process.
For this process we can calculate the statistics

�v ¼ 1

1
n
Pn

i¼1

1
vi

ð1:6Þ

Fig. 1.11 Process of time headways of the k-th order (with k = 3)
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Formula (1.6) provides the harmonic mean of vi.
Its significance and use will be dealt with later (see Sect. 1.3).
The arithmetic mean �vi of the speeds occurred up to the i-th vehicle in transit, is

given by

�vi ¼

Pi

j¼1
vj

i
i ¼ 1; 2;. . .; n ð1:7Þ

With formula (1.7) we define a further random process �Vðx; tÞ.
�Vðx; tÞ is a discrete-time and continuous-valued random process.
�Vðx; tÞ is of great practical use in traffic engineering. In fact, by means of

expression (1.7) some ‘‘first-order’’ estimations can be made of the levels of spot
speed random process in a road cross-section S.

A realization of process (1.7) is shown with a dotted line in Fig. 1.12.
As for the other traffic processes (see Figs. 1.5 and 1.10), also speed processes

can be detected for streams on more than one lane.

Fig. 1.12 Realization of speed process and speed level
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1.2.4 Vehicle Density Process

We consider a vehicle location along a road of length L observed at instant t (see
Fig. 1.13). Let m be the number of these vehicles.

The (spot) vehicle density (or concentration) k is the ratio

k ¼ m
L

ð1:8Þ

The vehicle density process K(x, t) related to L is defined by the correspon-
dence between vehicle locations observed in t1, t2, …, tn, …. and their respective
densities k1, k2, …, kn, …., provided by formula (1.8).

K(x, t) is a discrete-time and discrete-valued random process.
In applications, for practical reasons when conducting surveys, density mea-

surements are indirectly deduced from determinations of other flow variables. They
are generally considered to survey short time intervals Dt (a few seconds long).

Fig. 1.13 Vehicle location and spacing along a road length L

Fig. 1.14 Realization of vehicle density processes surveyed in a road cross-section of a
motorway lane
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Figure 1.14 shows an example of vehicle density random process realization
recorded and ordered by intervals of Dt = 5 s in sequence on a selected segment
of a motorway lane.

The previous definition of vehicle density process can easily be broadened, as in
case of arrivals and headways (see Figs. 1.5 and 1.10), to include vehicle locations
on more than one lane.

1.3 Traffic Processes Over Space and Time. Macroscopic
Flow Variables

We consider now a more general random process type than those described so far.
For it the result of a random experiment does not correspond to a single

function, but a set of functions.
Then let L : T 9 L be an arbitrary domain of the time (t)—space (s) plane.
We examine vehicles crossing L. Each vehicle in transit ‘‘i’’ can be associated

to the respective vehicle path (i.e. trajectory line) si = si(t) in L.
The correspondence between the vehicle travels along L during T and their

respective paths si defines the vehicle trajectory random process referred to L.
The consideration of a vehicle trajectory process allows, among other things, to

deduce a fundamental relationship of traffic engineering.
Whatever be the vehicle speed variation in L, we choose an arbitrary segment

Ds inside L, over an arbitrary road cross-section S. Ds is such a short segment

Fig. 1.15 Vehicle trajectories in a domain L
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(see the segment between sections A–B of Fig. 1.15) that trajectories crossing Ds
can be considered rectilinear.

Consequently, speeds in the same segment virtually result constant. An arbi-
trary vehicle ‘‘i’’ passing Ds over time Dti presents a space speed Ds/Dti, which is
as a matter of fact equal to the spot vi estimated in any section between A and B:

vi ¼
Ds
Dti

ð1:9Þ

Figure 1.16 shows the elementary sub-domain of L, Ds 9 T, of Fig. 1.15.
If T is set to a duration that allows all n vehicles that enter Ds to get out of it,

then the volume q = n/T is constant in all Ds.
Moreover, we have previously observed that for Ds length, the set of ‘‘n’’ spot

speeds vi and that of ‘‘n’’ speeds of travel Ds/Dti coincide.
Thus, for space mean speed vs we have

vs ¼
n � Ds
Pn

i¼1
Dti

ð1:10Þ

By means of expression (1.9), formula (1.10) coincides with formula (1.6).

vs ¼
n � Ds
Pn

i¼1
Dti

¼ 1

1
n
Pn

i¼1

1
vi

¼ �v ð1:11Þ

We now evaluate in mean the density k on Ds for each t instant of T. In order to
calculate k we weigh the presence of every vehicle i passing along Ds with Dti/T.
Dti/T represents the percentage duration of occupancy of a short segment Ds by
vehicle i with respect to T (see Fig. 1.16).

k is then set equal to:

k ¼
1 � Dt1

T þ 1 � Dt2

T þ � � � þ 1 � Dti

T þ � � � þ 1 � Dtn

T
Ds

¼

Pn

i¼1
Dti

T � Ds
ð1:12Þ

If we now divide constant volume q through Ds by the interval T, q = n/T, for
the space mean speed with (1.11) we obtain:

q
�v
¼ n

T
�

Pn

i¼1
Dti

n � Ds
¼

Pn

i¼1
Dti

T � Ds
ð1:13Þ

Formula (1.13) coincides with formula (1.12) regarding vehicle density k.
From (1.12) and (1.13) it thus follows:
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q ¼ k � �v ð1:14Þ

Formula (1.14) constitutes the general (deterministic) equation of a traffic
stream and can be written for every section S [ L.

It establishes the so-called hydrodynamic analogy of vehicular traffic flow.
From the basic relationship (1.14) there develops a class of deterministic traffic
models which find several practical applications in highway engineering [8].

Example With reference to Fig. 1.16, Ds = 50 m, T = 20 s, i = 3, n = 5,
Dt1 = 1.39 s, Dt2 = 1.80 s, Dt3 = 2.42 s, Dt4 = 1.70 s, Dt5 = 2.18 s.

For the vi, we obtain vi = Ds/Dti and, therefore, in km/h: v1 = 129.50 km/h,
v2 = 100.00 km/h, v3 = 74.38 km/h, v4 = 105.88 km/h, v5 = 82.57 km/h.

For the �v, with (1.11) we have

�v ¼ 5
1

129:50þ 1
100:00þ 1

74:38þ 1
105:88þ 1

82:57

� � ¼ 94:84 km/h

The traffic volume q is equivalent to q = 5/20 = 0.25 veh/s : 900 veh/h.
With (1.14), for density it follows k = 900/94.84 = 9.49 veh/km.
This k value clearly coincides with that directly provided by (1.12)

k ¼ ð1:39þ 1:80þ 2:42þ 1:70þ 2:18Þ=ð20 � 0:05Þ ¼ 9:49 veh/km
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Chapter 2
Random Process Fundamentals

The chapter deals with the basic notions that characterize a random process in a
statistical sense.

The properties of stationarity and ergodicity are also introduced, in that they
play a significant role in practice.

For the sake of simplicity, the topic is explored with reference to continuous-
time, continuous-valued processes.

Results obtained in this section can easily be extended to all other types of
random processes by employing the d generalized function in probability law
description [1] of random process sections.

2.1 Distributions and Moments of a Random Process

Let X(t) be a random variable (R.V.) section of a random process x x; tð Þ at an
arbitrary time instant t[T.

In general, different t points of T correspond to different X(t) (Fig. 2.1). It
follows that the cumulative distribution functions (CDFs)1 of sections X(ti) and
joint cumulative distribution functions (JCDFs) of any n-tuple X(t1), X(t2), …,
X(tn) and for any set (t1, t2, …, tn) – n = 1, 2, …—are time functions.

By means of the common symbols for joint cumulative distribution function
(JCDF) and probability density function (PDF) of a section X(t), we put
respectively

Fðx; tÞ ¼ P½XðtÞ� x� ð2:1Þ

fðx; tÞ ¼ oFðx; tÞ
ox

ð2:2Þ

1 As known, cumulative distribution functions are also termed distribution functions.
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In general we have

Fðxi; xj; . . .; xn; ti; tj; . . .; tnÞ ¼ P½XðtiÞ� xi; XðtjÞ� xj; . . .; XðtnÞ� xn� ð2:3Þ

fðxi; xj; . . .; xn; ti; tj; . . .; tnÞ ¼
oFðxi; xj; . . .; xn; ti; tj; . . .; tnÞ

oxi � oxj � � � � � oxn

ð2:4Þ

A real-valued random process x(x, t) is statistically determined if we know its
nth-order CDFs (2.3) for any integer n and for any point set (t1, t2… tn) of T. These
functions are not arbitrary, but they must satisfy certain conditions.

To this end, the following theorem (Kolmogorov Consistency Theorem, 1933)
is fundamental:

a family of finite joint cumulative distribution functions statistically charac-
terizes a random process only if they result to be symmetrical and consistent.

An F(xi; xj; . . .; xn; ti; tj; . . .; tnÞ is symmetrical if it is invariant with regard to
each simultaneous permutation of xi and ti. It is consistent when, for some
xi ? ?, it tends to the distribution function of the remaining X(tr), r 6¼ i.

In other words, by means of a consistency property a CDF of a given order is
determined from a CDF of higher order. The analyses of n random variable sys-
tems get more complex when n [ 3, as is well known by the theory of probability.

In practice, we then use appropriate time functions which synthetically repre-
sent the main properties of random processes.

Fig. 2.1 Sections of a random process
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These functions have the same role as random variable moments and are
commonly called process moments.

Among them, the most important are the mean value function (or just mean)
m(t), the autocorrelation function B(t, t0) and the autocovariance function C(t, t0).

We therefore define as mean value function m(t) of a random process x(x, t),
the mean E[X(t)] of the corresponding process section X(t) for each t.

In symbols

mðtÞ ¼ E½XðtÞ� ¼
Zþ1

�1

x fðx; tÞ dx ð2:5Þ

Example Let X{x1, x2} be a sample space and Y and Z two RVs on X such that:
Y(x1) = 0; Y(x2) = 1; Z(x1) = 2; Z(x2) = 3. Besides, let these values be all
associated to the same probability p = 0.5.

It thus follows that E[Y] = 0.5; E[Z] = 0.25.

We consider now the random process

x ðx; tÞ � Yþ Z � t ð2:6Þ

The two straight lines x(x1, t) = 2t; x(x2, t) = 1 + 3t (Fig. 2.2) represent the
realizations of x(x, t).

As to the mean value function m(t), by recalling that the mean operator is a
linear operator, we obtain from (2.6)

Fig. 2.2 Example of random
process and mean function
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m(t) = E[Y] + E[Z � t] = E[Y] + E[Z] � t = 0:5þ2:5 � t:

m(t) is represented by the dotted line in Fig. 2.2.
As in case of random variables, the mean value function m(t) of a random

process x(x, t) represents a set of values around which the realizations xi(t) of
x(x, t) are grouped and oscillate in its neighbourhood. For any time t, m(t) can
then be associated to the same meaning of position index as attributed to the
expected value of a R.V.

We now consider two arbitrary time instants t and t0 of a parameter space T of
x(x, t) (Figs. 2.3 and 2.4).We define as autocorrelation function B(t, t0), the joint
second-order moment of two sections X(t), X (t0) of x(x, t):

Bðt; t0Þ ¼ E½XðtÞ Xðt0Þ� ¼
Zþ1

�1

Zþ1

�1

x x0 fðx; x0; t; t0Þ dxdx0 ð2:7Þ

B(t, t0) is therefore a function of the two variables t, t0[T.

Fig. 2.3 Random process
with weakly variable
autocovariance over time

Fig. 2.4 Random process
with rapidly decreasing
autocovariance over time
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In what follows, instead of section variables of x(x, t), X(t) and X(t0), we
consider, in general, the sections of a random process centred around their
respective mean values, i.e. the deviation of X(t) and X(t0) from their means:

X
_

ðtÞ ¼ XðtÞ �mðtÞ X
_

ðt0Þ ¼ Xðt0Þ �mðt0Þ ð2:8Þ

For a process with all sections centred around their respective mean values, it
clearly results that

mðtÞ ¼ E½ðX̂ðtÞ� ¼ 0 ð2:9Þ

The autocorrelation function (2.7) of the R.V. section (2.8) is termed autoco-
variance function (or covariance kernel) C(t, t0):

Cðt; t0Þ ¼ E½ðXðtÞ �mðtÞÞ � ðXðt0Þ �mðt0ÞÞ� ð2:10Þ

If we put t = t0, from formula (2.10) a new function only of t is obtained and
assumes the meaning of variance function Var(t) of the process for t belonging to T.

In symbols we put

C(t,t) ¼ E½ðX(t)�m(t))2� ¼ VarðtÞ ¼ r2ðtÞ ð2:11Þ

Finally, starting from (2.10) and (2.11) a new function q(t, t0) of the paired
instants t, t0 is introduced.

It is given by

qðt; t0Þ ¼ Cðt; t0Þffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
r2ðtÞ � r2ðt0Þ

p ð2:12Þ

Formula (2.12) defines the normed autocovariance function of a random pro-
cess. It is also called autocorrelation coefficient.

Example With reference to the same process as in the previous example x(x, t)
: Y + Zt, for the autocorrelation function (2.7) we obtain

Bðt; t0Þ ¼ E½ðY� ZtÞ � ðY� Zt0Þ� ¼ E½Y2� � E½YZ�ðtþ t0Þ þ E½Z2�tt0

It is worth recalling that E[Y2], E[YZ], E[Z2] are constants, while the variables
are t, t0. The numerical determination of these averages is left to the reader.

It should explicitly be underlined that in time series analyses frequently the
normed autocovariance function (2.12) is called autocorrelation function. In this
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book we use the term autocorrelation function only for B(t, t0) (see expression
(2.7)).

As defined,2 functions B(t, t0), C(t, t0) and q(t, t0) are symmetrical, in the sense
that

Bðt; t0 Þ ¼ Bðt0; tÞ ð2:13Þ

Cðt; t0 Þ ¼ Cðt0; tÞ ð2:14Þ

qðt; t0 Þ ¼ qðt0; tÞ ð2:15Þ

The introduction of an autocovariance function allows to obtain further infor-
mation for a random function than what can be inferred from the only knowledge
of m(t) and r2(t) (see formulas (2.9) and (2.11)).

In fact autocovariance, as well as covariance, between X(t) and X(t0) measures
the tendency of the two random variable sections of the random process, to assume
simultaneously higher or lower values than their respective means (namely it is a
measure of how much X(t) and X(t0) unanimously vary).

In this regard, we observe the families of realizations from two distinct random
processes in Figs. 2.3 and in 2.4. The two processes present the same mean value
function m1(t) = m2(t) = m(t) and variance function r1(t) = r2(t) = r(t).

In both Figs. 2.3 and 2.4 there are also reported two dotted curves distant 3r(t)
from the mean function. The two curves define a domain that contains almost all
the realizations of the corresponding random process.

Therefore, the two moments m(t) and r2(t) do not account for the wide dif-
ference in time behaviour of the two random processes. One can see that the
essential features of realizations in Figs. 2.3 and 2.4 are completely different for
these two random processes. The realizations of the former process (see Fig. 2.3)
in fact prove to have a substantially regular behaviour with t. In other words, they

Fig. 2.5 Random process
with rapidly decreasing
autocovariance over time

2 It is known that the product mean of random variables is not influenced by the presentation
order of variables on which it operates.
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are devoid of oscillations around the mean value function which characterize the
realizations of the latter random process (see Fig. 2.4). Notwithstanding, mean
values functions and variance functions of the former process coincide with the
latter.

The structural difference between the two processes is, on the other hand,
pointed out by the behaviour of their respective autocovariance functions, as
shown below.

We denote with xi(t) and xj(t) two arbitrary realizations (trajectories of a ran-
dom process x(x, t)).

With the behaviour of the process realizations in Fig. 2.3, should for instance be
xi(t) [ xj(t) in t, in most cases there will be xi(t0) [ xj(t0) at an arbitrary time t0[T.

Moreover, fluctuation values around the mean3 of X(t) are substantially kept
also in X(t0).

The statistical relationship between X(t) and X(t0) is, thus, maintained when two
arbitrary times t, t0 vary in T, with the same features and virtually the same
intensity. For the autocovariance function it follows a weak variability (decrease)
in T,4 C(t, t0) % const. V t, t0[T.

On the other hand, for the process in Fig. 2.4, rapid trajectory oscillations
around the mean value function do not make a stable statistical relationship
between realizations detectable. In this case the statistical relationship between
two arbitrary sections X(t) and X(t0) is not maintained in sections concerning
another pair of instants in T. This occurs even if the above-mentioned arbitrary
pair of time instants is close to that previously considered.

For the process in Fig. 2.4 it follows that its autocovariance function rapidly
decreases when t increases.

Fig. 2.6 Random process
with weakly decreasing
autocovariance over time

3 Fluctuations around the mean in a process Section XðtÞ are the quantities zi tð Þ ¼ xi tð Þ �mðtÞ,
or the determinations of the R.V. ‘‘centred Section ZðtÞ’’ of the process Z tð Þ ¼ X tð Þ �mðtÞ.
4 The constancy of Cðt; t0 Þ for pairs of time t, t0, anyway placed on T, is a specific form of
stationarity, namely the autocovariance stationarity. The autocovariance stationarity is a
particular form of weak stationarity (see the following Sect. 2.2).
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For more practice, the interested reader can extend the comments about processes
in Figs. 2.3 and 2.4 to those shown in Figs. 2.5 and 2.6.

2.2 Stationarity of a Random Process

Generally a dynamical system which tends towards equilibrium evolves into one
or more states (called transient states) before reaching steady-state conditions
(Fig. 2.7).

For an uncertain dynamical system, the equilibrium conditions must be con-
noted statistically.

In qualitative terms, an uncertain dynamical system is at statistical equilibrium
when its probabilistic features do not vary during T. T indicates, as usual, the
selected observation period.

In these circumstances the probability laws recurring throughout the analysis of
the phenomenon in question are called stationary.

Similarly, a random process is stationary with regard to its given moments if
these latter do not depend on time t. This is equivalent to the invariance of the
aforesaid statistics with regard to an arbitrary translation on the time axis.

Thus, different specifications can be provided for stationarity. They depend on
the more or less restrictive statistical regularity conditions which can be detected
for a process. A rigorous mathematical characterization of distinct stationarity
forms lies beyond the scope of this book. In this regard, see for instance [1, 2].

A broad outline of strict-sense stationarity (SSS), or strict-stationarity, and
some more preliminary notions on wide-sense stationarity (WSS), or weak sta-
tionarity, are given below.

A random process is strict-sense stationary if, for all sets of sections X(t1),
X(t2), …, X(tn) which can be extracted from it, and for all possible dimensions n of
the multivariate distribution, it results that

Fig. 2.7 State of dynamical
system
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Fðxi; xj; . . .; xn; ti; tj; . . .; tnÞ ¼ Fðxi; xj; . . .; xn; ti þ s; tj þ s; . . .; tn þ sÞ
8 i; j ¼ 1; 2; . . .; n; . . . 8 ti; tj; . . . 2 T; 8 s 2 R

ð2:16Þ

A strict-sense stationarity implies that if there are any, the joint moments of
n-tuple RVs forming the process up to the order ?, are not functions of t.

In a k finite-order stationarity, expression (2.16) is not satisfied for any n, but
only for n B k.

Thus a random process is classified as first-order stationary if we have from
(2.16)

F x; tð Þ ¼ F x; tþ sð Þ ¼ FðxÞ: ð2:160Þ

It is classified as second-order stationary if we have

F x1; x2; t1; t2ð Þ ¼ F x1; x2; t1 þ s; t2 þ sð Þ ¼ Fðx1; x2; sÞ ð2:1600Þ

If Eq. 2.16 is valid for n = k, then it is valid for any n \ k.
In fact, the k-order distribution function determines all those of lower orders

(see Sect. 2.1, Kolmogorov Consistency Theorem).
On the other hand, a wide-sense stationarity requires that:

(a) the process mean value function m(t) is constant

m tð Þ ¼ const: 8 t 2 T ð2:17Þ

(b) the autocovariance function only depends on s and results to be finite in
s = 0 (V t = t0)

C t; t0ð Þ ¼ cðsÞ s ¼ t0 � t 8 t; t0 2 T ð2:18Þ

c 0ð Þ\þ1 ð2:19Þ

Example We consider a random process x(x, t) defined on X = {x1, x2, x3}.
Realizations at an arbitrary time t, X(x1, t) = 2, X(x2, t) = sen(2t), X(x3, t) =
cos(2t) are equiprobable with p(x1) = p(x2) = p(x3) = 1/3. For the mean value
function we immediately obtain m(t) = E[X(t)] = 1/3[2 + sen(2t) + cos(2t)].

m(t), depending on t, shows evidence for non-stationarity of x(x, t).
For a wide-sense stationary process, from the symmetry property of the auto-

covariance function, it follows that
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cðsÞ ¼ cð�sÞ ð2:20Þ

In fact, being C(t, t0) = C(t0, t), we obtain

Cðt; tþ sÞ ¼ Cðt0; t0 � sÞ ð2:21Þ

and for the supposed dependence of C(�,�) only on s (the process being wide-sense
stationary), expression (2.20) follows.

In case of a discrete-time process, the time s = k between two arbitrary sec-
tions is called lag k.

From the above-mentioned autocovariance property it follows that a wide-sense
stationary process is also constant in variance.

This immediately results from (2.18) when t = t0

Cðt; tÞ ¼ r2ðtÞ ¼ cð0Þ ¼ const: ð2:22Þ

In the hypothesis of wide-sense stationarity, the previous properties with
respect to s are plainly valid for function q(�) (see formula (2.12)).

In other words, we have

qðt; t0Þ ¼ r(sÞ ¼ c(sÞ=c(0) s ¼ t0 � t 8 t; t0 2 T ð2:23Þ

qðt; tÞ ¼ rð0Þ ¼ r2ðtÞ=r2ðtÞ ¼ 1 ð2:24Þ

If we now consider that any process can be made at a constant (zero) mean (see
formula (2.9)), the invariance condition of c(s) for translation along time axis is
the only one required for a wide-sense stationarity.

It is worth noting that a strict-sense stationarity implies a wide-sense sta-
tionarity if, and only if, the first two moments (2.17) and (2.18) of the process are
finite.

This condition is not necessary for a strict-sense stationary process.
A wide-sense stationarity does not imply the strict-sense one necessarily. In

fact, the validity of expressions (2.17) and (2.18) does not involve conditions
(2.16).

Moreover, other definitions of wide-sense stationarity can be given than those
established with expressions (2.17), (2.18), (2.19) (see [1], [2] ). An example is then
the autocorrelation stationarity. This occurs if, with a mean value function variable
with t, the only dependence on s is required for function (2.7), B(t, t0): B(t, t0) = b(s),
s = t0 - t, V t, t0[ T.

Finally, in practice the term wide-sense stationarity is often used to mean
exclusively the constancy of the mean value function m(t), or the m(t) and variance
r2(t) of a process for t belonging to T.

In the former case the term used is stationarity in mean. In the latter case
stationarity is said to be in mean and variance.
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The presence or not of mean, variance and covariance stationarity can also be
detected in single realizations of a process.

Such characteristics can, in other words, be detected also in a time series.
The exploratory analysis of time series allows to carry out this type of study.
In Fig. 2.8 there are clear examples of stationary and non-stationary (known as

evolutionary) series.

Fig. 2.8 Stationary and non-stationary time series
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In practice a wide-sense stationarity—in m(t) and r2(t)—of a random process is
generally postulated on the basis of the phenomenon features in question.

2.3 Ergodicity of a Random Process

A rigorous definition of ergodicity and its forms requires some knowledge on the
convergence in probability which cannot obviously be given here.

It is worth remembering here that a succession Yn of random variables is said to
converge in probability towards a R.V. Y if, given in any case e[ 0, we have
lim

n!1
P½jYn � Yj � e� ¼ 0:

As to probability convergence see for instance [1, 3].
In order to introduce an elementary notion of ergodicity we consider Fig. 2.9a

which shows n realizations xi(t) of a random process x(x, t).
Let X(t*) be a section of the process at time t*. We consider, moreover, the

arithmetic mean value

mðt*Þ ¼
Xn

i¼1

xiðt*Þ
n

t* 2 T ð2:25Þ

Formula (2.25) provides the mean value estimation of E[X(t*)] from a sample
of n realizations xi(t*), i = 1, 2,… n, of X(t) in t*(see Fig. 2.9a).

Fig. 2.9 a Realizations of a random process x(x, t); b single realization of x(x, t)
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On the other hand, Fig. 2.9b shows only one arbitrary process realization
(trajectory) denoted with xk(t). For xk(t) we have identified m time ti and m
determinations xk(ti).

Thus, we can calculate a further mean mx

mx ¼
Pm

i¼1 xkðtiÞ
m

ti 2 T ð2:26Þ

mx is called time mean related to an arbitrary process realization x(t).
In case of a stationary process, when n increases indefinitely, the mean mðt*Þ

tends to the mean value of process (2.5) with m(t) = const.
In fact, mðt�Þ is the correct estimation of the mean (2.5).
A stationary process is said to be ergodic in mean if the time mean (2.26) of

each random process realization tends to the mean value (2.25) when in (2.25) and
in (2.26) n ? ? and m ? ? respectively.

Strictly speaking, the definition of ergodicity as given here should be provided
for ‘‘nearly all’’ the realizations of the process. For some (rare) realizations, as a
matter of fact, there could not find any equality between the relative mx and the
mean value of the process (however high be n and m). But the probability for these
realizations to occur is null.

Ergodicity can also be defined for other process statistics, e.g. for
autocovariance.

Thus, generally, in case of a continuous-time and continuous-valued process,
ergodicity can be expressed as follows

Efu½XðtÞ�g ¼ lim
T!1

1
2T

ZT

�T

u½xðtÞ� dt

where u(�) is an arbitrary real function. X(t) is, as usual, a R.V. section of the
process x(x, t) and x(t) is one of its realizations.

The second member of the previous expression indicates the time-mean value
of u[X(t)].

In brief, with regard to a moment b (mean, variance, autocorrelation, etc.)
ergodicity implies that:

(1) the process is stationary with regard to b (stationarity in mean, in variance,
etc.);

(2) time means of b are equal for nearly all process realizations, so that we can
talk of a time-mean value of b;

(3) time-mean value of b and the corresponding moment of the random process
are equal with probability 1.

In short, we can say that ergodicity with regard to a random process consists in
the fact that every single realization of the process is a ‘plenipotentiary repre-
sentative’ of the whole family of realizations. Thus, a long-term realization can
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substitute, in terms of information provided, a set of realizations of the same
duration.

In this direction, Fig. 2.8 clearly illustrates typical realizations of ergodic
process in mean, variance and autocovariance in the left column graphs.

The identification of necessary and sufficient conditions for ergodicity in ran-
dom processes seems to be very complex. For instance, the ergodicity condition
with respect to the mean function is the following (Slutsky’s Theorem, 1937):

a necessary and sufficient condition for a stationary process to be ergodic with
regard to the mean value m(t) is that it results lim

n!1
1=nð

Pn
j¼1 rðjÞÞ ¼ 0:

Fig. 2.10 a stationary time
series with a short-term
correlation with its
correlogram; b alternating
time series with its
correlogram
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It should be remembered that r(s) is the autocorrelation coefficient given by
formula (2.12) (see also formula (2.23)).

The graph of r(s) is called correlogram. The correlogram reveals a lot of
information on evolutionary characteristics of a random process (see Eq. (2.34)
and worked example at end of this Section).

Figure 2.10 shows two correlogram examples sampled for a stationary (a) and
alternating (b) time series.

Figure 2.11 shows the tendency of a correlogram sampled for a non-stationary
process realization (with trend).

It must explicitly be said that ergodicity does not always ensue from a process
stationarity (Fig. 2.12). In general, ergodicity (which will later be considered as

Fig. 2.11 Evolutionary time series with its correlogram

Fig. 2.12 Classes of random processes
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related to mean and autocovariance) is generally assumed on the basis of the
nature of the problem under study.

In brief ergodicity, like stationarity, is generally postulated on the basis of the
characteristics of the phenomenon observed.

2.4 Numerical Evaluation of Random Process
Characteristics

In general, random process characteristics can be estimated from a sample of
process realizations. We have n realizations. We consider a set of times t1, t2, …,
tm (wherever possible, equispaced) called reference points, and the sections X(t1),
X(t2), …, X(tm). From every X(tj) n values are obtained for each tj (j = 1, 2, …, m)

X(t1Þ ¼ x1ðt1Þ; x2ðt1Þ; . . .; xnðt1Þf g
X(t2Þ ¼ x1ðt2Þ; x2ðt2Þ; . . .; xnðt2Þf g
. . .

X(tmÞ ¼ x1ðtmÞ; x2ðtmÞ; . . .; xnðtmÞf g

ð2:27Þ

On the whole, n	m data are obtained and n time series xi(t) are also surveyed
(see Table 2.1).

Data in Table 2.1 allow to obtain the estimations of:

• mean value function, represented section by section with:

mðtkÞ ¼
Xn

i¼1

xi tkð Þ
n

ð2:28Þ

Table 2.1 Random process sampling

xi(t) tj
t1 t2 … … tk … … tm

x1 tð Þ x1 t1ð Þ x1ðt2Þ … … x1ðtk) … … x1ðtmÞ
x2 tð Þ x2 t1ð Þ x2ðt2Þ … … x2ðtk) … … x2ðtmÞ
… … … … … … … … …
… … … … … … … … …
xi(t) xi(t1) xi(t2) … … xi(tk) … … xi(tm)

… … … … … … … … …
… … … … … … … … …
xn(t) xn(t1) xn(t2) … … xn(tk) … … xn(tm)
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• variance, given by

�r2ðtkÞ ¼
Pn

i¼1 ½xiðtkÞ �mðtkÞ�2

n� 1
ð2:29Þ

• covariance function with

Cðtk; tlÞ ¼
Pn

i¼1 ½xiðtkÞ �mðtkÞ� [x1ðt1Þ �mðt1Þ�
n� 1

ð2:30Þ

Thus for a sample time set (t1, …, tm) the behaviours of the functions mðtÞ;
�r2ðtÞ and the surface �Cðt; t0Þ can then be evaluated at points.

From (2.29) and (2.30) and by recalling formula (2.12) we can also estimate the
standard autocovariance surface �qðt; t0Þ:

The analytical relations approximating mðtÞ; �r2ðtÞ; �Cðt; t0Þ and �qðt; t0Þ can be
obtained by means of numerical analysis method. It goes without saying that the
higher the size n of the realization sample and the size m of the reference point set,
the more reliable the estimations are.

A significant number allows, moreover, to get direct information on the prob-
abilistic features of a random process.

For this purpose we consider, for instance, Fig. 2.13.
An estimation Fðx; t0Þ of F(x, t) in t0 is immediately provided by

Fðx; t0Þ ¼ n
N

ð2:31Þ

where n is the number of realizations, among all N of the sample, such that the
ordinates in t0 do not overcome x.

Fig. 2.13 Distribution
function estimation
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The same method can be used to evaluate, e.g. the joint distribution function
Fðx0; x00; t0; t00Þ: It follows that

Fðx0; x00; t0; t00Þ ¼ n
N

ð2:32Þ

where n is, in this case, the number of realizations which in t0 and t00 do not
overcome x0 and x00 respectively (see Fig. 2.14).

If the process is ergodic, given N observations x(t1), x(t2), …x(tN) on a single
realization (see Fig. 2.15), for large N we assume:

as mean estimation mx ¼
PN

i¼1
xðtiÞ
N and as variance estimation expression

(2.33) with k = 0;

• as autocovariance estimation

cðkÞ ¼ 1
N

XN�k

i¼1

½xðtiÞ �mx�½xðtiþkÞ �mx� k ¼ 1; 2; . . .m where m\N ð2:33Þ

Fig. 2.14 Joint distribution function estimation

Fig. 2.15 Sampling on a single realization of ergodic process
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For the correlogram we then have, by means of formula (2.33),

r(k) = c(k)/c(0) ¼
XN�k

i¼1

½xðtiÞ �mx� � ½xðtiþkÞ �mx�
 !,

XN

i¼1

½xðtiÞ �mx�2

ð2:34Þ

The estimation of distribution functions FðxÞ is easily obtained by means of
such expressions as

FðxÞ ¼ n
N

ð2:35Þ

where n is the number of realizations, among all N of the sample (x(t1), x(t2),…
x(tN)), such that their values do not overcome x.

Dti, i = 1, 2, …n, denote the intervals of T in all the points whose process
realization appears to be equal or lower than value x.

On the general principles about the estimation of parameters of random pro-
cesses from sample realizations see for instance [2].

Example In this example we use a dataset and the statistical analysis employed in
[4] for a random process different from that we are examining here.

We record the speeds (in m/s) vi(sj) of i = 1, 2,…, 12 vehicles in Sj, j = 0, 1,
…, 6 road cross-sections of abscissa sj along a road segment.

Road cross-sections are mutually 0.4 km apart.
For each of the 12 vehicles we calculate the difference between the spot speeds

recorded in road cross-sections Sj+1 and Sj and attribute it to abscissa sj

xiðsjÞ ¼ viðsjþ1Þ � viðsjÞ ð2:36Þ

xi(sj) is a point at s = sj of a realization i of the process x(x, s) defined by (2.36).
Here the arbitrary abscissa sj has obviously the role of ‘‘generalized time’’ tj.

Therefore we set x(x, s) = x(x, t) and xi(sj) = xi(tj).
Following the scheme in Table 2.1 the random process x(x, t) is sampled in

Table 2.2.
With formula (2.28), by means of dataset in Table 2.2 we estimate the function

mðtÞ (Table 2.3).
With data in Table 2.2 expression (2.30) allows to estimate the autocorrelation

(variance and autocovariance) matrix of the process x(x, t) under examination in
Table 2.4.

In Table 2.4 the terms below the main diagonal are omitted, the matrix being
symmetrical. On the main diagonal there are variance estimations (Table 2.4).

By extracting the square root, we obtain the mean square deviation �rðtÞ in
function of time (see Tables 2.5 and 2.6).

2.4 Numerical Evaluation of Random Process Characteristics 39



Table 2.2 Random process sampling

Realizations t

0 0.4 0.8 1.2 1.6 2.0 2.4

1 0.64 0.74 0.62 0.59 0.35 -0.09 -0.39

2 0.54 0.37 0.06 -0.32 -0.60 -0.69 -0.676

3 0.34 0.50 0.37 0.26 -0.52 -0.72 0.42

4 0.23 0.26 0.35 0.55 0.69 0.75 0.80

5 0.12 0.20 0.24 0.18 -0.20 -0.42 -0.46

6 -0.16 -0.12 -0.15 0.05 0.29 0.43 0.63

7 -0.22 -0.29 -0.38 -0.24 -0.06 0.07 -0.16

8 -0.26 -0.69 -0.70 -0.61 -0.43 -0.22 0.29

9 -0.50 -0.60 -0.68 -0.62 -0.68 -0.56 -0.54

10 -0.30 0.13 0.75 0.84 0.78 0.73 0.71

11 -0.69 -0.40 0.08 0.16 0.12 0.18 0.33

12 0.18 -0.79 -0.56 -0.39 -0.42 -0.58 -0.53

Table 2.3 Mean m(t) values

t 0 0.4 0.8 1.2 1.6 2.0 2.4

mðtÞ -0.007 -0.057 0.000 0.037 -0.057 -0.093 0.036

Table 2.4 Autocorrelation matrix values

t0 t

0 0.4 0.8 1.2 1.6 2.0 2.4

0 0.163 0.138 0.080 0.046 -0.011 -0.064 -0.065

0.4 0.138 0.239 0.202 0.162 0.083 0.023 0.025

0.8 0.080 0.202 0.236 0.215 0.153 0.099 0.090

1.2 0.046 0.162 0.215 0.221 0.191 0.149 0.132

1.6 -0.011 0.083 0.153 0.191 0.241 0.235 0.171

2.0 -0.064 0.023 0.098 0.149 0.235 0.269 0.211

2.4 -0.065 0.025 0.090 0.132 0.171 0.211 0.288

Table 2.5 Variance r2(t) values

t 0 0.4 0.8 1.2 1.6 2.0 2.4

�r2ðtÞ 0.163 0.239 0.236 0.221 0.241 0.269 0.288
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If we divide the values in Table 2.4 by the corresponding products of mean
square deviations, we can draw the table of estimated values of the standard
correlation function qðt; t0 Þ (2.15) in Table 2.7.

We hypothesize now that x(x, t) be stationary. An average estimation
E[X(t)] = const. is obviously obtained from

m ¼ mð0Þ þmð0:4Þ þmð0:8Þ þ � � � þmð2:4Þ
7

ffi �0:02 km/h

Similarly for r2(t)

�r2ðtÞ ¼ �r2ð0Þ þ �r2ð0:4Þ þ �r2ð0:8Þ þ � � � þ �r2ð2:4Þ
7

ffi 0:236 (km/h)2

�rðtÞ ¼
ffiffiffiffiffiffiffiffiffiffiffi
0:236
p

ffi 0:486 km/h

Finally, we estimate the standard correlation function. For a stationary process
the correlation function (and therefore the standard correlation function) only
depends on s = t0 - t; consequently, for constant s the correlation function must
be constant. In Table 2.7 the main diagonal (s = 0) and parallels to it (s = 0.4;
s = 0.8; s = 1, 2, …) correspond to a constant s. The values of the function �rðsÞ
can be calculated by working out the mean of correlation function determinations
along the parallels to the main diagonal (Table 2.8). The graph of the function �rðsÞ
(i.e. the correlogram) is represented in Fig. 2.16.

Finally, it should be noted that the characterization of random processes
requires the study of other important topics before being used for practical

Table 2.6 Mean square deviation r (t) values

t 0 0.4 0.8 1.2 1.6 2.0 2.4

�rðtÞ 0.404 0.489 0.486 0.470 0.491 0.519 0.537

Table 2.7 Standard autocorrelation values

t0 t

0 0.4 0.8 1.2 1.6 2.0 2.4

0 1 0.700 0.405 0.241 -0.053 -0.306 -0.299

0.4 0.700 1 0.856 0.707 0.345 0.090 0.095

0.8 0.405 0.856 1 0.943 0.643 0.390 0.344

1.2 0.241 0.707 0.943 1 0.829 0.612 0.524

1.6 -0.053 0.345 0.643 0.829 1 0.923 0.650

2.0 -0.306 0.090 0.390 0.612 0.923 1 0.760

2.4 -0.299 0.095 0.344 0.524 0.650 0.760 1
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applications. Among these, for instance, there are complex-valued random pro-
cesses, the canonical development of random variables and their spectral repre-
sentations. Like the differential calculus of random processes, these subjects lie
beyond the scope of this book. In this regard, see e.g. [1, 5, 6].
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Table 2.8 Stationary process: standard autocorrelation values

s 0 0.4 0.8 1.2 1.6 2.0 2.4

�rðsÞ 1.00 0.84 0.60 0.38 0.13 -0.10 -0.30

Fig. 2.16 Correlogram for
values in Table 2.8
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Chapter 3
Common Random Processes

We present here a number of random processes which are interesting as such and
will be used in later chapters.

The chapter mainly covers basic mathematical definitions of these random
processes. Their statistical descriptions will be given in a very concise manner.

3.1 Special Random Processes

Special random processes frequently recur as models in the study of a great
number of phenomena. These processes have simple mathematical properties and
are used for solving several engineering problems. Their employment has proved
to be useful also in traffic engineering analyses.

3.1.1 Purely Random and Renewal Processes

A process is purely random if, for any integer n and any subset (t1, t2, … , tn) of T,
its n R.V. sections X(t1), X(t2), … , X(tn) result to be statistically independent.

Thus, for joint PDFs it follows

fðx1; x2; . . . ; xnÞ ¼
Yn

i¼1

fðxiÞ n ¼ 1; 2; . . . ð3:1Þ

For simplicity of notation there is no time indication (t1, t2, … , tn) as PDF
argument in (3.1) (see formula (2.4) in Sect. 2.1).

For a purely random process the autocorrelation coefficient . is always zero,
however s = tj - ti(tj 6¼ ti) is small. The opposite is not always true, in the sense

� Springer International Publishing Switzerland 2015
R. Mauro, Traffic and Random Processes,
DOI 10.1007/978-3-319-09324-6_3

43

http://dx.doi.org/10.1007/978-3-319-09324-6_2
http://dx.doi.org/10.1007/978-3-319-09324-6_2


that the independence between R.V. process sections does not necessarily come
from q(t, t0) = 0 for arbitrary t; t0 ε T (for the meaning of q(t, t0), see formula (2.12)
in Chap. 2).

In practice, however, the purely random condition is often assumed if q(s) is
constantly zero up to a certain lag value, s, s = t0 - t, with t0 and t arbitrary
instants of T.

If the PDFs of X(ti), X(tj) are the same, f(xi) = f(xj) Vti, tj [ T, a purely random
process is a strictly stationary process. In that case, if also X(t) turns out to be, for
each t belonging to T, a non-negative value R.V., a purely random process is called
renewal process.

For practical purposes, a thorough analysis of purely and renewal random
processes with reference to counting processes can be seen in [1].

3.1.2 Markov Processes

A random process is Markovian1 if, for an arbitrary section X(ti), its conditional
PDF from the previous i-1 realizations of R.V. sections (i.e., at times t1, t2, … ,
ti-1) results as

fðxi=x1; x2; . . . ; xi�1Þ ¼ fðxi=xi�1Þ i ¼ 1; 2; . . . ð3:2Þ

For simplicity of notation there is no time indication (t1, t2, … , tn) as PDF
argument in (3.2) (see formula (2.4) in Chap. 2).

Expression (3.2) is the same as assuming that, be the ti-1 state known, the
information on the system at time ti does not increase if the states at times t1, t2, … ,
ti-2 are known.

A random process ‘‘in a physical system is known as Markov process (or a
process without an after-effect also termed memoryless process) if, for any
moment t0, the probability of any state of the system in future (for t [ t0) depends
only on its state in the present (for t = t0) and does not depend on when and how
the system reached that state (in other words, for a fixed present the future does not
depend on the pre-history of the process, i.e. on the past)’’ [2].

A Markov process is described statistically only by univariate and bivariate
probability functions of their sections.

In fact we can easily prove that for any integer n

fðx1; x2; . . .; xnÞ ¼ fðx1Þ
Yn

2

fðxi=xi�1Þ n ¼ 1; 2. . .. . . ð3:3Þ

1 After the name of the mathematician A. A. Markov (1856–1922), one of the founders of the
random function theory.
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What has been said so far on purely random and Markov processes, implicitly
supposes that R.V. sections X(t) are continuous.

Clearly, however, the definitions can also be extended to discrete-valued pro-
cesses. In fact, a probability mass function is known to have the appearance of a
PDF by employing the d(�) generalized function in probability distribution
descriptions.

For practical purposes, a thorough analysis of Markov random processes with
reference to dynamic probabilistic systems can be seen in [3].

3.1.3 White Noise

We consider a random process whose sections X(t), whatever be t, result to be
represented by the same random variable at = a with constant mean E[a] and
variance Var[a].

Besides, no matter how instants ti and tj are selected on T, let sections X(ti) and
X(tj) be statistically independent.

The process defined by

XðtÞ � at � a ð3:4Þ

mðtÞ ¼ const: ð3:5Þ

Var½a� ¼ r2
a ¼ const: ð3:6Þ

is called white noise. Being m(t) and Var(t) constant by definition, the white noise
process is weakly stationary (in mean and variance).

Being at independent, also for an arbitrary non–zero value of lag k it will be2

CðkÞ ¼ Cov½XðtÞ;Xðtþ kÞ� ¼ 0 ð3:7Þ

and equally for all coefficients .ðkÞ. For them, whatever be k 6¼ 0, it results
q(k) = 0, excepting q(0) for which q(0) = 1 (see expressions (2.11) and (2.12) in
Chap. 2).

This property of the correlogram (i.e. the graph of function q(k)) makes a white
noise process immediately recognizable from other random processes.

We can also show that a white noise process is strictly stationary and at the
same time a renewal process.

A white noise process is Gaussian if the single at are distributed normally. In
engineering a white noise is often indicated as ‘‘innovation’’. This is because it is a
new ‘‘contribution’’ to each successive time unit, due to realization of R.V. at.

2 Henceforth a time headway between sections is generally denoted with ‘‘k’’, in conformity with
the prevailing notations in literature.

3.1 Special Random Processes 45

http://dx.doi.org/10.1007/978-3-319-09324-6_2
http://dx.doi.org/10.1007/978-3-319-09324-6_2
http://dx.doi.org/10.1007/978-3-319-09324-6_2


An analysis of white noise process devoted to signal processes can be seen in [4].

Example In the rolling of a fair dice we consider a succession of trials, t = 1, 2,
…. If for each trial t = 1, 2, … we report the outcomes obtained, the sequence of
numbers ranging between 1 and 6 is a white noise process realization with mean
value and variance

mðtÞ ¼ ð1þ 2þ 3þ 4þ 5þ 6Þ=6 ¼ 3:5

VarðtÞ ¼ ½ð1� 3:5Þ2 þ ð2� 3:5Þ2 þ � � � þ ð6� 3:5Þ2�=6 ¼ 2:92

3.1.4 Gaussian Processes

A random process x(x,t) is called a Gaussian process if for any integer n and any
subset (t1, t2, … , tn) of T, the random variable sections X(t1), X(t2), … , X(tn) have
normal joint probability density function.

Thus, it should follow

fðx1; x2; . . .; xnÞ ¼
1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð2pÞnjAj

p e
� 1

2jKj

Pn

k¼i

Pn

k¼j

Aijðxi�mkiÞðxj�mkjÞ
8 n 2 N

The elements aij of the autocovariance matrix K are given by

kij ¼ E½ðxi �mkiÞðxj �mkjÞ� ¼ Bðti; tjÞ �mkimkj

A Gaussian process has the following properties:

(a) the probability density function of order n, and consequently the entire
process, is completely calculated in terms of mean value mkt and auto-
correlation kernel B(�,�) (see formula (2.7) in Chap. 2);

(b) if the process is stationary in a weak sense, then we have

Bðti; tjÞ ¼ Bðti � tjÞ ¼ bðsÞ
mki ¼ mkj ¼ mk

It follows that joint probability functions, which are exclusively functions of
mean value mk and autocorrelation b(s), depend in that case on the difference ti - tj
and not on absolute values of ti and tj. Thus, the process x(x, t) is also stationary in a
strict sense.

It should explicitly be noted that in order to have a Gaussian process it does not
suffice that the univariate probability density f(x, t) of generic sections X(t), t[T is
normal.
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The importance of Gaussian processes lies, among other things, in statistic
theory and practice. For instance, for finite time series realizations of normal
stationary and invertible random processes, the procedure suggested in [5] and
established on the autocorrelation function for ARMA models (see Sect. 3.2.3),
represents a statistically effective tool to detect the random process originating
observed time series (see postulate in Sect. 1.1.1).

3.2 Autoregressive Processes and Moving Average
Processes

This class of random processes includes some models which have turned out to be
useful, among other things, for analyzing economical time series and processing
speed data (see Chap. 7).

A particularly effective and complete statistical procedure has been defined for
autoregressive moving average models, and is known as Box and Jenkins approach
[5] (see Sect. 3.3).

3.2.1 Autoregressive Process—AR(p)

Henceforth, according to the prevailing notation in literature for this type of
random process we put, for an arbitrary random process section X(t), X(t) = Xt.

A process is autoregressive of order p, AR(p), if it is of the type

Xt ¼ /1 � Xt�1 þ /2 � Xt�2 þ � � � þ /p � Xt�p þ at ð3:8Þ

All times of sections of the random process (3.8) are clearly thought to be
included in T.

/i are real constants and at is a white noise of zero-mean value and variance
(see Sect. 3.1.3).

Process (3.8) is called autoregressive because it can be seen as a regression of
Xt to itself but determined in previous time instants, or as ‘‘a weighted sum of set
values of X(t) to which a disturbance calculated in the current value at is added’’.

If we add a constant d to the second member of formula (3.8) we obtain the
complete AR(p) model

Xt ¼ dþ /1 � Xt�1 þ /2 � Xt�2 þ � � � þ /p � Xt�p þ at ð3:9Þ

For mean value, variance and autocovariance functions we obtain

E½Xt� ¼ d=ð1� /1 � /2 � � � � � /pÞ ð3:10Þ

Var½Xt� ¼ Var½at� ¼ /1Cð1Þ þ /2Cð2Þ þ � � � þ /pCðpÞ þ r2
a ð3:11Þ
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CðkÞ ¼ /1Cðk� 1Þ þ /2Cðk� 2Þ þ � � � þ /pCðk� pÞ k ¼ 1; 2; . . .; p

ð3:12Þ

Especially for model (3.8) we have (d = 0)

E½Xt� ¼ 0 ð3:13Þ

3.2.2 Moving Average Process—MA(q)

A random process is said a moving average of order q process, MA(q), if it is of
the type

Xt ¼ at � h1at�1 � h2at�2 � . . .� hqat�q t 2 T ð3:14Þ

In other words, Xt is a linear function of determinations at of a white noise,
particularly with E[at] = 0 and Var[at] = r2 weighted with real coefficients hi (hi

are real numbers).
An MA(q) process is always stationary. If a white noise process has mean

E[at] = 0, it also follows that

E½Xt� ¼ 0 ð3:15Þ

Var½Xt� ¼ ð1þ h2
1 þ h2

2 þ � � � þ h2
qÞ � r2

a ð3:16Þ

CðkÞ ¼ ð�hk þ h1 � hk�1 þ � � � þ hq � hq�kÞ ðk ¼ 1; . . .; qÞ ð3:17Þ

qðkÞ ¼ 0 ðk [ qÞ ð3:18Þ

3.2.3 ARMA(q, p) and ARIMA(p, d, q) Processes

If we compose two processes, AR(p) and MA(q), the resulting process

Xt ¼ /1Xt�1 þ /2Xt�2 þ � � � þ /pXt�p þ at � h1at�1 � h2at�2. . .� hqat�q

ð3:19Þ
is called mixed autoregressive moving average ARMA(p, q).

Another important class, deriving from an ARMA(p, q) process, is represented
by autoregressive models of order p, integrated d times with a moving average of
order q, ARIMA(p, d, q)

Xt � /1Xt�1 � . . .� /pþdXt�p�d ¼ at � h1at�1 � . . .� hqat�q ð3:20Þ
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Expression (3.20) is one of the possible forms of representation of an
ARIMA(p, d, q) model [5, 6].

Even if introduced for the study of non-stationary series, ARIMA models are of
a very general scope. They give origin to a lot of peculiar processes according to
the specific parameters p, d, q. Thus, we can interpret both stationary and non
stationary behaviours in the series surveyed.

Among all possible particularizations of the class of ARIMA(p, d, q) processes,
we mention the ARIMA(0, 1, 1) model. As shown below, the ARIMA(0, 1, 1) type
is of great interest in traffic engineering.

It has the form

Xt ¼ /Xt�1 þ at � hat�1 ð3:21Þ

The random function (3.21) is non-stationary and is also known as IMA(0, 1, 1)
model (i.e., integrated moving average model).

Figure 3.1 shows a realization obtained through IMA(0, 1, 1) process
simulation

Xt ¼ Xt�1 þ at � 0:6at�1 ð3:22Þ

Figure 3.1 clearly points out non-stationarity of the process (3.22).
However, it should be underlined that ARIMA processes are not suitable to

trace explosive-type evolutions, but rather to describe homogeneous processes.
Figure 3.2 shows an example of non-stationary (evolutionary) explosive pro-

cess realization which intuitively clarifies this term.
As for homogeneity, it consists in the process property to behave, through its

evolution, independently of the addition of an arbitrary constant ‘‘c’’ to each of its
terms up to instant t - 1.

Fig. 3.1 Simulated realization of an IMA(0, 1, 1) process (data source [6])
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In fact, we can write

Xt ¼ðXt�1 þ cÞ þ /1½ðXt�1 þ cÞ � ðXt�2 þ cÞ� þ . . .þ /p½ðXt�p þ cÞ
� ðXt�p�1 þ cÞ� þ at � h1at�1 � . . .� hqat�q

ð3:23Þ

or

Xt ¼ ½Xt�1 þ /1ðXt�1 � Xt�2Þ þ . . .þ /pðXt�p � Xt�p�1Þ
þ at � h1 � at�1 � . . .� hq � at�q� þ c

ð3:24Þ

The increase of all terms up to instant t - 1 also leads Xt to an increase of ‘‘c’’
and thus the process behaviour (time trend) results to be independent of ‘‘c’’.
Constant ‘‘c’’ is called process level.

The statistical characterization of AR(p), MA(q) and ARIMA(p, d, q) processes—
invertibility, stationarity conditions etc.—and their mutual relations are very specific
topics which cannot be dealt with here. In this regard refer, for instance, to [5–7].

3.2.4 Random Walk

This type of random process is defined by the sum of random variables which may
have the most varied probabilistic characteristics, ranging from simple univariate
distributions to R.V. systems subject to specific statistical conditions.

In its simplest form, a random walk is represented by (still be X(t) = Xt)

Xt ¼ Xt�1 þ at t ¼ 0; 1; 2. . . ð3:25Þ

Fig. 3.2 Explosive random
process realization (data
source [6])
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In process (3.25) ‘‘the current value Xt is equal to the previous Xt-1, increased
by disturbance at’’.

If we set X0 = 0 (but nevertheless an always possible choice), we get

X1 ¼ X0 þ a1 ¼ a1 ð3:26Þ

X2 ¼ X1 þ a2 ¼ a1 þ a2 ð3:27Þ

. . .

Xn ¼ a1 þ a2 þ . . .þ an ¼
Xn

t¼1

at ð3:28Þ

In the hypothesis that every ai has mean value l and variance r2, if there is
independence of the same ai, for mean value and variance functions of a random
walk we have

E½Xt� ¼ t � l Var½Xt� ¼ t � r2 ð3:29Þ

From expression (3.26) we infer that a random walk is a non-stationary process.
Figure 3.3 shows a realization of a random walk obtained by simulation,

showing a typical behaviour of this process and its clear non-stationarity.

Fig. 3.3 Random walk
simulation (data source [6])
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Figure 3.4 shows another random walk drawn from a surveyed time series.
Therein at determinations of white noise are still independent and normally dis-
tributed. A random walk process has a great number of applications, also in the
engineering field.

The random walk and the other processes deriving from it are detailed in [8].

3.3 An Insight into Inference Problems

The main aspect of time series statistical analysis is represented by the building of
a model, i.e. a random process derived from an observed time series. In other
words, the series is considered to be a realization of the process itself (see postulate
Sect. 1.1.1).

Thus, given a set of observations, generated sequentially in time, three stages of
statistical analysis are available for model building:

(1) postulate a class of models and identify a model among them (model
selection);

(2) estimate model parameters (model calibration);
(3) evaluate model consistency and efficiency (model validation).

The operational approach just outlined is typical of statistical inference.
Every stage—(1), (2), (3)—is well structured and very complex. They all

require the knowledge of advanced statistical methods, even for a first-level
analysis. These topics fall outside the aims of this book.

The interested reader will find information on inferential aspects of time series
in references [5, 6, 9]. Herein we only clarify some general concepts of the

Fig. 3.4 Surveyed random
walk (data source [6])
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problem as defined by the Box and Jenkins approach [5], which is nowadays
considered as the most suitable for studying time series.

According to this approach, the general model class (e.g. ARMA, ARIMA etc.) is
chosen in the model selection stage. Therein, by parameter estimation, the particular
process thought as appropriate for the time series in question is then specified.

The first stage is an operation requiring ‘‘science and experience’’, in that there
is generally no unequivocal result. As a matter of fact, it only allows to restrict the
choice to a reasonable number of general model classes on which the definitive
model should eventually be established.

The main statistical criterion used in the identification stage is represented by
the estimation of the standard autocovariance function, which is calculated on the
basis of observed data. On the other hand, the parameter estimation occurs by a
‘‘step-by-step’’ approach, from the preliminary to the final one, by employing input
(preliminary) estimations already done in the first stage of model identification.

In order to evaluate model consistency and efficiency (validation of the
model, Stage 3), appropriate methods are developed from examining residuals
between observed and theoretical values deduced from the established random
process.

This final stage in the development of the procedure is as important as the previous
two. In fact, the results obtained from conformity control of time series with the
established random process, can bring about even substantial modifications of the
latter, with decisive outcomes on the final effects of a statistical investigation.

Also in this case the residuals can be used, in that they serve as useful indicators
for model recalibration.

Finally, the block diagram in Fig. 3.5 also synthesizes the fundamental aspects
of the iterative approach to model building in the field of time series analysis.

Fig. 3.5 Stages for model building
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What briefly said so far about inference problems, clearly shows how important
is the ergodicity property as a basis for an estimation procedure. As a matter of
fact, thanks to ergodicity, the information content of one only realization of a
suitable length of time series allows to obtain trustworthy estimations of the
characteristics of the random process as a whole.
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Chapter 4
Traffic Flow Stationarity

Defining stationary flow conditions is one of the main topics for practical
applications in traffic engineering.

For instance, control and level of service (LOS) evaluation procedures for
highways are often developed by assuming stationary flow conditions.

This chapter concerns the basics of statistical equilibrium and traffic flow
stationarity.

A rigorous definition of flow rate is then provided.
Finally, some procedures to detect stationarity periods sequentially in time in a

traffic stream are described.

4.1 Statistical Equilibrium and Flow Stationarity

As previously pointed out (see Sect. 2.2), the operational conditions in time
for any uncertain real system may be considered as a succession of states with
probabilistic characterization.

Therefore the description of this evolution requires, in its most complete form,
knowledge of the probability associated to each system state.

Such a probability may vary any time for the same state. In this case we say that
the system exists in a transient (i.e. evolutionary) condition.

If state probabilities remain constant with time, we may say that the system has
reached a statistical equilibrium and we denote it to be in a steady-state condition.

In this regard, it should be recalled that, to evaluate if a system is at the steady-
state condition, we often choose not to assess time invariance of joint probability
density (JPD) distributions of states (see Sect. 2.2).

Thus, the assessment of a steady-state condition is only about the time-con-
stancy of relevant moments (e.g. means, variances, joint moments, etc.) associated
with one or more random variables, varying in time, that are linked to operational
conditions of the system.
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As seen in Chap. 2, in random process theory both meanings of steady-state
conditions just mentioned correspond to strict-sense and wide-sense stationarity
respectively.

The most common form of wide-sense stationarity is that in mean and variance.
Rather, we will explain that a highway element (e.g. segment, junction, etc.)

can be thought as in a stationary state if the pertaining entering traffic demand does
not vary with time for an unlimited duration. In addition, it needs to be regularly
served with no onset of traffic congestion, i.e. average queue lengths, vehicle
density, etc. indefinitely non-increasing with time.

In practice, a steady-state condition is generally thought to be attained if the
traffic demand related to an infrastructure element is constant for a finite period of
time T and yet long enough to allow operating system conditions to be stabilized
around constant mean values of state variables. The determinations of these state
variables should moreover prove to be moderately dispersed around the respective
mean values.

For instance, in case of junctions we assume queue lengths and waiting time at
entries as state variables [1].

For linear infrastructures away from junctions, state variables are generally
represented by vehicle density and travelling average times [2].

The concepts just expressed can be clarified by a strict definition of flow rate.

4.2 Flow Stationarity and Flow Rate

Let q(x, t) be a random process of flows.
It is defined in a road cross-section S during a time interval T by means of

expression (1.4) in Sect. 1.2.1.
We assume that q(x, t) is stationary and ergodic in mean (see Sect. 2.3). In this

case the process mean E[q(t)] is constant in T, E[q(t)] = const.
Besides, E[q(t)] coincides with the time mean calculated on a single realization

of q(x, t).
Let the above realization be consisted of a sequence in time of flows qi, with

i = 1, 2,…, n (see expression (1.4) of Sect. 1.2.1).
Thus we have for the mean �q of the observed data

q ¼ 1
n

Xn

i¼1

qi ¼
1
n

Xn

i¼1

xi

Dti

ð4:1Þ

We get intervals Dti of the same length

Dt ¼ T
n

ð4:2Þ
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For counts xi, it also results

Xn

i¼1

xi ¼ N ð4:3Þ

where N is the total number of vehicles recorded in S during T.
Then, through (4.2) and (4.3), expression (4.1) follows as such

q ¼ 1
n

Xn

i¼1

xi

Dti

¼ 1
nDt

Xn

i¼1

xi ¼
N
T

ð4:4Þ

Expression (4.4) coincides with expression (1.3) of Sect. 1.2.1.
Thus, if the random process of flows is stationary and ergodic in mean, we have

E[q(t)] = �q = const. and the process mean equals, from (4.4), the traffic volume
observed in S during T.

In this case, the fourth member of expression (4.4) is denoted with Q

Q ¼ N
T

ð4:5Þ

Q is called flow rate related to a road cross-section S during T and is generally
expressed in equivalent hourly flow rate (vehicles/hour : veh/h).

In order to check the flow rate independence from time during T, sequential
statistical tests can be used (see Sect. 4.3).

If the random process of flows is not constant in mean during T, we subdivide T
into a succession of subperiods T1, T2, …, Ti, …., Tn.

We then check if each Ti is characterized by the constant mean E[q(t)]i of the
respective process of flows q(x, t). Thus each Ti has its own value E[q(t)]1 = N1/T1,
E[q(t)]2 = N2/T2, …, E[q(t)]i = Ni/Ti,…, E[q(t)]n = Nn/Tn of the flow rate Qi.

In short, the traffic flow observed in a road cross-section S is said to be sta-
tionary in a time period T if the mean of the process of flows in S is constant with t
belonging to T.

For further exemplification Fig. 4.1 shows a sequence of elementary traffic
volumes qi = xi/Dti, surveyed in a motorway lane section during intervals Dti of
length Dt = 20 s. Successive Dti are contained in a T of about 90 min. T has proved
to be divisible into three periods T1 % 16 min, T2 % 45 min, T3 % 28 min in
which the flow rate is constant and, consequently, the traffic flow is in a steady-
state condition. Q determinations have resulted to be Q1 = 1.600 veh/h,
Q2 = 1.210 veh/h, Q3 = 700 veh/h respectively.

Figure 4.1 also shows the flow periods passing from a stationary time period to
another in a 90 min observation.

In the periods above mentioned the flow is said to be in a transient state (see
previous Sect. 4.1).
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4.3 Criteria for Detecting Flow Stationarity

Let {qi} = q1, q2, …, qn, qi = xi/Dti be a sequence of traffic volume values
observed in a road cross-section S during a period T.

Since Dti = DtV i, = 1, 2, …, the mean constancy of such a time series (sta-
tionary in mean) is equivalent to that of count time series {xi} = x1, x2, …, xn.

In order to check that a realization {xi} = x1, x2, …, xn extracted from a
counting process is at a constant mean, a ‘‘distribution free’’ test may be used.
Unlike the other tests (e.g. sequential probability ratio test by Wald [3]), it has the
advantage of not requiring any hypothesis on the type of counting distribution.

It allows to detect the constancy of the process mean by verifying the
hypothesis on the independence between sequence {xi} and that of the first ‘‘n’’
natural numbers [4].

The statistics of test implemented is the sample correlation coefficient R
between the two sequences

Fig. 4.1 Realization of process of flows and constant flow rate periods for a traffic stream
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R ¼
1
n
Pn

i¼1 i xi � �x nþ1
2

1
12 s2 (n2 � 1Þ
� �1=2

ð4:6Þ

with �x and s2 denoting respectively observed mean and variance of {xi} elements.
The probability distribution of R is obtained by assuming that the n values of R

calculated in n permutations of {xi} elements are equiprobable.
Extreme R values are obviously -1 and +1. We obtain R = +1 if the counting

sequence linearly increases when natural numbers increase, and R = -1 if {xi}
decrease when natural numbers increase.

By choosing n adequately high (in general n [ 10), the test acceptance region
can be restricted. Moreover, we can replace expression (4.6) with the other sta-
tistics which can be deduced by the same (4.6)

t ¼ ðn� 2Þ R2

1� R2

� �1=2

ð4:7Þ

The random variable t is distributed according to Student’s t-distribution with
(n - 2) degrees of freedom.

Through them the hypothesis of flow stationarity is rejected at level a when

jtj � ta=2 ð4:8Þ

The sample size n of {xi} must be such that the equipartitioned interval Dt of T
results to be greater than a certain minimum value: (a) in order to consider the
successive {xi} elements as statistically independent; (b) in order to make non
linear flow variations insignificant in Dt.

In fact, such a type of fluctuations cannot be detected by the test used which has
a maximum power against the alternative linear trend hypothesis.

For these reasons we assume Dt as around 20 s and n = 30 s, thus obtaining for
the interval T a length T = 10 min.

This is equivalent to assume, by definition, a constant flow rate in shorter
intervals than, e.g. 10 min.

Verification (b) is generally carried out [5] by considering an autocorrelation
coefficient for {xi} elements which is given by:

q ¼ l3

6l3
� ðr

2Þ2

4l4
� 1

12

 !
r2Dt

l3
þ 1

6
þ ðr

2Þ2

2l4
� l3

3l3

 !�1

ð4:9Þ

where l, r2, and l3 are respectively mean value, variance and central third
moment of the headways between vehicle arrivals (see Sect. 1.2.2).

By means of expression (4.9) we can calculate q from the selected value of Dt
and evaluate if it is so small to accept the hypothesis about the absence of sta-
tistical relationships between elements of the counting sequence {xi}.
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On the contrary, if we do not have any information about headways, we can
resort to a sequential correlation test, by using the following statistics

R ¼
Xn

i¼1

xi xiþ1 ð4:10Þ

Expression (4.10) for sufficiently high n (n [ 15) is normally distributed with
mean and variance given by

lR ¼
S2

1 � S2

n� 1
ð4:11Þ

r2
R ¼

S2
2 � S4

n� 1
þ S4

1 � 4 S2
1 S2 þ 4 S1 S3 þ S2

2 � 2 S4

ðn� 1Þ (n� 2Þ � lR ð4:12Þ

where

Sk ¼
Xn

i¼1

Xk
i ð4:13Þ

The knowledge of R theoretical distribution allows to carry out a common
bilateral test at the selected significance level a. Thus, the independence hypoth-
esis of flow stationarity is rejected if:

jRj � Ra=2 ð4:14Þ

Once the values of n, Dt and T have been set, the sample correlation ratio test
(4.6) is generally applied in two ways.

Assumed as test significance level a = 0.05, the former mode concerns the
counts related to the first thirty Dti starting from the observation instant.

After verifying flow stationarity, we add the arrivals related to a further three
consecutive subintervals and exclude those contained in the first three. The test is
then repeated on this new sequence and on others up to recording a non-sta-
tionary in mean realization of {xi}. The procedure continues to be performed on
arrivals in time interval Dti having as initial minute the last minute of the
previous time interval for which the flow stationarity hypothesis was rejected. As
the sample size n is not very great, the test so applied often shows a non-small
acceptance region.

In order to obviate it, we can modify the sampling procedure to obtain a
counting sequence {xi} of realizations with a more and more increasing sample
size. Shorter and shorter acceptance regions follow.
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We then add the respective successive counts Dti, one by one, starting from the
initial instant. Each time, the test is carried out on increasingly large samples up to
interrupting data processing as soon as the loss in flow stationarity occurs. The
procedure is iterated from the counting value related to the last minute of the previous
sequence. Thus, a further constant flow period is detected, reiterating the calculation
until all the data available are analyzed. The test so built can though show a big
inertia, without indicating the presence of a trend into {xi} in most cases.

The choice between the two illustrated procedures is therefore made on the
basis of the case in question.

The above described techniques to identify stationarity periods have been
recently implemented in [6].

4.4 Concluding Remarks

As well known in technical practice, the geometric and functional design of a
highway element (e.g. highway segment, junction etc.) is generally conducted by
assuming that entering traffic demand is constant with time and with reference to
traffic volume (peak hour volume, PHV) related to a suitably chosen hour (e.g.
between 30th and 100th peak hour of the year) [1].

To obtain the design traffic volume, the peak-hour volume is divided by the
peak hour factor (phf) to take into account traffic variations within the peak hour.

By working in this way, the design traffic is equal to the equivalent hourly
traffic volume of the subhourly peak rate of flow. Strictly speaking, however, this
procedure is not correct.

In fact, by applying the design traffic volume (obtained from the peak-hour
entering traffic demand) indefinitely (in accordance with steady state conditions),
we have values of system state parameters (e.g. queue lengths, waiting times,
vehicle densities etc.) that are considerably greater than the ones actually applied.

In addition, the values of these parameters tend to become infinite under critical
conditions, that is when the entering demand mean equals, or exceeds the highway
element capacity (saturated or oversaturated conditions).

These circumstances cause an over-dimensioning of geometrical element fea-
tures and an unrealistic evaluation of level of service (LOS).

In reality, traffic peaks and critical conditions occur for more or less long time
intervals, so that they are consequently finished with limited effects.

It is then suitable to base the design procedures on demand flow evaluations
within the time period considered and, in addition, on the effective duration of
traffic peaks.

This implies to consider transitory evolution of the system, from one steady
state condition to another. A detailed exemplification of this type of analysis is
contained for instance in [1] with reference to intersections.
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Chapter 5
Counting Process

The random process of counts has been introduced in the previous Sect. 1.2.1.
Counting process and time headway process in traffic play a central role in
highway design and control.

The chapter deals with the basics of counting distributions and Poisson random
processes.

Moreover the relationships between flow stationarity and counting process are
outlined.

5.1 Common Probability Distributions for Traffic Counts

The arrival counting process N(x, t) has been defined by means of expression (1.2)
in Sect. 1.2.1.

N(x, t) is also known as traffic counting process.
Henceforth for an arbitrary section N(t) of N(x, t), we put N(t) = X(t).
X(t) is therefore the random variable ‘‘number of vehicles that pass a road

cross-section S in an interval [0, t], that is of duration t’’.
Table 5.1 shows the probability mass functions (PMFs), P(X(t) = x; t), more

employed in applications with regard to sections X(t) of a counting process.
P(X(t) = x; t) denotes the probability that x vehicles pass a road cross-section

S during a counting period of t. Below, we simply denote P(X(t) = x; t) with
P(X = x), understanding time interval t.

The binomial distribution is defined for x = 0, 1, 2,…n with n = 1, 2,… The
Poisson and the negative binomial distributions are defined for x = 0, 1, 2,…

Then let �x and s2 be respectively mean and variance of a measured counting
distribution related to a sample determination of X(t).

Now we describe a well-established criterion frequently used to fit a probability
mass function for counting distribution to observed data.
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If the mean �x and variance s2 of observed data prove to be almost equal, �x ffi s2,
we can assume that the measured counting distribution is consistent with a Poisson
distribution.

By such a counting probability distribution, indeed, the mean l and variance r2

result to be equal to the same value which also defines the model thoroughly.
On the other hand, if the observed mean �x proves to be greater than the

observed variance s2, we can infer that measurement variability of surveyed counts
is lower than that expected for Poissonian arrivals of equal mean.

In such a case the concordance with observed data can be checked through the
positive binomial or the generalized Poisson models. They will be dealt with
below. For these two distributions in fact, the mean is greater than the variance.

It is known that l and r2 can completely identify the two distributions; moreover,
the generalized Poisson distribution can precisely be defined only by the mean.

The circumstance that �x [ s2 has frequently been observed in traffic conditions
away from the free flow, where traffic volumes are generally very high. The
generalized Poisson distribution can be used as mathematical counting model, also
for high traffic volume values, on condition that flow stationarity is maintained
during an observation time interval T.

Finally, if the observed mean �x is less than the observed variance s2, the mean
being the same, there are more dispersed counts than those deriving from Pois-
sonian arrivals. In that case we generally opt for a negative binomial distribution,
otherwise called Pascal probability law. For this model, as well as for observed
data, the mean is lower than the variance.

Also in this case mean and variance characterize this model completely.
It has been found that Pascal counting distribution can be used to describe, for

instance, flow conditions which occur downstream of intersections with traffic
signals. Some authors have though used this distribution as a counting model also
on multilane roads.

Table 5.2 sums up the above outlined criterion for selecting a counting distri-
bution by means of the mean �x and variance s2 of a measured counting
distribution.

Table 5.1 Counting distributions: probability mass functions (PMFs), moments, parameter
estimation

Distribution Binomial Poisson Negative binomial

PMFs n
x

� �
pxð1� pÞn�x

lx

x! e�l xþ k� 1
k� 1

� �
pkð1� pÞx

Mean l n � p l k�ð1�pÞ
p

Variance r2 n � p � ð1� pÞ l k�ð1�pÞ
p2

l
r2 ð1� pÞ�1 [ 1 1 p\1

Parameter estimation p ¼ ð�x� s2Þ=�x

n ¼ �x2=ð�x� s2Þ
l ¼ �x p ¼ �x=s2

k ¼ �x2=ðs2 � �xÞ
Traffic condition Congested traffic Light traffic Cyclic variation in flow
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As far as the generalized Poisson distribution is concerned, it is completely
defined by two positive real parameters, k and k. When k is a positive integer, we
have the probability mass function

PðX ¼ xÞ ¼
Xk

i¼1

e�k � ðkÞx�kþi�1

ðx � kþ i� 1Þ! x ¼ 0; 1; 2; . . . ð5:1Þ

A rough approximation for k is that k ¼ �x=s2. Through �x, between k and k there
is the relationship [1]:

k ¼ k � �xþ 1=2 � ðk� 1Þ ð5:2Þ

Furthermore, estimation of the parameter k is not a straightforward process.
To this end, Haight et al. provided a nomograph [1] and the estimation

Eq. (5.2). This nomograph is entered with the mean �x and the variance s2 of the
observed data.

We can though attribute to k, in an approximate but often acceptable manner for
applications, integer values between 1 and 3 for flow q intervals ranging between 0
and 1,500 vehicles/h, so as to univocally obtain, by means of expression (5.2), also
k value in function of the only observed mean �x.

As previously said, �x proves to be the only statistics to characterize the model
completely.

Table 5.3 sums up what has just been said.
When k is an arbitrary positive real number, we modify expression (5.1) since

P(X = x) calculation requires turning to the incomplete gamma function CðkÞ,
which is a generalization of the factorial operator ð!Þ when its argument is a
positive non-integer number (see Sect. 6.1).

The examination of this form of the generalized Poisson law is a subject which
falls outside the scope of this book (see [2]).

It is worth saying, however, that in engineering practice k value obtained from
observed data processing is generally rounded off to the nearest integer, without
prejudice to final model selection.

Table 5.2 Selection crite-
rion for counting models

Value of s2=�x Suggested distribution

[1 Negative binomial (Pascal)

%1 Poisson

\1 Binomial or generalized Poisson

Table 5.3 k and k values in
function of q

Flow q [veh/h] k value k value

0 7 500 1 k ¼ �x

501 7 1,000 2 k ¼ 2 � �xþ 1=2

1,001 7 1,500 3 k ¼ 3 � �xþ 1
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Whatever counting distribution is utilized, for the significance of the mean l in
probability mass functions (see Table 5.1) we have

l ¼ q � t ð5:3Þ

where q is the traffic volume related to a unit time interval (in occurrences/time)
and t is the duration of the counting period. In terms of estimation of l by the
observed mean, we have

l ¼ q � t ¼ �x ð5:30Þ

Thus, if for instance a Poisson counting distribution is adopted, it follows:

P(X ¼ x) ¼ ðq t)x � e�qt

x!
ð5:4Þ

Figure 5.1 shows some graphs of the binomial and Poisson probability distri-
butions for some values of their respective parameters.

Example Table 5.4 illustrates a dataset (source [1]) of traffic counts in a road
cross-section of a suburban highway lane, recorded in 64 intervals, each of
duration t = 15 s (column I).

Empirical frequencies fi surveyed for each argument value xi of X(t) are given
in column II of Table 5.4.

For these measured distributions, we have

X13

i¼1

xi � fi ¼ 478 veh

X13

i¼1

x2
i � fi ¼ 3:822 veh

and therefore with a sample size N ¼
P13

i¼1 fi ¼ 64, we obtain values of the
sample mean �x and sample variance s2 of the number of vehicles passing the
considered road cross-section S1 in t = 15 s:

�x ¼ 478
64
¼ 7:469 veh/15 s

1 To calculate s2 we have used the expression s2 ¼ ðm2 � �x2 � NÞ=ðN� 1Þ where m2 ¼P
x2

i � fi is the sample second moment.
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s2 ¼ 3822� ð478
2
=64Þ

63
¼ 3:999 ðveh/15 s)2

According to formula (5.30) we obtain for the unit traffic volume q, q = 7.469/15
= 0.498 veh/s.

The ratio between measured mean and empirical variance

�x
s2
¼ 7:469

3:999
¼ 1:868

is higher than the unit. Thus we select a binomial counting distribution to fit to
observed data of Table 5.4.

Fig. 5.1 PMF of binomial
and Poisson probability
distributions for some values
of their respective parameters
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The PMF of a binomial distribution depends on two parameters p and n (see
Table 5.1): n is given by

n ¼ �x2

�x� s2
¼ ð7:469Þ2

7:469� 3:999
¼ 16:077

We put n = 16, seen that n must be a positive integer in a binomial distribution.
For p we obtain

p ¼ �x� s2

�x
¼ �x

n
¼ 7:469

16
¼ 0:467

If we set q ¼ 1� p ¼ 1� 0:467 ¼ 0:533, starting from the general expression
of PMF (see Table 5.1)

PðX ¼ xÞ ¼ n
x

� �
pxð1� pÞn�x ¼ n!

x!ðn� xÞ! pxqn�x x ¼ 0; 1; 2; . . .

we obtain

PðX ¼ xÞ ¼ 16
x

� �
ð0:467Þxð0:533Þ16�x ¼ 16!

x!ð16� xÞ! ð0:467Þxð0:533Þ16�x

with mean

l ¼ n � p ¼ 16 � 0:467 ¼ 7:472 veh/15 s

and variance

r2 ¼ n � p � q ¼ 16 � 0:467 � 0:533 ¼ 3:982 ðveh/15 s)2

As an alternative to the binomial counting distribution, should that be the case,
we can select a generalized Poisson counting distribution.

In order to fit the PMF of a generalized Poisson counting distribution to
observed data, we need to estimate parameters k and k from the dataset. k and k
characterize this probability mass function (PMF) completely and are connected to
each other by means of expression (5.2).

Given that we obtain k = 2 by means of the ratio �x=s2 = 7.469/3.999 = 1.868
ffi 2 from expression (5.2), we have2

k ¼ 2 � �xþ 0:5 ¼ 2 � 7:469þ 0:5 ¼ 15:438

2 With flow = 7.469 veh/15 s ffi 1800 veh/h, through indications in Table 5.3, we obtain k ¼ 3
in place of k ¼ 2. This difference in determining the numerical value of the same parameter
arises quite frequently when statistical procedures of different origin are used in treating the
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From the general PMF of the generalized Poisson distribution (see expression
(5.1)) we have

PðX ¼ xÞ ¼
Xk

i¼1

e�k � ðkÞx�kþi�1

ðx � kþ i� 1Þ! x ¼ 0; 1; 2;. . .

Mean and variance of a generalized Poisson counting distribution cannot
generally be expressed in a closed form. The PMF related to observed data yields

PðX ¼ xÞ ¼
X2

i¼1

e�15:438 � ð15:438Þ2�xþi�1

ð2 � xþ i� 1Þ!

Finally, although the relation �x=s2 [ 1 does not favour the selection of the
Poisson counting distribution as a counting model, it is applied all the same to the
dataset of Table 5.4.

The only parameter which completely characterizes this distribution is the mean l.
Thus, by expressions (5.3) and (5.4) we have

PðX ¼ xÞ ¼ lx

x!
e�l x ¼ 0; 1; 2;. . .

For the variance we moreover obtain r2 ¼ l (see Table 5.1)
In case of observed counts in Table 5.4, we obtain

PðX ¼ xÞ ¼ ð7:469Þx

x!
e�7:469

with mean l ¼ 7:469 veh/15 s and variance r2 ¼ 7.469 (veh/15 s)2. The value of
r2 ¼ 7.469 (veh/15 s)2 strikingly disagrees with the sample variance s2 based on
observed data equal to s2 ¼ 3:999 (veh/15 s)2:

By means of this Poisson counting distribution, probabilities related to a sur-
veyed arbitrary count xi result to be those in column III of Table 5.4, which shows
the theoretical frequencies 64 � PðxÞ together with probability distributions
obtained by the models in question.

By comparing the theoretical frequencies with observed frequencies fi in col-
umn II, we note that the Poisson counting distribution describes the statistical
series (x, f) unsatisfactorily, while higher accuracy is ensured by the binomial or
the generalized Poisson counting distributions. The latter can thus represent an
alternative to the most usual binomial counting distribution.

(Footnote 2 continued)
same dataset. Quite obviously, the final model estimation is made by implementing a parameter
suitable to find the model which at its best provides a close approximation to the measured
counting distribution.
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This evaluation, however, has been qualitative, and thus a quantitative evalu-
ation procedure is required. Therefore, to estimate how well a mathematical
counting (probability) distribution provides a close approximation to a measured
counting distribution, we can compare observed and theoretical frequencies by
using statistical techniques, i.e. a goodness-of-fit test (e.g. chi-square or Kol-
mogorov-Smirnov goodness-of-fit tests). For these tests refer, for instance, to [3].

The final aim is then to compare probability distributions in Table 5.1, the mean
being equal. We thus specify probability mass functions of traffic counts in a 20-s
interval. X(t) assumes the values X = 1,2,3,…,11 or more vehicles. We assume a
stream with a traffic volume q ¼ 720 veh/h ¼ 0:2 veh/s:

Through the meaning of symbols and expressions in Table 5.1, we obtain:

• Poisson probability distribution
We have

l ¼ 0:2 � 20 ¼ 4 veh/20 s; r2 ¼ 4 ðveh/20 s)2

and therefore we obtain

PðX ¼ xÞ ¼ lx � e�l

x!
¼ 4x � e�4

x!

• Binomial probability distribution
We have

l ¼ n � p ¼ 4 veh/20 s

We find that, by assuming the unit interval (20 s) divided into twenty

subintervals of 1 sec each, p ¼ 0:2 1� p ¼ 0:8 r2 ¼ n � p � ð1� pÞ ¼
3:2 ðveh/20 s)2 and therefore we get

P(X ¼ x) ¼ 20!

ð20� x)!x!
� 0:2x � 0:820�x

• Negative binomial probability distribution
From the q value (q = 720/h) we put k ¼ 2 (see Table 5.3) and we obtain

l ¼ k � ð1� p)/p or 4 ¼ 2 � ð1� p)/p

from which we find that

p ¼ 0:3334; 1� p ¼ 0:6666; r2 ¼ 2 � 0:6666

ð0:3334Þ2
¼ 12 ðveh=20 sÞ2
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With these values we obtain

P(X ¼ x) ¼ xþ k� 1
k� 1

� �
� pk � ð1� p)x ¼ ðxþ 1Þ!

x!
� ð0:3334Þ2 � ð0:6666Þx

• Generalized Poisson distribution
As in previous probability mass functions, given the value of q = 720 veh/h, we
choose (Table 5.3) k = 2, such that

�x ¼ l ¼ 4 veh/20 s

and therefore, still from Table 5.3,

k ¼ k � �xþ 1
2
ðk� 1Þ ¼ 8:5

With this determination, for expression (5.1) it results

P(X ¼ x) ¼
X2

i¼1

e�k � kkxþi�1

ðkxþ i� 1Þ! ¼ e�k � k2x

ð2x)!
þ k2xþ1

ð2xþ 1Þ!

� �

¼ e�8:5 � 8:52x

ð2x)!
þ 8:52xþ1

ð2xþ 1Þ!

� �

Probability values P(x) are given in Table 5.5 and represented in Fig 5.2.

Table 5.5 Probability values with different distributions and equal mean

P(X = x) Poisson Binomial Negative binomial Generalized Poisson

P(X = 0) 0.0183 0.0115 0.1112 0.0019

P(X = 1) 0.0732 0.0576 0.1483 0.0277

P(X = 2) 0.1464 0.1369 0.1482 0.1175

P(X = 3) 0.1952 0.2054 0.1318 0.2320

P(X = 4) 0.1952 0.2182 0.1098 0.2628

P(X = 5) 0.1562 0.1746 0.0878 0.1924

P(X = 6) 0.1041 0.1091 0.0683 0.0982

P(X = 7) 0.0595 0.0545 0.0520 0.0369

P(X = 8) 0.0297 0.0222 0.0390 0.0106

P(X = 9) 0.0132 0.0074 0.0289 0.0024

P(X = 10) 0.0053 0.0020 0.0212 0.0004

P(X = 11 or more) 0.0037 0.0006 0.0535 0.0172
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5.2 A Further Criterion for Identifying Counting Models

In addition to the selection criterion shown in Table 5.2, a further criterion is
suggested for the preliminary choice of a model for counting distribution
according to observed data.

In [4] this criterion has been shown to be more effective than the simple
comparison between mean and variance of observed counting distribution and

Fig. 5.2 Probability
counting distributions with
equal mean
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mathematical counting distribution, since the former requires the latter as a model.
In order to have a greater quantity of information than that only connected to the
comparison between �I ¼ s2=�x and I ¼ r2=l, we also compare the statistics L ¼
m3=s2 with L ¼ l3=s2. m3 and l3 are respectively sample and theoretical moments
of order 3. On the plane (I, 0, L) the point (I, L) has a different collocation for each
different mathematical distribution (see Fig. 5.3). It lies on segment (a) if it can be
referred to a binomial distribution, on the ray (b) originating in C if it represents a
negative binomial distribution; finally, it coincides with point C if connected to the
Poisson law.

The positioning of sample points ð�I; �LÞ obtained from observed data on the
plane (I, 0, L) near either geometric place detected, suggests which mathematical
distribution should be chosen and then submitted to a goodness-of-fit test.

However, it is worthwhile noting that this useful and easily applicable method
cannot be unequivocally discriminating in the counting distribution selection, like
any other statistical procedure for model estimation.

Figure 5.3 also shows the curve (C), related to Neyman type-A two-parameter
distribution [5]:

The probability mass function of the latter is such that:

p (X ¼ 0Þ ¼ e�m1ð1� e�m2Þ ð5:5Þ

p (X ¼ nþ 1Þ ¼ m1 m2 e�m2

nþ 1

Xn

k¼0

mk
2

k!
p (n� k) n ¼ 0; 1; 2; . . . ð5:6Þ

where m1 and m2 are estimated with:

m1 ¼ �x2=ðs2 � �xÞ ð5:7Þ

m2 ¼ ðs2 � �xÞ=�x ð5:8Þ

Fig. 5.3 Probability
distributions on the plane
(I, 0, L)

74 5 Counting Process



Equation L = f(I) for the models just mentioned, inferred from expressions of
the respective mean l, variance s2 and moment l3 of order 3, are illustrated in
Table 5.6.

The negative binomial and Neyman type-A two-parameter distributions belong
to the largest family of probability models called aggregate- or contagious-type.

They play a crucial role in biometrics when the elements of the surveyed
populations are generally seen in groups or in aggregates [4].

With regard to traffic streams, the corresponding condition can be referred to
vehicles operating in platoons.

5.3 Flow Stationarity and Counting Process

In the previous points we have dealt with univariate probability distributions (PDs)
which can be used for the section X(t) of the counting process N(x, t).

The discussion has thus centred on the random process N(x, t) in an arbitrary
instant t of T.

Now, we connote the evolution of N(x, t) in T.
In this case the process N(x, t) needs to be connected to statistical character-

istics of the traffic stream, of which it is an expression.
The relations between probability mass functions in Table 5.1 and the flow

stationarity (see Chap. 4) will be examined below.
It should be remembered that the probability P(X(t) = x), x = 0,1,…, n… is

evaluated with regard to a counting period of t in T.
Whatever be the probability mass function of a section X(t) of N(x, t) (see

Table 5.1), for obvious reasons it should result that (see Eq. (5.3)).

E[X(t)] ¼ lðt) ¼ q(t)�t ð5:9Þ

where q(t) is the average rate of arrival (in occurrences/time); t is the duration of
each counting period (time); E[X(t)] ¼ lðt) is the average number of vehicles
arriving during a period of duration t.

If the flow is stationary in T, q(t) is constant and denoted with Q (flow rate,
Sect. 4.2). Expression (5.9) is thus written as

Table 5.6 Relationship
between I and L for different
counting models

Distribution Relationship between I and L

Poisson L ¼ I ¼ 1

Binomial L ¼ 2I� 1 I 2 0; 1½ �
Negative binomial L ¼ 2I� 1 I 2 1;1½ ½
Neyman type-A L ¼ Iþ 1� 1=I I 2 1;1½ ½
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lðt) ¼ Q � t ð5:10Þ

From Eq. (5.10) we deduce that, if the flow is stationary, the traffic flow rate is
the mean value of the counting process during a counting period of duration t = 1.

If X(t) is a Poisson random variable, it also results that lðt) ¼ r2ðtÞ (see
Table 5.1).

With Eq. (5.10) we have

r2ðtÞ ¼ Q � t ð5:11Þ

Equations (5.10) and (5.11) show that mean and variance of the process N(x, t)
are t functions when t varies in T, even if the traffic volume is constant.

It follows that flow stationarity does not imply stationarity of the counting
process N(x, t).

Such a conclusion is general. In other words, it is worth even if sections X(t) are
not Poisson random variables.

The statement can easily be confirmed by considering the expressions of
parameters l and r2 which characterize the probability mass functions of counts
(see Table 5.1). The proof is left to the interested reader.

We recall now some peculiarities of the main types of Poisson random
processes.

Flow stationarity is a fundamental requisite so that, under light traffic (low Q
values), sections X(t) are Poisson random variables.

We consider in this regard a flow of events F (vehicle arrivals) as defined at
Sect. 1.2.1. In addition, F needs to be (a) stationary, (b) without any after-effect (i.
e. memoryless), (c) ordinary, in a time interval T [5].

A joint random process with these properties is termed Poissonian elementary
(or homogeneous) flow of events:

(a) F stationarity is equivalent to stationarity of the flow in T (as described in
Chap. 4);

(b) memorylessness occurs if the event number in any interval Dti \ T is inde-
pendent of that recorded in any other interval Dtj \ T. Dti and Dtj are
hypothesized as disjoint, ti \ tj ¼ ;;

(c) ordinariness implies that between t and t + Dt the probability of two or more
occurrences (arrivals) is negligible with regard to the probability of a single
occurrence; t is an arbitrary instant of T. Dt is to be assumed as very little.

It is shown (see, e.g. [6, 7]) that if F is elementary (or homogeneous), then X(t)
V t [ T is a Poisson random variable (5.4) with mean (5.10) and variance (5.11)

PðXðtÞ ¼ xÞ ¼ ½ðQtÞxe�Qt�=x! x ¼ 0; 1; 2; . . .; n ð5:12Þ

In this case also the random process N(x, t) is termed as Poisson elementary (or
homogeneous).
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We consider now a traffic stream with a non-stationary flow, whose traffic
volume q is function of t, q = q(t). Should the arrival flow F of the said stream
remain ordinary and without memory, F is called Poisson non-stationary (o non-
homogeneous).

In that case, the resulting counting process N(x, t) is called Poisson non-
homogeneous as well. Such a process is also known as generalized Poisson type-I.

The probability laws of sections X(t) of N(x, t) then appear as

PðXðtÞ ¼ xÞ ¼ ½kxe�k�=x! x ¼ 0; 1; 2; . . .; n ð5:13Þ

kðtÞ ¼
Z t

0

q(sÞds t 2 T ð5:14Þ

E½XðtÞ� ¼ kðtÞ ð5:15Þ

For a Poisson non-homogeneous process we also have

P½ðX ¼ xÞ;�t; t0� ¼ ½kxe�k�=x! x ¼ 0; 1; 2; . . .; n ð5:16Þ

kðtÞ ¼
Zt0þ�t

t0

qðsÞds t0; t0 þ�t 2 T ð5:17Þ

P½ðX ¼ xÞ;�t; t0� denotes the probability of x arrivals in a counting period of �t
starting from an (arbitrary) instant t0.

Moreover, for (5.17), k ¼ kð�t; t0Þ: Thus, k depends not only on the counting
period �t but also on its position on T (through t0).

Finally, for F we eliminate hypotheses on the absence of memory and/or
ordinariness, thus obtaining counting processes which further generalize the
Poisson elementary process. For them refer to [8].

In [9] there is a recent analysis of Poisson processes.
As shown by empirical observations, and in agreement with the theoretical

hypotheses underlying the Poisson law, this is a realistic counting model when, in
an observation period T, on one or more lanes:

(a) there are no external causes disturbing the flow (flow stationarity);
(b) the time headway between vehicles is such that they are not mutually

constrained.

The latter circumstance implies that the lower the flow, the more consistent will
be the model with empirical data. Thus the recourse to a Poisson process can be
justified for flow rate values up to 400 7 500 veh/h.

Therefore, the Poisson probability distribution (5.12) for X(t) sections of N(x, t)
cannot generally be used in absence of flow stationarity or with high flow rate
values. In such a circumstance flows of events (arrivals) are not elementary
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(see previous points (a)–(c) in this section). Thus, for counting random variable X(t)
we turn to different probability distributions from the Poisson elementary proba-
bility law. Some of these distributions have just been detailed above (see
Eq. (5.13)) or in the previous sections of this chapter.

Finally, we can plausibly think that the counting process N(x, t) is of a purely
random (renewal) type for low values of flow rates (see Sect. 3.1).

When the flow increases, the number of constrained vehicles increases as well.
It follows that N(x, t) gradually tends to be a process with an after-effect (i.e.

with memory) and more and more autocorrelated over time.
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Chapter 6
Time Headway Process

The time headway process has great practical as well as theoretical significance in
highway engineering.

The chapter deals with the basics which statistically characterize a process of
time intervals between vehicles of a traffic stream.

Some aspects of the correspondence between headways and counting distri-
butions are also outlined.

6.1 Probability Distribution for Time Headways

In the previous Sect. 1.2.2 we defined the process H(x, t) of time headways
between vehicles along a traffic stream. Below we will denote the section of the
process H(x, t) at an arbitrary time t[T with H(t), and the univariate probability
density function (PDF) of H(t) with f(s).

Henceforth a vehicle time headway is simply referred to as headway.
Table 6.1 reports probability distributions of H(t) more frequently employed in

applications. �s and s2 are respectively mean and variance of the observed head-
ways s, generally recorded on sequences in time (see Figs. 1.8 and 1.9 of Chap. 1)

As shown below in this chapter (see Sect. 6.2), if counts X(t) are distributed
with a Poisson distribution, H(t) is an exponential-distributed random variable (see
Fig. 6.1). Like Poisson’s model for counts, the more consistent is the model with
observed data, the lighter is the flow, that is not greater than 400 7 500 veh/h.
The exponential law, though, provides probability density values different from
zero for very short time intervals, at worst null (see Fig. 6.1). This is physically
impossible when one single traffic stream is observed, since vehicles have a finite
length.

With the aim of resolving this inconsistency, we have proposed a shifted
exponential distribution [1].
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Its PDF (see Fig. 6.2) shows the minimum physically possible headway in the
traffic flow conditions in question; it is denoted with ‘‘c’’ in the expression of
Table 6.1 and assessable through observed data, or assumed as c = 0.5 7 1 s as a
first attempt.

In case of two or more parallel or oppositely directed streams, if the flow is not
light, we are quite likely to observe two vehicles passing through the same road
cross-section almost synchronously. Even with short headways not typified by
high frequencies, as well as whenever mutual interferences increase between
vehicles, an Erlang distribution can be supposed for H(t) (see Table 6.1).

Parameters k and k can easily be determined with the sample statistics �s and s2;
k ¼ �s2=s2 is rounded off to the nearest integer.

Figure 6.3 (a, b) shows the Erlang PDF curves when k varies with two
assumptions about parameter k.

Figure 6.3a concerns the hypothesis k ¼ const. on which the distribution mean
linearly increases with k. Fig. 6.3b illustrates k influence in case of constant mean,
that is to say k=k ¼ const.; the latter case being of interest for modelling headways.

The Erlang distribution is a particular case for a k positive integer of the most
general Gamma distribution. For Gamma PDF we have

fðsÞ ¼ ke�ksðksÞk�1

CðkÞ

where the quantity CðkÞ is—be k a real positive number—defined by

Fig. 6.1 Negative exponential probability density function
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CðkÞ ¼
Z1

0

yk�1e�ydy

CðkÞ is the complete (standard) Gamma function. It satisfies for k [ 0
CðkÞ ¼ ðk� 1Þ � Cðk� 1Þ; for k = n, n = 1, 2,… we have CðnÞ ¼ ðn� 1Þ!.

If k is a non integer value, CðkÞ is not easily calculated. A gamma function
table and an example to calculate CðkÞ are given in Appendix E of [2].

For constrained vehicles, we can also adopt the log-normal distribution as a
headway probability model. It is proved to be suitable for interpreting headways
when flow conditions reduce most of the realized s values of H(t) to a small
number of classes related to a few seconds (see Fig. 6.4).

Briefly, a criterion often employed for selecting a probability model for H(t) is
the following: if the flow is light, and the sample mean �s and sample standard

deviation
ffiffiffiffi
s2
p

are almost equal, �s ffi
ffiffiffiffi
s2
p

, it is possible to opt for an exponential
distribution, in which mean and standard deviation result to be equal to the value
which also defines the model completely.

Should this not occur, the observed headways can be inferred as different from
those connected to purely Poissonian arrivals. In this case, observed data can be
interpreted by means of other laws, more adequate to differentiate such flow states
from free-flowing conditions in terms of headway distribution.

More specifically, we can prove (see Sect. 6.2) that the Erlang distribution is the
headway probability law associated to arrivals distributed with a generalized
Poisson law (see Eq. (5.1) in Sect. 5.1). As such, in principle, it can be employed

Fig. 6.2 Shifted negative exponential probability density function
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with high values of flow q. To do this, the value of the k parameter, increasing with
q, needs to be properly chosen.

H(t) PDFs as yet considered (see Table 6.1) can be all obtained by a Pearson
type III law, by properly describing its three parameters in detail. For these
deductions, see [2].

In order to estimate PDF parameters for a headway distribution, it is usual to
employ measurement sequences {si} = s1, s2,… sn of headways by observing

Fig. 6.3 a Erlang probability density function with k = 0.5 and some k-values. b Erlang
probability density function for some k-values and with constant mean l = k/k = 4 s
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traffic streams for a time T in a road cross-section S. Thus, the observed moment �s
and s2, by which we estimate the aforesaid parameters (see Table 6.1), are
calculated on {xi} members.

The estimation criterion just recalled can be applied by assuming the ergodicity
of the headway process H(x, t) (see Sect. 2.3). In fact, in this case, the information
obtained from a single realization of H(x, t) (sequence {si} of s) can be thought as
valid for the random process as a whole, on condition that the realization has a
great sample size.

The ergodicity of the process H(x, t) under consideration will later be thought
as valid with respect to the statistics recurring in calculations.

Whatever headway law is selected for the section H(t) of H(x, t), for the
significance of the mean l, if Q is the flow rate (see Sect. 4.1) of the stream to
which vehicle headways are referred, it follows (s is usually expressed in s,
therefore q is in veh/s)

l ¼ 1
Q

ðk ¼ QÞ ð6:1Þ

Consequently, if for instance an exponential headway distribution is used, it can
be written

fðsÞ ¼ Qe�Qs ðk ¼ QÞ ð6:2Þ

while for the shifted exponential distribution it follows

Fig. 6.4 Log-normal probability density function (with l = 2.5 s and r2 = 4.15 s2)
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fðsÞ ¼ 1
1
Q� c

exp �ðs� cÞ
�

1
Q
� c

� �� 	
s� c ð6:3Þ

For the Erlang distribution (and Gamma distribution), on the basis of expression
(6.1), we can put

l ¼ 1
Q
¼ k

k
ð6:4Þ

and thus

k ¼ kQ ð6:5Þ

For the Erlang PDF k is an integer positive number. The Erlang parameter k is
largely affected by the volume level and, to a lesser extent, by several other
variables such as alignment, grade and environmental elements. However, in the
absence of any knowledge of these variables, Drew’s empirical relationship
k = 0.89 exp [0.4055 9 Q/400] (with Q in veh/h)—see Fig. 6.5—has been found
to approximate the value of k as related to highway volume Q.

Fig. 6.5 Relationship between flow and k parameter of the Erlang PDF
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If we turn to Drew’s relationship in Fig. 6.5 and if the flow rate Q (in equivalent
hourly flow rate) is known, we can determine k as rounded off to the nearest
integer value to that read for Q. Thus we obtain a further estimation criterion for k
and k (see Eq. (6.5)) with respect to the direct criterion derived from observed data
processing k ¼ �s2=s2; k ¼ �s=s2ð Þ.

In addition we can also attribute to k, in an approximate but often acceptable
manner for applications, integer values between 1 and 3 for flow rate Q intervals
ranging between 0 and 1,500 vehicles/h (see Sect. 5.1): k = 1 if Q =
0 7 500 veh/h; k = 2 if Q = 501 7 1,000 veh/h; k = 3 if Q =
1,001 7 1,500 veh/h.

If we interpret a dataset with a Gamma PDF whose parameter k, in case of
applications to headways, can be an arbitrary positive number but not necessarily
an integer, k is given from Fig. 6.5 or from the estimation k ¼ �s2=s2, without any
other approximation.

With expression (6.5) the Erlang PDF can be rewritten as such

fðsÞ ¼ kQ
ðk� 1Þ! ðkQsÞk�1e�kQs ð6:6Þ

and be entirely determined once the flow rate q is known.
The exponential distribution is a particular case of the Erlang distribution and

can be deduced with Eq. (6.6) for k ¼ 1.
Given that a headway is a continuous random variable, it is not possible (and it

would be a nonsense) to determine for it the probability that H(t) assumes a value s.
Instead, we can assess the probability that H(t) has a shorter or longer duration

than an arbitrary value s, or is comprised of between the time intervals s1 and s2.
Quite understandably, these determinations are important to applications.
As is well known, the probability PðHðt)� sÞ is given by the cumulative

probability function F(s) of the R.V. H(t) expressed by

FðsÞ ¼ PðHðt)� sÞ ¼
Zs

0

fðeÞde s� 0 ð6:7Þ

The integral at the third member in (6.7), being s arbitrary, is a s function.
For simplicity of notation, the R.V. vehicle headway H(t), which is a generic

section of the headway process H(x, t) in t, will be denoted by omitting t,
H(t) = H.

The evaluation of the integral, when f(s) are substituted with the headway PDFs
(6.2), (6.3) and (6.6), yields the following distribution functions:negative expo-
nential distribution
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FðsÞ ¼ 1� e�Qs ð6:8Þ

shifted exponential distribution

FðsÞ ¼ 1� e�½ðs�cÞ=ð1=Q�cÞ� ð6:9Þ

Erlang distribution

FðsÞ ¼ 1� e�kQs
Xk�1

n¼0

ðkQsÞn

n!
ð6:10Þ

Given the probability distribution function, the probability Pðs1�H� s2Þ that
the headway is comprised of between the values s1 and s2 is given by

Pðs1�H� s2Þ ¼ Fsðs2Þ � Fsðs1Þ s2 [ s1 ð6:11Þ

Example The observed mean �s and variance s2 of a sample of headways recorded
on a road cross-section, for a flow rate Q ¼ 0:25 veh/s, appear to be �s ¼ 1=Q ¼ 4 s
and s2 ¼ 9:61 s2:

The standard deviation is lower than the mean; in order to fit the measured data, a
shifted exponential distribution is adopted to be successively submitted to a good-
ness-of-fit test. Parameters are estimated following the indications in Table 6.1:

k ¼ 1
s
¼ 1

3:1
¼ 0:323 veh/s

c ¼ �s�
ffiffiffiffi
s2
p
¼ 4� 3:1 ¼ 0:9 s

Equation (6.9) becomes

FðsÞ ¼ 1� e�½ðs�0:9Þ=ð4�0:9Þ� ¼ 1� e�0:323�ðs�0:9Þ

Thus, for instance, for the probability that a headway is less than 2.0 sec or
3.5 sec, we immediately obtain

P(H� 2:0 s) ¼ F(2:0Þ ¼ 1� e�0:323�ð2�0:9Þ ¼ 0:299

P(H� 3:5 s) ¼ F(3:5Þ ¼ 1� e�0:323�ð3:5�0:9Þ ¼ 0:568

And then, e.g. the probability that a headway is comprised of between 2.0 and
3.5 s, yields for (6.11)

P(2:0�H� 3:5Þ ¼ F(3:5Þ � F(2:0Þ ¼ 0:269
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Finally, if our interest is to learn the probability that H is higher than a certain
value s, we immediately have

PðH [ sÞ ¼ 1� PðH� sÞ ¼ 1� FðsÞ

Thus, the probability that H [ 3.5 s is equal to

PðH [ 3:5Þ ¼ 1� 0:568 ¼ 0:432

Example We draw a sample of counts with the aim of identifying the headway
distribution associated to vehicle arrivals in the observation road cross-section.

In order to exemplify, we use the data of Table 5.4 in Chap. 5, which is con-
sistent with a generalized Poisson PDF (see Eq. (5.1) in Chap. 5).

As previously pointed out, if in a theoretical flow of events, arrivals are dis-
tributed through a generalized Poisson law, the headway between them is
described by an Erlang distribution.

Thus, we can reasonably suppose that also the headways associated to observed
counts are an Erlang random variable, especially characterized by a k parameter
value equal to that estimated for the count distribution, k ¼ 2.

Since the flow rate is Q ¼ 0:498 veh/s, and recalling that for Eq. (6.5) k ¼
k � Q ¼ 2 � 0:498 ¼ 0:996; expression (6.10) is written as such

PðH� sÞ ¼ FðsÞ ¼ 1� e�0:996�s½1þ 0:996� s�

And thus, for instance, we obtain

PðH� 1:5 sÞ ¼ Fð1:5Þ ¼ 1� e�0:996�ð1:5Þ½1þ 0:996� 1:5� ¼ 0:44

By using the expression of the cumulative probability function F(s), we can
proceed with the probability calculation of other events related to the headway
process H(x, t), as done in the previous example.

As far as the log-normal PDF is concerned, its cumulative probability function
F(s), unlike the other headway laws here considered, cannot be expressed in a
closed form, but it is given by

FðsÞ ¼ U
ln s� a

b

� �
ð6:12Þ

where U(•) is the distribution function of the standard normal distribution [3], and
a and b are respectively mean and standard denotation of the random variable ln H

Example A dataset of headway with mean �s and variance s2 of �s ¼ 2:5 s and
s2 ¼ 4:15 s2 respectively, has been surveyed from an observation road cross-section.
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We assume a log-normal PDF as a probability law

fðsÞ ¼ 1

s � b �
ffiffiffiffiffiffi
2p
p exp �ðln s� aÞ2

2b2

( )

With the indications in Table 6.1 we calculate the parameters as follows:

c2 ¼ s2

�s2 ¼
4:15
6:25

¼ 0:664

b2 ¼ lnð1þ c2
sÞ ¼ 0:509

a ¼ ln
�sffiffiffiffiffiffiffiffiffiffiffiffiffi

1þ c2
s

p
 !

¼ 0:662

Thus we have

fðsÞ ¼ 1
1:787� s

exp � lnðs� 0:662Þ2

1:018

( )

while for the cumulative probability function we have

FðsÞ ¼ U
ln s� a

b

� �
¼ U

ln s� 0:662
0:713

� �

For instance, if we need to assess the probability of events H� 1:8 s and
H� 3:2 s, we obtain

P(H� 1:8 s) ¼ F(1:8Þ ¼ U
0:588�0:662

0:713

� �
¼ Uð�0:104Þ

P(H� 3:2 s) ¼ F(3:2Þ ¼ U
1:16�0:662

0:713

� �
¼ Uð0:703Þ

The probability values which are being sought, are drawn from the tables of the
standard normal distribution (see e.g. [3]) and result as follows

Fð1:8Þ ¼ 0:459 Fð3:2Þ ¼ 0:759

The probability that a headway includes the range of 1.8 and 3.2 s equates with

P(1:8 s � H � 3:2 s) ¼ Fð3:2Þ � Fð1:8Þ ¼ 0:30
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6.1.1 Composite Headway Distributions

The probability density functions f(s) shown in Table 6.1 do not allow to distin-
guish the behaviour, with respect to headways, between free-moving and con-
strained vehicles1 in a traffic stream, given that they have been obtained by
processing empirical data which have not been differentiated between either cat-
egory of vehicles.

Should the interest be in clarifying the contribution given by these vehicle
categories to the headway distribution in a traffic stream, the most employed model
type is the following

fðsÞ ¼ b � gðsÞ þ ð1� bÞ � hðsÞ ð6:13Þ

where b is the percentage of free-moving vehicles in all the traffic, and g(s) and
h(s) denote the PDF components of f(s) and are related to free-moving and con-
strained vehicles, respectively.

Given f(s), g(s) and h(s) can be calculated using the current statistical tech-
niques for composite probability laws.

The distributions of type (6.13) have been suggested by several scholars with
the purpose of interpolating empirical data for which the probability laws above
have been proved to be inadequate. The simplest among them is the hyper-
exponential distribution which assumes the following form:

fðsÞ ¼ b � 1
�s1
� e�

s
�s1 þ ð1� bÞ � 1

�s2
� e�

s
�s2 ð6:14Þ

in which b and 1 - b represent the percentage of free-moving and constrained
vehicles (driving in platoons) respectively; �s1 and �s2 are the mean headways of
free-moving and constrained vehicles respectively.

Mean and variance of PDF (6.14) are as such:

l ¼ b � �s1 þ ð1� bÞ � �s2

r2 ¼ b � ð2� bÞ � �s2
1 þ ð1� b2Þ � �s2

2 � 2b � ð1� bÞ � �s1 � �s2
ð6:15Þ

In order to utilize expression (6.14), we need to estimate the three parameters
b, �s1, �s2, starting from observed headways; this can be done through the moment

1 It is worth remembering that, unlike the so-called ‘‘free-moving vehicles’’, ‘‘constrained
vehicles’’ denote those vehicles whose drivers are obliged by traffic stream conditions to maintain
a lower speed than that desired.
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method2. If we consider it for the hyperexponential distribution, the third moment
is written as such:

M3 ¼ 6 � ½b � �s3
1 þ ð1� bÞ � �s3

2�

By way of an example, with such parameter values as
b ¼ 0:60; �s1 ¼ 12 s; �s2 ¼ 1:6 s, Eq. (6.14) becomes

fðsÞ ¼ 0:05 � e�0:0833�s þ 0:25 � e�0:625�s ð6:16Þ

Equation (6.16) is shown in Fig. 6.6 which also indicates the contributions of the
two terms (as dotted lines).

The mean headway of the entire stream is such that

�s ¼ 0:6 � 12þ 0:4 � 1:6 ¼ 7:84 s

which corresponds to a flow rate Q ffi 460 veh/h:
Two new composite type-models for vehicle headways have been developed in [4].

Fig. 6.6 Hyperexponential probability density function ðb ¼ 0:6; �s1 ¼ 12 s; �s2 ¼ 1:6 s)

2 It is worth recalling that the k-order moment of a random variable X with respect to the origin

is the mean of its k-th power: mk ¼ E[Xk� ¼

X
xk

i � p(xiÞ for discrete---valued R:V:
Z

xk � f(x) dx for continuous---valued R:V:

8
><

>:

in which the summation and the integral are extended to the definition intervals of X.
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6.2 Traffic Counting Process and Vehicle Headway Process

We now mention some aspects of the connections between counts and headway
probability distributions.

Consider a flow of events and their intervals H(ti) between successive arrivals.
Let the R.V. time Tk be the sum of the first k intervals H(ti) between successive

arrivals in time.
H(ti) denotes time intervals with no arrivals occurred inside. Every H(ti) ends

with the respective i-th arrival.

It follows that Tk ¼
Pk

i¼1
Hi (it is set H(ti) = Hi).

Given the cumulative probability function of Tk, FkðsÞ ¼ PðTk� sÞ; the N(s)
probability distribution can easily be calculated.

It should be recalled that X(s) = N(s) is the counts in the interval (0, s) (see
formula (1.2) in Chap. 1).

Therefore, we put

PkðsÞ ¼ PðXðsÞ ¼ kÞ k ¼ 0; 1; . . .; n ð6:17Þ

Given that the relation between events yields

fXðsÞ\kþ 1g 	 f½XðsÞ ¼ k� [ ½XðsÞ\k�g ð6:18Þ

we have

PðXðsÞ ¼ kÞ ¼ PðXðsÞ\kþ 1Þ � PðXðsÞ\kÞ ð6:19Þ

The event {Tk [ s} is equivalent to the other {X(s) \ k}

fTk [ sg 	 fXðsÞ\kg ð6:20Þ

Expression (6.20) indicates that if the k-th arrival occurs after s, the number of
arrivals at instant s must be lower than k and vice versa.

In short, it follows

PkðsÞ ¼ PðXðsÞ ¼ kÞ ¼ PðTkþ1 [ sÞ � PðTk [ sÞ ð6:21Þ

Expression (6.21) is equivalent to

PkðsÞ ¼ PðTk� sÞ � PðTkþ1� sÞ ¼ FkðsÞ � Fkþ1ðsÞ ð6:22Þ

By considering the relationship between events

fTk� sg 	 fXðsÞ� kg ð6:23Þ
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we have

FkðsÞ ¼ PðTk� sÞ ¼ PðXðsÞ� kÞ ¼
X1

i¼k

PiðsÞ ¼ 1�
Xk�1

i¼0

PiðsÞ ð6:24Þ

Equations (6.22) and (6.24) are completely general, in that they have been deduced
without any hypothesis on the random variables H(t), sections of random process
H(x, t), like their mutual statistical independence or their similarity, when t varies
in T.

From (6.24), when k = 1 is set, the interested reader will easily obtain, in a
closed form, the results which are being described.

If the arrival process (event flow) is Poisson homogeneous (the flow is sta-
tionary) (see Eq. (5.12) in Sect. 5.3), the time interval (i.e. headway) between two
successive vehicles is an exponential R.V.

In other words, if counts N(t) = X(t) are distributed with PDF (5.12) in Sect. 5.3,
the headway PDF between them is given by

fðsÞ ¼ Qe�Qt ð6:25Þ

Should the arrival process (event flow) be Poissonian non-homogeneous (the
flow is non-stationary) (see Sect. 5.3, and specifically Eqs. (5.13) and (5.16)), the
time headway between two successive vehicles, with the former recorded at instant
t0, is an exponential R.V. with integral exponent.

In other words, if counts N(t) = X(t) are distributed with PDF (5.16) in Sect. 5.3,
the headway PDF between them is given by

fðsÞ ¼ qðt0 þ sÞ exp �
Zt0þs

t0

qðnÞdn

8
<

:

9
=

;s[ 0 ð6:26Þ

The symbols in Eq. (6.26) have the same meaning as in Eqs. (5.13) 7 (5.17) in
Sect. 5.3.

Expression (6.26) is particularized as a function of time behaviour of the flow
q(t). Thus, e.g. by hypothesizing (the flow being non-stationary) the flow q(t) as
linearly variable

q(t) ¼ aþ b � t ð6:27Þ

Equation (6.26) is as follows

fðsÞ ¼ ½aþ bðt0 þ sÞ� expf�a � s� b � t0 � s� b � s2=2g s [ 0 ð6:28Þ

where counts X(t) are distributed by a generalized Poisson law (see (5.1) in Sect. 5.1),
the univariate PDF of headways is an Erlang function (for k see Fig. 6.5)
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fðsÞ ¼ kq
ðk� 1Þ! ðkqsÞk�1e�kqs ð6:29Þ

If for the counting process we hypothesize different types of probability laws
from those related to Poisson distributions just mentioned (see Chap. 5), by
applying Eq. (6.24), a headway PDF cannot always be obtained and expressed in a
closed form.

However, if counting probability laws are known, Eq. (6.24) always allows to
calculate and table the values of headway probability laws.

Finally, it is realistic to empirically expect the vehicle headway process H(x, t)
to result purely random (i.e. renewal process—see Sect. 3.1.1) for low flow values,
whatever the probability law of sections H(t) of H(x, t) may be.

When the flow increases, the mutual vehicle conditioning increases as well.
It follows that a headway process, both in case of arrivals and counts, tends

gradually to be more and more autocorrelated. Thus, it tends to be also a process
with an after effect (i.e. with memory) over time.

On these more complex aspects of probabilistic characterization of times
between random arrivals in a flow of events, especially about flows with limited
memory, see [5, 6].
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Chapter 7
Speed Processes

Speed random processes were introduced in the previous Sect. 1.2.3.
Speed is a fundamental parameter as a measure of highway performance.
This chapter focuses on the specifications of these random processes under

given traffic flow states.
In particular, three mathematical random models can be deduced, in that they

have been shown to be consistent with empirical data, also surveyed in recent
researches on motorway reliability.

7.1 Speed Probability Distributions

We consider the speeds of individual vehicles passing a road cross-section. The
observed speed distribution is of normal type in most cases.

The probability distribution function (PDF) f(v, t) of an arbitrary section V(t) of
the process V(x, t) (see Sect. 1.2.3) is therefore:

f(v, t) =
1ffiffiffiffiffiffi

2p
p

� rðt)
� exp �ðv� lðt))2

2r2ðt)

� �

This PDF is defined completely once the sample mean m and sample variance s2,
as estimators of mean E[v(t)] = lðt) and variance Var[v(t)] = r2ðt), are respec-
tively obtained.

Traffic states are reflected on the behaviour of f(v, t), in that they concur in l(t)
and r2(t) values.

For instance, Fig. 7.1 reports two unique PDFs of spot speeds, (a) and (b), fitted
to observed speed distributions, detected in the same road cross-section S. PDF (a)
concerns a free-moving flow, exclusively formed by passenger cars, in good
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environmental conditions. PDF (b) regards a high-density and composite traffic
flow generated by passenger cars and heavy vehicles in the rain.

We promptly notice how in the case with the severest traffic conditions (i.e.
case (b), speeds are distributed around a central valueðl ¼ 70 km/h) and with a
dispersion (r), which are both lower than case (a).

In order to compare traffic flow conditions, different from each other, of crucial
importance is the distribution related to desired speeds, which is usually Gaussian.
For a given population of drivers, desired speeds are estimated as coinciding with
those reached by drivers when vehicles do not interact.

These circumstances are thought as achieved in the presence of a very light flow
(freely-flowing traffic) along a road segment, whose alignment has no influence on
the motion of an isolated vehicle, in daylight and good climatic conditions (ideal
conditions of road and traffic).

By comparing the distribution behaviours of desired speeds with those of
speeds observed in non-ideal conditions, we can get concise indications of the
effects globally exercised by these conditions on drivers’ behaviour.

If sections V(t), t [ T, of the process V(x, t) are normally distributed, sta-
tionarity in mean and in variance of V(x, t) evidently implies constancy of l(t) and
r2(t) with t, and thus invariance of f(v, t) with t [ T.

The normality of all f(v, t) V t [ T is not though sufficient to make the process
V(x, t) Gaussian.

In fact (see Sect. 3.1.4), a process x(x, t) is defined Gaussian if, for an arbitrary
set t1, t2, …, tn of times, sections X(t) of the process have a normal joint PDF as
joint probability density function.

This condition does not derive, however, from the normality of the univariate
PDF.

Besides the normal probability distribution, other PDFs have been proposed for
sections V(t) of V(x, t) [1].

Fig. 7.1 Examples of speed PDFs
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They are represented by the log-normal function and by composite probability
densities.

The log-normal PDF has already been dealt with in Sect. 6.1 as a specific
probability distribution for vehicle headways.

As in the latter case of time headway, the log-normal distribution for speed is
useful to interpret observed data when flow conditions restrict most of the realized
V(t) values to a small number of classes, all remaining V(t) values being dis-
tributed with a long tail (see Fig. 6.4 in Chap. 6).

In the same way as headways (see Sect. 6.1.1), composite PDFs for speeds have
been introduced to describe traffic streams consisted of sets of vehicles which can
be characterized as free-moving or constrained, or subject to specific and different
speed limits (e.g. passenger cars or heavy vehicles).

Thus, in accordance with traffic composition (in terms of passenger cars, buses,
trucks etc.) and flow regimes, different composite PDFs can be built. For instance,
a composite probability distribution for V(t) can be obtained, under specific traffic
conditions, as a linear combination f(v) = bg(v) + (1 - b)h(v) of a normal (i.e.
g(v)) and a log-normal (i.e. h(v)) PDF for either subset of passenger cars (in
percentage b) and heavy vehicles (in percentage (1 - b)) of the entire traffic
volume.

It is usually realistic to identify a mathematical speed model with a composite
probability law when statistical distributions of measurements appear as bimodal.

In that case it is often easy to distinguish and identify the two PDFs constituting
the composite model for observed data.

Finally, it is worth noting that for a long time operating speeds have been (and
they still are [2]) the subject of systematic researches on two-lane highways, but
not so many studies have been conducted either on multi-lane or dual-carriageway
highways.

7.2 Speed Processes and Traffic Flow Conditions

We consider traffic streams along a single lane observed in a road cross-section S
for a specified time interval T.

Depending on the fact that traffic is in free-flow state, with vehicles operating in
platoons or uniformly constrained, we can hypothesize three different types of
drivers’ behaviour.

Three different random processes of speed are then identified from these
behaviours.

We will present these models in a descriptive way and then detail their sta-
tistical characterization.

Henceforth we simply put V(t)=Vt for an arbitrary section V(t) of the random
process V(x, t).
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7.2.1 Speed Process in the Free-Flow State (Case A)

In this case individual vehicles are virtually unaffected by the presence of others in
the stream.

The resulting speed sequence is a renewal process (see Sect. 3.1.1). It consists
of a succession in time of independent and identically distributed random
variables:

Vt ¼ Vt þ at ð7:1Þ

which result in

Vt ¼ Vt�1 ð7:2Þ

where

• Vt is the R.V. speed of the vehicle passing at instant t (t indicates the vehicle
arrival in the observation road cross-section S recorded in progression and is
equal to t = 1, 2, …, n);

• Vt and Vt�1 are the conditioned means, called levels of the random process
V(x,t), at times t and t - 1 from the previous realization of the process (see
Fig. 1.12 in Sect. 1.2.3, and Sect. 3.2.3);

• at are random variables independently and identically distributed with zero
mean and non-zero finite variance (W.N.—see Sect. 3.1.3).

7.2.2 Speed Process for a Stream of Vehicles in Platoons
(Case B)

In this case individual drivers reduce their speeds so as to adjust them to the speed
of the vehicle just ahead and, at the same time, keep a sufficient spacing. Thus they
avoid marked fluctuations of their own motion regime in function of those caused
by the first vehicle of the platoon (whose speed is not conditioned by others).

We call this free-moving vehicle platoon leader vehicle. We have experi-
mentally observed [3, 4] that the speed random process for vehicles operating in
platoons is of type

Vt ¼ Vt�j þ dðj)et ð7:3Þ

where

• Vt is the speed of a vehicle in the moving queue, away j vehicles from the
platoon leader vehicle. Such a vehicle has obviously passed at instant t - j in
the observation road cross-section S;
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• d(j) is an operator which corresponds to: d(j) = 0 if we are observing the leader
vehicle (Vt follows as equal to the free-moving vehicle speed); d(j) = 1 if
j 6¼ 0 (speed of a platooned vehicle being recorded);

• et are independent and identically distributed random variables, with zero mean
and non-zero finite variance (W.N.—see Sect. 3.1.3).

The probabilistic characterization of the random process (7.3) is carried out in
the following Sect. 7.3.1.

The random process (7.3) is especially important for two-lane highways.
Indeed, in that case, even with free flows, if the overtaking is hindered by highway
alignments, platoons can mainly be observed.

7.2.3 Speed Process in the Congestion State (Case C)

In this case individual drivers move closer to the vehicle just ahead than the drivers
falling within the previous case B. The driver who chooses such an alternative,
tries to minimize spacing from the preceding vehicle, thus avoiding such spacing
being occupied by any vehicle from a parallel lane.

In brief, a driver reacts against his/her progressive shift towards the back of the
platoon. Given such driving behaviour, expressed Vt by means of Eq. (7.1), it has
experimentally been verified [3, 4] that, if at instant t - 1 there is a shift at-1 from
the process level, i.e. from the conditioned mean Vt�1, such a shift influences the
speed at instant t. This influence is then exercised only in mean, i.e. on the level Vt,
but not on the probability distribution of shifts at from Vt. We therefore have:

Vt ¼ Vt�1 þ kat�1 ð7:4Þ

where k is a coefficient whose values range between 0 and 1, and which measures
the entity of the influence exercised by a vehicle on the speed of the next vehicle.

By assuming the relationship Vt ¼ Vt þ at between Vt and Vt, through
Eq. (7.4) we obtain

Vt ¼ Vt�1 þ at þ kat�1 ð7:5Þ

to be then

Vt�1 ¼ Vt�1 þ at�1 ð7:6Þ

or

Vt�1 ¼ Vt�1 � at�1 ð7:7Þ

by substituting Eq. (7.7) into Eq. (7.5) we obtain
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Vt ¼ Vt�1 þ at � #at�1 ð7:8Þ

where # ¼ 1� k at and at-1 are a sequence of independent and identically dis-
tributed normal random variables, with zero mean and finite (and constant with t)
variance r2.

Expression (7.8) defines an autoregressive integrated moving average process
of the first order, ARIMA(0, 1, 1) (see Sect. 3.2.3).

We have previously stated in Sect. 3.2.3 that this random process type allows to
represent an uncertain evolutionary non-stationary phenomenon by utilizing two
components: an autoregressive (AR) component ‘‘explains’’ the present in function
of the past up to a certain ‘‘distance’’ (e.g. Vt in function of Vt-1, Vt-2,…); a
moving average (MA) component represents the current determinations (e.g. Vt)
as outcome of a succession of random impulses. These latter are statistically
composed of uncorrelated normal random variables, with zero mean and variance
r2 (i.e. at, at-1, at-2, …).

In brief, as already underlined in Sect. 3.2.3, an ARIMA(p, q, d) process is, in
its general form, of type

Vt � u1Vt�1 � . . .� upþdVt�p�d ¼ at � #1at�1 � . . .� #qat�q ð7:9Þ

for p = 0, q = 1, d = 1, with u = 1, we exactly obtain Eq. (7.8).
Starting from expression (7.8), we can yield the relationship between levels Vt

of the random process at successive instants

Vt ¼ Vt�k þ k
Xk

j¼1

at�j ð7:10Þ

which shows how the time trend of levels Vt, starting from t - k instant, can be
regarded as the result of a random walk generated from the variable kat (see
Sect. 3.2.4).

The deduction of expression (7.10) is dealt with in Sect. 7.3.2 below.
Starting again from Eq. (7.8), if we set Wt ¼ Vt � Vt�1, it follows

Wt ¼ at � ð1� kÞ at�1 ¼ at � #at�1 ð7:11Þ

Expression (7.11) represents an MA(1) random process, with a first-order
moving average (see Sect. 3.2.2). It is wide-sense stationary but not a renewal
process, in that Wt depends on two successive at realizations, and consequently
there are non-zero correlations between two consecutive Wt.

It is worth remembering that E[at] = 0 and Var[at] = r2 = const.
It should be noted that:

• The ARIMA(0, 1, 1) process is established by the two parameters k and r2.
They are estimated on the MA(1) process (7.11) by employing its stationarity
properties;
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• For the time behaviour of the level Vt, if k is low, i.e. if vehicles influence each
other in a slight manner (or k is not small, but the at dispersion r2 is), we can
deduce from Eq. (7.10) that Vt is quite unlikely to diverge very much from a
constant value. It follows that the process of speeds Vt can be thought as stable.
Should, on the other hand, k and r2 be both elevated, the speed process is
markedly unstable.

The process (7.8) is very important for the states of traffic flow on motorway
lanes, especially on off-side lanes.

In fact, the stability of the speed process on off-side lanes has a crucial role in
motorway reliability, as shown in [3–6], after significant empirical observations
made on Italian and Dutch motorways.

7.2.4 Some Remarks on Detecting Speed Processes

In general, a sufficiently long sequence of speed values, surveyed sequentially in
time at a road cross-section of a motorway lane, can contain a succession of speed
time series concerning the three types of random process mentioned in the pre-
vious sections (cases A, B, C).

Specifically, it is realistic to expect a prevalence of realizations of type A
(renewal) or type C (ARIMA(0, 1, 1)) processes depending on a free or congested
flow, respectively.

However it should be noted that, if in Eq. (7.4) (speed random process of type C)
we set k = 0, we obtain an expression of a type A process (see Eq. (7.2)).

Therefore, the application of a sequential test—suitable to recognize realiza-
tions of first-order autoregressive moving average processes (type C)—to an
arbitrary sequence of spot speeds virtually allows to detect also realizations of a
renewal process (type A) and, by exclusion, realizations of a type B process.

Besides, as previously observed, the instability phenomenon of traffic streams
only concerns the processes realized by case C users, or those belonging to the
first-order ARIMA process type.

Notably, the latter processes are those of interest, which should be detected for
motorway control applications.

Section 7.4 below gives a very brief introduction to the procedure suitable to
detect sequences of ARIMA process realizations (7.8) of spot speeds in a traffic
stream.

7.3 Describing Speed Processes

In order to exemplify the deduction of a traffic probability model in detail, the
following sections will deal with the description of the speed processes (7.3) and
(7.8).
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7.3.1 Describing the Speed Process for a Stream of Vehicles
in Platoons

We consider a traffic flow consisting of a sequence of platoons, each driven by a
leader vehicle, followed by vehicles which try to maintain the speed of their
leader. Also sequences of free-moving vehicles may fit into successive platoons.

As stated above at Sect. 7.2.1, the speed succession of free-moving vehicles
along a lane, at a point, consists of a sequence of independent and identically
distributed random variables.

On the contrary, when a platoon passes, there is a succession of speeds
diverging from the leader vehicle speed by means of residual values et (see
Eq. (7.3)); the random variables et are independent and identically distributed with
zero mean, as already stated in Sect. 7.2.2.

The probability structure of this latter process has been deduced for the first
time in [7], worked out through a different theoretical approach in [8].

The model built in [8] has very recently been reused in [4] for empirical
calibration and validation on the basis of time series of speeds surveyed in an
Italian motorway.

We consider a vehicle passing an observed road cross-section S. Let p be the
probability that this vehicle is a platooned vehicle (see Sect. 7.2.2.), and be q =
1 - p the probability that this vehicle is free-moving (see Sect. 7.2.1.)

The probability that a platoon has a length x, i.e. it is formed by x vehicles B
apart from the free-moving platoon leader vehicle, is given by:

pðxÞ ¼ q px ð7:12Þ

Let Vt be the speed of a vehicle transited through a road cross-section S at
instant t and be j the number of vehicles which separate it from the beginning of
the moving queue. We obviously obtain j = 0 if such a vehicle is free-moving
while, if j is different from zero, the vehicle transiting at instant t - j is free-
moving (non-constrained) and the others, up to instant t, are all B. Considering
what we have said on speeds of vehicles B, we have:

Vt ¼ Vt�j þ dðjÞ et ð7:13Þ

where et denotes a sequence of independent random variables, identically dis-
tributed with zero mean and variance r2

e .
d(j) is a j function defined as such:

dðjÞ ¼ 0 for j ¼ 0
1 for j 6¼ 0

ð7:14Þ

From expression (7.13), be the speed mean of free-moving vehicles denoted
with V, we have:
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E½Vt� ¼ V ð7:15Þ

E½V2
t � ¼ E½V2

t�j� þ E½d2ðjÞ� E½e2
t � ð7:16Þ

as Vt-j, d(j) and et are independent random variables.
Let r2 be the variance of free-moving vehicle speed probability distribution, we

have:

E½V2
t�j� ¼ V

2 þ r2 ð7:17Þ

By recalling that p is the probability that the vehicle passing at instant t is a
platooned vehicle and, therefore, j 6¼ 0, we have

E½d2ðjÞ� ¼ p ð7:18Þ

thus relation (7.16) becomes

E½V2
t � ¼ V

2 þ r2 þ pr2
e ð7:19Þ

The variance of the speed process is thus given by:

r2 ¼ Var ½Vt� ¼ E½Vt�
2 ¼ r2 þ pr2

e ð7:20Þ

We calculate now the covariance between the speed at instant t and that at
instant t - k, being k [ 0. If k [ j, the two vehicles belong to different platoons,
the two speeds are independent and the covariance is zero. Thus it follows:

E½VtVt�k=j\k� ¼ V
2

If k = j, we have

Vt ¼ Vt�j þ et

Vt�k ¼ Vt�j

E½VtVt�k=j ¼ k� ¼ E½ðVt�j þ etÞVt�j� ¼ E½Vt�j�2 ¼ V
2 þ r2 ð7:21Þ

If k \ j, we have

Vt ¼ Vt�j þ et

Vt�k ¼ Vt�j þ et�k
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E½VtVt�k=j [ k� ¼ E½ðVt�j þ etÞðVt�j þ et�kÞ� ¼ E½Vt�j�2 ¼ V
2 þ r2 ð7:22Þ

Therefore the mean of the product of sections VtVt�k of the random process
V(x, t), E½VtVt�k�, conditioned to being j C k, is:

jE½VtVt�k�=k� jj ¼ V
2 þ r2 ð7:23Þ

The probability that j C k is pk and that j \ k is 1 - pk.
Therefore the unconditioned mean of the product results as such:

E½VtVt�k� ¼ ð1� pkÞV2 þ pk V
2 þ r2

� �
¼ V

2 þ pk r2 ð7:24Þ

from which the covariance Cov ½VtVt�k� is drawn:

Cov½VtVt�k� ¼ E½VtVt�k� � V
2 ¼ pk r2 ðk [ 0Þ ð7:25Þ

The correlation coefficient qk is such that:

qk ¼
Cov[VtVt�k�

r2 ¼ pkr2

r2 þ r2
e

¼ pk 1

1þ p r2
e

r2

ðk [ 0Þ ð7:26Þ

that is, of type abk-1, in which

a ¼ p

1þ p r2
e

r2

¼ 1
1
pþ

r2
e

r2

and b ¼ p

Should free-moving vehicle speeds and the residuals et be distributed by a
normal probability law, expressions (7.15), (7.20) and (7.25) or (7.26) define the
probability structure of the process completely.

7.3.2 Describing the Speed Process in State of Congestion

The following model of speed random process, explained in [8], has been
empirically calibrated and validated on the basis of speed time series surveyed in
Dutch [5] and Italian [5, 6] motorways.

In the previous Sect. 7.2.3 we have already seen that in the congestion state:

(a) between speed levels at t and t - 1 there is the relation

Vt ¼ Vt�1 þ k � at�1 ð7:27Þ
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k[ [0, 1] defines the extent of the influence exercised ‘‘in mean’’ by a vehicle
on the speed of the next vehicle in a traffic stream

(b) at-1 is equal to

at�1 ¼ Vt�1 � Vt�1 ð7:28Þ

(c)

Vt ¼ Vt þ at ¼ Vt�1 þ at þ k � at�1 ð7:29Þ

By means of Eq. (7.28) replaced in Eq. (7.29), we have

Vt ¼ Vt�1 þ at � # � at�1 ð7:30Þ

with # ¼ 1� k: The at, at-1, … constitute a sequence in time of independent
random variables, identically distributed with zero mean and finite variance r2

(W.N. process).
The process defined by expression (7.30) is a first-order integrated moving

average (ARIMA (0, 1, 1)) (see Sect. 3.2.3).
We consider now the operators: difference r; sum S and shift both backwards

B and forwards F, to be defined by means of the arbitrary sequence

. . . . . . . . . xm . . . . . . . . . x0 . . . . . . . . . xt

• Difference operator: rxt ¼ xt � xt�1

• Sum operator: Sxt ¼ r�1xt ¼
Pt

j¼�1
xj

• Backward shift operator: Bxt ¼ xt�1

• Forward shift operator: Fxt ¼ B�1xt ¼ xtþ1

.
For these operators the commutative and associative properties of sum and

product as well as the distributive property of product are applicable (i.e. ordinary
algebra rules can be used).

With operators rand B, Eq. (7.30) becomes

rVt ¼ ð1� #BÞ � at ð7:31Þ

and still,

1� #B ¼ ð1� #BÞBþ ð1� BÞ ¼ ð1� #BÞBþr ¼ kVþr ð7:32Þ

By replacing (7.31) in (7.32), we have:

7.3 Describing Speed Processes 105

http://dx.doi.org/10.1007/978-3-319-09324-6_3


rVt ¼ kat�1 þrat ð7:33Þ

By applying the operator S to both members of Eq. (7.33) such that

Sat�1 ¼
X1

j¼1

at�j

we obtain

Vt ¼ k
X1

j¼1

at�j þ at ð7:34Þ

Expression (7.34) defines the speed at instant t in function of the shifts at,
at-1…, occurred since the beginning of the process at time t.

By calculating the conditioned mean of both members in Eq. (7.34), we then
have

Vt ¼ k
X1

j¼1

at�j ð7:35Þ

Similarly, given that: (a) at-j means, conditioned by the process history until
instant t - 1, are the at-j realizations already occurred; (b) the at mean value not
yet occurred is zero, by calculating the mean of both members of Eq. (7.34)
(conditioned by the process history occurred until instant t – k - 1), we have:

Vt�k ¼ k
X1

j¼kþ1

at�j ð7:36Þ

Thus, expression (7.34) can be written as

Vt ¼ Vt�k þ k
X1

j¼1

at�j þ at ð7:37Þ

which expresses the speed at instant t, as required after the realization of a process
already occurred up to instant t – k - 1. From Eq. (7.37) we can deduce that the
Vt mean, conditioned by the process realizations occurred up to instant t – k - 1,
remains constant when t increases, i.e. the instant when we evaluate the level Vt-k

is kept fixed.
Such a mean can be expressed not only by Eq. (7.35) or Eq. (7.36), but also as

linear combination of speeds Vt-j measured during the previous realization of the
process.
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By substituting rVt ¼Wt into Eq. (7.31), the stationary process of Wt is
obtained, in that these are at sequences. By means of operator B, expression (7.31)
can be written

at ¼ ð1� #BÞWt ¼ ð1þ #Bþ #2B2 þ . . .þ #kBkÞð1� #kþ1Bkþ1Þ�1Wt ð7:38Þ

from which

ð1� #kþ1Bkþ1Þ�1at ¼ ð1þ #Bþ #2B2 þ . . .þ #kBkÞWt ð7:39Þ

that is,

at � #kþ1at�k�1 ¼Wt þ #Wt�1 þ . . .þ #kWt�k ð7:40Þ

As at and Wt are wide-sense stationary processes, when k tends to the infinite,
the term #kþ1at�k�1 tends to zero if #\1: The sequence at the second member of
Eq. (7.40) is a convergent sequence. In other words, we have

at ¼
X1

k¼0

#kWt�k ð7:41Þ

Expression (7.41) can also be written

at ¼
X1

k¼0

#k � ð1� BÞ � Vt�k ¼
X1

k¼0

ð1� BÞ � #kBk � Vt ¼

¼ Vt ð1� BÞ �
X1

k¼0

#kBk

" #
¼ Vt 1þ

X1

k¼1

#kBk � B �
X1

k¼0

#kBk

" #
¼

¼ Vt 1þ #B �
X1

k¼0

#kBk � B �
X1

k¼0

#kBk

" #
ð7:42Þ

that is,

at ¼ Vt 1� ð1� #Þ � B �
X1

k¼0

#kBk

" #
¼ Vt 1� k �

X1

j¼1

Bjð1� kÞj�1
� �" #

ð7:43Þ

It follows that

Vt ¼ k �
X1

j¼1

ð1� kÞj�1 � Vt�j

� �
þ at ð7:44Þ

By comparing Eq. (7.41), Eq. (7.29) and Eq. (7.34), it follows that
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Vt ¼ k �
X1

j¼1

at�j ¼ k �
X1

j¼1

ð1� kÞj�1 � Vt�j

� �
ð7:45Þ

And thus we still have

Vt�k ¼ k �
X1

j¼kþ1

at�j ¼ k �
X1

j¼1

ð1� kÞj�1 � Vt�k�j

� �
ð7:46Þ

Expression (7.46) indicates that ‘‘the speed mean in an arbitrary instant t,
conditioned by realizations occurred up to a previous instant t - k, is a moving
mean of speeds measured up to instant t - k, obtained by employing the weights
k(1 - k)j-1 decreasing with an exponential law’’.

By means of Eq. (7.35) and Eq. (7.36), we have

Vt ¼ Vt�k þ k �
Xk

j¼1

at�j ð7:47Þ

Through Eq. (7.47) ‘‘starting from instant t - k, the time behaviour of Vt levels
is the result of a random walk generated from the variable kat’’ (see Sect. 3.2.4).
Such a behaviour defines a non-stationary random process because the mean is
constant, equal to Vt-k, but the variance increases indefinitely with the time: if we
denote with r2 the constant variance of variable at, kr is the standard deviation of
the random variables kat generating the random walk. With at normally distrib-
uted, kr exhaustively defines kat distribution and represents thus, on the basis of
Eq. (7.27) and Eq. (7.29), the measurement of the speed process stability in a lane.

By analysing Eq. (7.47) we can get some insights into the major or minor
probability that the flow is stable while time passes. In fact, if vehicles constrain
each other slightly and, therefore, kt[0, 1] is low, or if the at variability is low (low
r), even in the presence of a non low k, according to Eq. (7.47) Vt tends not to
diverge much from a constant value over time.

Such a circumstance does not occur if k and r are high, thus the speed process
appears to be constantly unstable.

As previously said, it has been shown, even recently [4, 6], that the reliability of
a motorway system depends, through flow stability, on variations of k and r, or on
the quantities of which they are functions.

Especially as for parameter k, if the capacity is low and vehicles transit along a
lane with long spacings ‘‘in mean’’, k value is practically zero, and from Eq. (7.27)
we deduce that the speed level is constant over time. From Eq. (7.29) it thus
derives that speeds measured in successive instants result as normal RVs, inde-
pendently distributed with a constant mean V and variance r2 equal to at variance,
that is the speed process is a renewal process. The speed process typical of free-
moving vehicles is thus obtained (case A, see Sect. 7.2.1).
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On the aspects of traffic flow reliability and its calculation in function of
variations in parameters k and r as well as dimensions on which the latter
parameters depend, see [3–6 and 9].

7.4 Statistical Speed Data Processing for an ARIMA
(0,1,1) Process

In order to verify to what extent a sequence of surveyed speeds belongs to a first-
order autoregressive integrated moving average process (see Eq. (7.8)), we pre-
liminarily estimate parameters k and r2, by assuming the above hypothesis as true.
Then, after adjusting the model, we verify it through a test on the independence of
random variables at, which represent shifts between the realization of speeds and
the level of the speed random process.

In brief, k parameters are estimated through the last square method starting
from the recurring application of relationships between differences wt = vt - vt-1

of spot speeds in successive instants (see (7.11)) and the conditioned means of
auxiliary random variables. These latter are assumed to be identically distributed
to shifts at. The r2 are evaluated through statistics

br2 ¼ 1
n

Xn

t¼1

bat �
Xn

t¼1

bat

n

 !2

ð7:48Þ

where ât are the estimations of residuals at obtained by applying the relationships

ât ¼
Xt�1

j¼0

wt�jð1� k̂Þj þ ð1� k̂Þtâ0 ð7:49Þ

In Eq. (7.49) k̂ is the estimation of k and â0 is the estimation of the initial
residual a0, which can be obtained as function of the difference between speeds
w0 = v1 - v0.

A precise description of the estimation method used for k and r2 and suitable
for practical applications is given in [10].

Finally, the verification of independence of shifts ât, estimated as briefly indi-
cated above, is obtained by proving, through two tests, the nullity of the correlation
coefficient qk until the order k = 25 by assessing qk with the expression

qk ¼

Pn�k

t¼1
ðat � aÞðatþk � aÞ

Pn

t¼1
ðat � aÞ2

ð7:50Þ
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where a; estimation of at means, is given by

a ¼
Xn

t¼1

ât

n
ð7:51Þ

Finally, we verify the belonging of a estimation to a distribution with zero
mean.
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Chapter 8
Concluding Remarks

This chapter details some practical applications of the traffic process theory to
highway engineering and also presents a brief annotated bibliography on random
processes for engineering applications, highway engineering included.

8.1 Traffic Random Processes and Applications
to Highway Engineering

The importance of random process theory has widely been recognized in trans-
portation engineering for a long time [1].

Especially random traffic processes involved in traffic flow theory have been
used in several practical applications in highway engineering.

Now we are going to recall only a few of these applications which adopt gap
acceptance theory as well as methods and results of queuing theory [2].

It is worth underlining that the queuing theory is entirely based on counting
process models, and therefore on time headway processes—related to a flow of
events—and on random processes of service time.

This latter process is the random process between vehicle arrivals at and
departures from a waiting system.

Queuing theory problems are generally solved inside a more general approach
using the theory of Markov processes (i.e. Markov chain) [2, 3].

Gap acceptance theory, developed in function of drivers’ behaviour, concerns
interactions between traffic streams. These interactions take place when an indi-
vidual user changes lane, merges into or crosses a traffic stream [4].

The first large field where positive results have been achieved by means of
queuing and gap acceptance theories concerns priority intersection modelling [4, 5].

Thus, closed-form results, obtained thanks to gap acceptance theory, involve
various entry capacity formulations for different hypotheses on drivers’ behaviour
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at intersections, and for some types of headway random processes related to traffic
streams on roads crossing at junctions.

A queuing theory analysis, on the other hand, allows to assess the quality of
traffic operations at intersections by calculating waiting times and queue lengths at
entries.

Within queuing theory we have models which can be applied to steady state as
well as non-steady state (i.e. transient) traffic flow conditions.

Mathematical solutions for capacity and waiting phenomena calculations are
generally exact for the former, but still approximate for the latter [6].

Capacity, delay and MOE (measures of effectiveness) determinations can be
obtained not only in a closed form, but also through traffic simulations.

Figure 8.1, drawn from [7], shows the elements which are generally considered
in simulation models of traffic flow at major/minor priority intersections: more
precisely, the random flow of events, headway random processes, gap acceptance
function and variations in traffic demand at arms can be distinguished.

These traffic processes and drivers’ behaviour modelling are the same as those
previously mentioned to carry out closed-form capacity and MOE formulations by
means of gap acceptance and queuing theories [6].

Also the theories of queuing systems and gap acceptance can be applied to
highways in order to design the length of an exclusive left turn lane at at-grade
intersections, merging segments, lane drops and weaving segments. Such calcu-
lation models have been developed and consolidated for quite a long time (see, for
instance [8]).

Queuing theory can also allow to analyse traffic stream behaviour at bottlenecks
and effects of overtaking manoeuvres on traffic flow.

Regarding highway control, the models for counting and headway processes
can also be employed for ‘‘ramp management strategies which are designed to
control vehicle access to selected ramps, or to control the manner in which
vehicles enter a highway. Ramp management strategies include ramp metering,
ramp closures as well as various ramp terminal treatments able to increase stor-
age’’ [9]. All these strategies are usually indicated by the term ramp metering.

Random models for headway and speed processes are are also used to investigate
the group of phenomena which occur when, on a motorway carriageway, density
approaches a threshold limit value beyond which there is a sharp speed drop in
traffic streams.

For a motorway, the analysis of these random traffic processes also allows to
elaborate formulations for assessing the reliability of the free-flowing traffic stream
as well the capacity of the carriageway [10, 11].

By reliability we mean the probability that in a given observation period no
instability phenomena occur in a stream, which would lead to a flow breakdown.

In other words, we define as reliability of a traffic stream connected to a time
interval T, the conditioned probability that the level of the speed process does not
decrease during T, as far as the point where limit density is reached, given that the
speed level at instant zero is equal to the mean speed corresponding to the flow rate
Q in condition of stable flow.
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For instance, Fig. 8.2 illustrates the relationship between reliability U and
prediction interval T for several traffic streams, obtained for a value of parameter
M = 6.137 m2/km/s2, at a road cross section on the A22 Brenner motorway (Italy)
[11].

Figure 8.3 shows sequences in time of the flow rate Q, reliability U and
parameter M for a road cross-section of the same motorway. Quantities Q, U and
L are measured in real time.

Fig. 8.1 Elements of a traffic simulation model at a major/minor priority intersection (source
[7])
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Parameter M denotes the probabilistic characteristics of a speed variation
process in function of the stream density when it changes with time.

In short, by studying traffic streams on motorway segments away from junctions
(i.e. in presence of uninterrupted flow facilities), real-time control of headway and

Fig. 8.2 Relationship between reliability U and prediction interval T and M = 6.137 m2/km/s2

for traffic streams at a road cross section in A22 motorway (Italy) [11]

Fig. 8.3 Sequences of Q, U and M at a road cross-section in A22 motorway (Italy) [11]
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speed processes allows to calculate flow reliability and carriageway capacity as
well as to understand the dynamic nature of traffic, which is required to perfect
effective control strategies.

Such control strategies aim at maintaining the risk of flow breakdown in traffic
streams within acceptable limits by acting on the two systematic causes of flow
instability: frequency of lane changes and high values of vehicle density. The
frequency of lane changes is reduced by imposing speed limits on a motorway
when the risk of flow breakdown seems to be excessive; vehicle density is reduced
by imposing limits on vehicle flows entering a carriageway.

8.2 Further Bibliography

Bibliography on random processes and their applications in the engineering field is
greatly extensive as well as firmly established for a great many subjects for a long
time.

With no claim to being complete, we will then suggest some books below,
usually consulted by the author for a long time and suitable to supplement the
references given at the end of each chapter.

In order to acquire wide and accessible knowledge with the common mathe-
matical engineering background, you can consult

Papoulis, A., Pillai, U.S., Probability, Random Variables and Stochastic Pro-
cesses, McGraw Hill, New York, 2002;

Krishnan, V., Probability and Random Processes, Wiley Interscience, Hoboken,
N.J., 2006;

V. S. Pugachev, Theory of Random Functions and its Application to Control
Problems, Pergamon Press, Oxford, 1965.

Still today the book of Pugachev is a fundamental textbook, indispensable to
undertake the study of V. S. Pugachev, I. N. Sinitsyn, Stochastic Systems, Theory
and Applications, World Scientific, Singapore, 2001

This volume covers advanced topics globally and systematically, with an
intermediate degree of formality, though always directly related to applications,
concerning mathematical models of unstable systems described in detail.

The spectral theory of random variables, the best approximation of answers
from random dynamic systems and the methods for statistical characterization of
random functions on the basis of experimental data are dealt with, synthetically
and clearly, in another classic book of the Russian school:

A.A. Sveshnikov, Applied Methods of the Theory of Random Functions, Perg-
amon Press, Oxford, 1966.

The book just mentioned by Sveshnikov has stood the time test very well, as has
its exercise-book

E. Wentzel, L. Ovcharov, Applied Problems in Probability Theory, Mir Pub-
lishers, Moscow, 1986;
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Its Chaps. 9 (Random functions) and 10 (Flow of events. Markov stochastic
processes) are a fundamental tool for getting familiar with a great many topics
about random processes thanks to good calculation examples.

On Markov models, and semi-Markov and decision-making processes you can
find an exhaustive exposition, carried out without advanced mathematical tools, in
the third reprint of

R. A. Howard, Dynamic Probabilistic System,Volumes I and II, Dover publi-
cations, Inc, Mineola, New York, 2007

Which is rich in explanatory examples of the theory proposed and interesting
ideas for a closer examination in the ‘solving problem’ sections.
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